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Suppose tha t  a Y - s y s t e m  Tt(T k) a c t s  on a m a n i f o l d  M n. We p r e s e n t  a c r i t e r i o n  of  z e r o  
homology  fo r  H S l d e r  funct ions  with r e s p e c t  to th is  d y n a m i c a l  s y s t e m ,  as  we l l  as  s o m e  con-  
s e q u e n c e s  of  th is  c r i t e r i o n  and a g e n e r a l i z a t i o n  fo r  funct ions  t ak ing  t h e i r  v a l u e s  in a L ie  
g roup .  

L e t  M m be  a smoo th  c l o s e d  R i e m a n n i a n  m a n i f o l d  of c l a s s  C 2 with a m e t r i c  p, l e t  T t (T k) be a smoo th  
flow (cascade)  [1], and f a r e a l  funct ion on M m tha t  s a t i s f i e s  a HS lde r  condition~ f i s  s a id  to be  homologous  
to z e r o  in the c l a s s  of H S l d e r  func t ions  i f  t h e r e  e x i s t s  a H S l d e r  funct ion  g, such tha t  

d f 
/ (x)  = -~ -g (T  x)~=0 (l(x) = g ( r z )  - g(x)). 

The m a i n  r e s u l t  of th is  note i s  the fo l lowing  c r i t e r i o n  of  z e r o  h o m o l o g y  of a funct ion .  

THEOREM 1. If T t is  a Y-flow (T k a Y - c a s c a d e )  [1] with e v e r y w h e r e - d e n s e  t r a j e c t o r i e s ,  then  f o r f  
to be homologous  to z e r o  in the c l a s s  of H S l d e r  func t ions ,  i t  is  n e c e s s a r y  and su f f i c i en t  tha t  the  fo l lowing 
cond i t ion  hold for  any p e r i o d i c  t r a j e c t o r y  { T t x } ~ = o  ( { T n x } n = ~ ) :  

S~/ (T tx )d t~ -O (~7=~ (1) 

and i f  the H(i lder  modulus  of con t inu i ty  of the funct ion f i s  w(p) -- Cp 5, then the modu lus  of con t inu i ty  of the 
funct ion g wi l l  not e x c e e d  CbCp 5, w h e r e  C5 is  a c o n s t a n t  tha t  depends  on 5 and on the d y n a m i c a l  s y s t e m .  

P r o o f .  The n e c e s s i t y  is  ev iden t .  Le t  us  p rove  the s u f f i c i e n c y .  F o r  s i m p l i c i t y  we s h a l l  c o n s i d e r  the 
c a s e  of  a c a s c a d e .  The m a n i f o l d  M m is a s s u m e d  to be endowed with a Lyapunov  m e t r i c  which i s  m a t c h e d  
with the  Y - c o n d i t i o n  for  our  c a s c a d e  [2]. L e t  us  p r o v e  the p r i n c i p a l  1emma.  

I ,EMMA.  T h e r e  e x i s t s  a p o s i t i v e  K such tha t  for  any s t h e r e  e x i s t s  an N~, and if  n > N~, then  i t  fo l -  
lows f r o m  p(Tnx,  x) < ~ tha t  t h e r e  e x i s t s  an x 0 : T n x 0  = x0 and a p ( T / x  0, T /x)  < K~ fo r  1 _< l < n. 

P r o o f .  L e t  ~ k  and ~ l  be i n v a r i a n t  c o n t r a c t i n g  and expand ing  f o l i a t i o n s ,  r e s p e c t i v e l y .  We sha l l  use  
the fo l lowing  a s s e r t i o n ,  a c o n s e q u e n c e  of the cont inuous  de pe nde nc e  of the f i b e r s  ( fo l ia t ions)  on the in i t i a l  
po in t s :  t h e r e  e x i s t s  a p o s i t i v e  a such  tha t  i f  H 0 and Hi a r e  s m o o t h  a r e a s  tha t  l ie  in the f i b e r s  ~ k  and such 
tha t  any poin t  w0 E II0 can  be  connec t ed  by  a path  of length  < a tha t  l i e s  in a f i b e r  ~ l  wi th  a po in t  wi ~ II1, 
then  the mapp ing  U : H 0 ~ I I 0 ,  u(w0) = ~ i  w i l l  be  con t inuous ,  and in the c a s e  of a s m a l l  cont inuous  d e -  
f o r m a t i o n  of t h e s e  a r e a s  th is  mapp ing  wi l l  v a r y  con t inuous ly  ([1], p. 26).  Hence ,  i t  fo l lows f r o m  the 
c o m p a c t n e s s  of M m tha t  a l l  the U c o n s t r u c t e d  in th is  way  have  m o d u l i  of con t inu i ty  tha t  do not  e x c e e d  
a c o m m o n  5 (e) (b (e) -~  0), w h e r e  an induced  m e t r i c  is  t aken  in  the f i b e r s .  M o r e o v e r ,  t h e r e  e x i s t  p o s i t i v e  

T and C such tha t  for  any two poin ts  A and B of the m a n i f o l d  M m with p(A, B) < T i t  is p o s s i b l e  to f ind a 
po in t  s tha t  l i e s  in one c o n t r a c t i n g  f i b e r  con ta in ing  A and in one expand ing  f i b e r  con ta in ing  B, with the d i s -  
t ance  f r o m  S to A and f r o m  S to B in the  f i b e r s  b e i n g  s m a l l e r  than Cp(A, B). 
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Now te t  p(x, Tax) < e.  F o r  x lTnx  we s h a l l  c o n s i d e r  the po in t  SxlTnx.  About  the  poin t  x in a c o n t r a c t -  
ing f i b e r  we sha l l  d e s c r i b e  a s p h e r e  D of r a d i u s  (C + 1)~. If e i s  s m a l l e r  than  s o m e  f ixed  quan t i ty ,  w h e r e -  
as  n is  su f f i c i en t l y  l a r g e ,  then {first ly)  a c c o r d i n g  to the  Y - p r o p e r t y  the d i a m e t e r  of the i m a g e  of TnD wi l l  
be  s u f f i c i e n t l y  s m a l l  fo r  def in ing  a mapp ing  U tha t  c a r r i e s  TnD into a c o n t r a c t i n g  f i b e r  tha t  p a s s e s  th rough  
the  po in t  x ,  and {secondly) fo r  a g iven  ~ i t  is  p o s s i b l e  to  t ake  n so  l a r g e  tha t  U(TOD) wi l l  l ie  in a s p h e r e  of  
r a d i u s  e wi th  i ts  c e n t e r  a t  the po in t  S in a c o n t r a c t i n g  f i b e r ,  o r  U(]?nx) = S. F r o m  the p r e s e n c e  of a "uni-  
v e r s a l "  modu lus  of  con t inu i ty  fo r  U fo l lows  the p r e s e n c e  of a u n i v e r s a l  Ne tha t  can  be  t a k e n  as  a l o w e r  
l i m i t  fo r  such  n. But a s p h e r e  of r a d i u s  ~ with c e n t e r  a t  the po in t  S is  con t a ined  in the i n i t i a l  s p h e r e  of 
r a d i u s  (C + 1)~ with  c e n t e r  a t  the  po in t  x .  Hence ,  a c c o r d i n g  to B r o w d e r ' s  t h e o r e m  t h e r e  e x i s t s  in a c i r c l e  
of r a d i u s  (C + 1)e wi th  c e n t e r  a t  the  po in t  x a f ixed  po in t  of the  m a p p i n g  U~ n. ]?his po in t  has  the  p r o p e r t y  
tha t  i t s  i m a g e  u n d e r  a m a p p i n g  T n l i e s  in an expand ing  f i b e r  a t  a d i s t a n c e  f r o m  i t  t ha t  i s  s m a l l e r  than  C ' e  
a long  the expand ing  f ibe r ;  h e r e ,  C '  is  a c o n s t a n t .  In th i s  f i b e r ,  T - n  is  a c o n t r a c t i o n  m a p p i n g .  T h e r e f o r e ,  
t h e r e  e x i s t s  a f i xed  po in t  of  the  m a p p i n g  T n at  a d i s t a n c e  f r o m  i t  t ha t  is  s m a l l e r  than C ' e .  I t  is  e v i d e n t  
tha t  th i s  w i l l  be the p e r i o d i c  po in t  sought .  Th is  c o m p l e t e s  the p r o o f  of the l e m m a ~  

Now l e t  { T k x } ~  be  an e v e r y w h e r e - d e n s e  t r a j e c t o r y  tha t  e x i s t s  by  v i r t u e  of the  a s s u m p t i o n  of the 

t h e o r e m .  On i t  l e t  us  a s s i g n  a func t ion  g:  g(T~x) = ~,:-~](T~x). We have  to p r o v e  tha t  t h e r e  e x i s t s  a p o s i -  

t ive  L such  tha t  

[ g (T~x) --  g (T~x) [ ~ Lp (TVx, T~x) ~, (2) 

w h e r e  0 < 5 s 1 (we s h a l l  p r o v e  tha t  6 can  be  t aken  as  the  H S l d e r  index of the  func t ion  f ) .  B y  v i r t u e  of  con-  
t inu i ty  i t  is  then  p o s s i b l e  to  cont inue g to a l l  M m in a H S l d e r  m a n n e r ,  and the con t inua t ion  wi l l  be  the  f u n c -  
t ion  sought .  F o r  the  p r o o f  we s h a l l  a s s u m e  a t  f i r s t  tha t  l l - l ' l  > N p ( T l ' x ,  Tlx) (in the  no ta t ion  of  the  l e m m a ) .  

By v i r t u e  of  the  l e m m a  t h e r e  e x i s t s  in th is  c a s e  an x '  such tha t  Tl ' - l x '  = x '  ( let  l '  > l )  and p (Tk- lx ,  Tk-/- tx ' )< 

Kp(T/x ,  W l 'x )  for  l + 1 _< g _< l ' .  L e t  us  c o n s i d e r  the d i f f e r e n c e  g (TZ'x) -- g (TZx)= ~z'+i ] (T~x). By v i r t u e  of 
the  a s s u m p t i o n  of the t h e o r e m ,  i t  is  equa l  to 

�9 l ' - - l - - I  . 3 f"  { , ~ - 1  ~,:+l](r~ 'x)-  ~0 ](T% 1) = ~z+ii~ (r z)-- / ( ~  ~-~% (3) 

To each  p a i r  T k - i x  and  Tk- / " l x  1 we s h a l l  a s s i g n  a po in t  S k ,  as  in the  p r o o f  of the l e m m a ;  i f  p(Tlx ,  T l ' x )  i s  
s u f f i c i e n t l y  s m a l l ,  it  i s  p o s s i b l e  to a s s u m e  tha t  Sk+ 1 = TS k fo r  any k,  and e a c h  d i f f e r e n c e  (3) can  be  r e p r e -  
s e n t e d  in the  f o r m  [ / (T  ~-' x) - -  f (S~)] ~- [] (S~) --  f (T ~-~-' x-~)]~L'p (T ~-i x, S~) 6 + L 'p  (Sk, T~-Z-%I) ~, 
w h e r e  L '  is  H S l d e r ' s  c o n s t a n t  of  the  func t ion  fo  But  

v S ~ J ~  L'o[Tk-lx A~+iL'P( T k - i x , ~  k] ~.z,~+ i , ~ , Sk)~ ~ L"p(T~xlS~+I)~ ~ L"p(TZx, TVx) ~. 

The c o n v e r g e n c e  and the bound  of the  s e r i e s  fo l low f r o m  the f ac t  t ha t  T k - l x  and  S k l i e  in the s a m e  c o n t r a c t -  
ing  f i b e r ,  and h e n c e ,  the  g e n e r a l  t e r m  of the s e r i e s  v a r i e s  e x p o n e n t i a l l y .  In the  s a m e  way  i t  is  p o s s i b l e  
to  e s t i m a t e  the s u m  of  the s e c o n d  t e r m s  of  (3). Thus ,  we have  p r o v e d  fo r  the  e a s e  u n d e r  c o n s i d e r a t i o n  the 
bound  (2). F o r  a r b i t r a r y  l and l '  the p r o o f  r e d u c e s  to the fo l lowing:  s i n c e  the t r a j e c t o r y  of  the  poin t  x is  
e v e r y w h e r e  d e n s e ,  t h e r e  e x i s t  (for a r b i t r a r i l y  l a r g e  N) q u a n t i t i e s  n > N with  Tnx tha t  a r e  a s  c l o s e  as  d e -  
s i r e d  to T /x ,  and (2) can be  a p p l i e d  to T l x  and Tax,  as  w e l l  a s  T l ' x  and Tnx.  Th i s  c o m p l e t e  the  p r o o f  of  
the t h e o r e m .  The p r o o f  fo r  f lows i s  b a s i c a l l y  the s a m e ,  a p a r t  f r o m  the f o r m u l a t i o n  of  the  l e m m a ~  F o r  
f lows ,  the  l e m m a  wi l l  be  a s  fo l l ows .  

L E M M A .  T h e r e  e x i s t  K 1 and K 2 such  tha t  fo r  any ~ t h e r e  e x i s t s  an Ne,  and if t > Ne, then  f r o m  
p(Ttx ,  x) < e i t  fo l lows  tha t  t h e r e  e x i s t  x0 and t o with [ t0-- t  I < K l e ;  p(TSx,  TSx0) < K2e fo r  0 _< s _<min(t0,t)  
and Tt~x0 = x 0. 

The p r o o f  is  e n t i r e l y  a n a l o g o u s .  The o r i g i n  of  K1 ~ i s  a s  fo l l ows .  I f  Ttx i s  c l o s e  to  x,  then  t h e r e  
e x i s t s  a t 0 c l o s e  to t ,  such  tha t  T%~x can  be  c o n n e c t e d  with x b y  a t w o - s e c t i o n  b r o k e n  l ine  tha t  has  one con -  
t r a c t i n g  and one expand ing  s e c t i o n .  
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R e m a r k  1. Le t  us  c o n s i d e r  a cont inuous  funct ion f on a m a n i f o l d  M m tha t  s a t i s f i e s  the cond i t ion  of 

of the i n t e g r a l  ~,~ (~ d6, w h e r e  co(5) is  the modu lus  of c o n v e r g e n c e  con t inu i ty  o f f .  
0 

In th is  c a s e  the v a n i s h i n g  of s u m s  ot ter  p e r i o d i c  t r a j e c t o r i e s  in the c a s e  of a c a s c a d e ,  and of i n t e -  
g r a l s  o v e r  p e r i o d i c  t r a j e c t o r i e s  in the e a s e  of a flow, i m p l i e s  t h a t f  is homologous  to z e r o  in c ( M m ) ,  which  
fo l lows f r o m  the p r o o f  of T h e o r e m  1. 

I t  is  ev iden t  tha t  the funct ion g is  a l so  ob ta ined  in this  c a s e  by  con t inua t ion  f r o m  an e v e r y w h e r e -  
dense  t r a j e c t o r y .  

R e m a r k  2. The z e r o  homology  of a funct ion  tha t  s a t i s f i e s  the cond i t ion  of R e m a r k  1 in the c l a s s  of  
e s s e n t i a l l y  bounded  m e a s u r a b l e  funct ions i m p l i e s  i ts  z e r o  h o m o l o g y  in C(Mm).  Indeed ,  suppose  tha t  for  a 
funct ion f tha t  s a t i s f i e s  the cond i t ion  of R e m a r k  1 t h e r e  e x i s t s  an e s s e n t i a l l y  bounded  m e a s u r a b l e  funct ion 
such  tha t  f (x )  = g(Tx)--g(x) for  a l m o s t  a l l  x (for s i m p l i c i t y  we a r e  c o n s i d e r i n g  the c a s e  of a c a s c a d e ) .  By 

n k m n  
a s s u m i n g  tha t  f o r d  p e r i o d i c  t r a j e c t o r y  {Tkx0}~,  we have  ~ ](T xo)= c =/=0, we ob ta in  ~ ](Tkxo) = 

] m c l < , r a i s u p [ ~ / ( T % ) l  , owing to the con t inu i ty  of f ,  bu t  ~ , ~ ] ( T % ) = g ( T m ~ % ) - - g ( x ) ,  i . e . ,  by  l e t -  

t ing  m tend  to infinity~ we can  s e e  that  the cond i t ion  of e s s e n t i a l  b o u n d e d n e s s  of g is  v i o l a t e d .  Thus ,  the 
s u m s  o v e r  p e r i o d i c  t r a j e c t o r i e s  a r e  equa l  to z e r o ,  and a c c o r d i n g  to R e m a r k  1 the funct ion  f is  homologous  
to z e r o  in C. 

R e m a r k  3.  If M is  a t o r u s  and T i ts  a u t o m o r p h i s m  o r  e n d o m o r p h i s m ,  we f ind tha t  for  a funct ion f 
tha t  s a t i s f i e s  H h l d e r ' s  cond i t ion  and the condi t ion  of abso lu t e  c o n v e r g e n c e  of  the F o u r i e r  s e r i e s ,  ( ze ro  
homology  in L ' ( M ,  #), w h e r e  p is  L e b e s g u e ' s  m e a s u r e )  wi l l  be  e qu iva l e n t  to z e r o  h o m o l o g y  in Co Indeed ,  
i f f  is  homologous  to z e r o  in L '  and t h e r e  e x i s t s  a g~ L '  such  tha t  fo r  a l m o s t  a l l  x we have  f(x) = g(Tx)--g(x) ,  
then,  by  c o n s i d e r i n g  the F o u r i e r  s e r i e s  of  the funct ion g wi th  r e s p e c t  to the c h a r a c t e r s  of a t o r u s ,  we can  
see  tha t  in an e x p a n s i o n  of the funct ion f ,  the s u m  of the F o u r i e r  c oe f f i c i e n t s  o v e r  any c o m p l e t e  t r a j e c t o r y  
of an e n d o m o r p h i s m  (conjugate  to T) ,o f  a g r o u p  of c h a r a c t e r s ,  wi l l  be  equa l  to z e r o .  

m k 
L e t  {Tkx0} m be  a p e r i o d i c  t r a j e c t o r y  of T in a t o r u s .  Le t  us  p r o v e  tha t  ~ ] (T x0) = 0. In fac t ,  to 

any c o m p l e t e  t r a j e c t o r y  of T* in the g r o u p  of c h a r a c t e r s  of a t o r u s  (T* b e i n g  the con juga te  e n d o m o r p h i s m )  

p 1+oc~. 
t h e r e  c o r r e s p o n d s  S = {T*P~/}~ (or S = {W* ~/~_~,, by  t ak ing  the funct ion ~s = ~T.P~EsaST*~ w h e r e  the 
aSpare  the F o u r i e r  c o e f f i c i e n t s  o f f  for  T*P  7, we ob t a in  

m m S *P  

S m s - p + ~  " ~  " ~1 V(T z0)=0 

(s ince  Tmx0 = x0),  but  s i n c e  ]---- ~,sq~S, we have  a l so  for  f the  r e l a t i o n  ]:~_.~](Tkxo)----- 0. It  hence  fo l lows  

f r o m  R e m a r k  1 tha t  f is homologous  to z e r o  in C. 

THEOREM 2. Z e r o  h o m o l o g y  of a con t inuous ly  d i f f e r e n t i a b l e  funct ion f in the  c l a s s  of e s s e n t i a l l y  
bounded  m e a s u r a b l e  funct ions  is  equ iva l en t  to z e r o  homology  in the c l a s s  of  con t inuous ly  d i f f e r e n t i a b l e  
func t ions .  

P r o o f .  A c c o r d i n g  to R e m a r k  2 the funct ion f is  homologous  to z e r o  in C, and the c o r r e s p o n d i n g  g 
can  be  ob t a ined  by  con t inua t ion  f r o m  an e v e r y w h e r e - d e n s e  t r a j e c t o r y  T n of a c a s c a d e  (for conven ience  we 
confine o u r s e l v e s  a l s o  h e r e  to the c a s e  of  a ca scade} .  Now le t  us  c o n s i d e r  a po in t  A, a s  we l l  as  a " c o n -  
t r a c t i n g "  v e c t o r  X of  uni t  length ,  and a s m o o t h  c u r v e  a(t);  a(0) = A; 0 _< t _< to; A(t) l i e s  in a con t rac t ing '  
f i b e r ,  and the v e c t o r  t angen t  to a(t) a t  the poin t  A for  t = 0 i s  X~ L e t  {Tkx}~ be  an e v e r y w h e r e - d e n s e  t r a -  
j e c t o r y  f r o m  which we cont inue  the funct ion  g.  By t ak ing  t 'E  [0, to], we ob ta in  p a i r s  (n, n') of n a t u r a l  num-  
b e r s  with an a r b i t r a r i l y  l a r g e  d i f f e r e n c e  n ' - - n  such tha t  Tnx is  a s  c l o s e  as  d e s i r e d  to A, and T n ' x  is  a s  
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close as desi red to a(t ') .  If t '  is sufficiently small ,  there will exist  for a sufficiently large n ' - n  a periodic 
point A' of period n'--n that approximates the point Tn'x according to the lemma; f rom the proof of the 
l emma we can see that by taking n'--n sufficiently large,  Tnx sufficiently close to a(0) = A, and Tn'x suffi- 
ciently close to a(t ') ,  it is possible to achieve that our periodic point A' is close to a(t ') .  Then the differ- 
ence g(a(t'))--g(A) will be close to 

g (T~.x) _ g (Tax) = ~,:,-1] (Tkx)=~,:,-1[/(Tkx)_I(T~_~A,)].  

By letting n'--n tend to +~r by varying n and n'  in such a way that Tnx tends to A and Tn'x to a(t ') ,  we can 
achieve that our difference will tend, on the one hand, to g(a(t'))--g(A), and on the other hand to 

~ [/(rkA) - - / (T  k (a (t')))} (this ser ies  converges in view of the fact that A and a(t) lie in the same contract -  

ing fiber, a n d f  is differentiable). Suppose that the vector  tangent to a(t) at the point A is ~ (t); hence, 

] (T~A)- - / (Tk(a( t ' ) ) )  = --I~'Tk(~(t)), d]T~(a(t)), where ~k  is the differential of a diffeomorphism T k. Since 
0 

(t) is a "contract ing" vector ,  we find at once that g is differentiable in the direct ion ~ (0) = X, and that the 

co ~b_ 
derivative is equal to --~,~ (T ' (X) ,  d/(TaA)). In the same way we obtain differentiability along any "expand- 

ing" inequality, by evidently considering T -1. F rom the t ransversa l i ty  of contract ing and expanding folia- 
tions, and f rom the continuous dependence of fibers on the initial data, it is now easy to obtain the differen- 
tiability of the function g (taking into account the uniform convergence of the ser ies  for the derivative).  

Remark.  In the general  case it is apparently not evident that the function g can be differentiated as 
many t imes as f ,  even if we assume t h a t f  is only twice differentiable. Yet nevertheless ,  for semisimple 
ergodic endomorphisms of the torus (i.e., for endomorphisms whose mat r ices  have one-dimensional  Jor -  
dan cells) we have the following resul t .  I f f  ~ C r+5,  where 6 __< 1 and all the r-th derivat ives have abso-  
lutely convergent  Four ier  se r ies ,  then the zero homology o f f  in C implies its zero homology in C r+5 .  Let 
us outline the proof of the existence of mixed derivatives with respec t  to charac te r i s t i c  direct ions of an 
endomorphisms (this is sufficient). If the charac te r i s t i c  directions selected by us are such that the prod- 
ucts of the corresponding eigenvalues are different f rom unity, it is possible to prove the existence of a 
mixed derivative in the same way as in Theorem 2 (the corresponding ser ies  converges ,  of course ,  to a 
HSlder function with index 5). If the product of the eigenvalues is equal to unity, i.e., the ser ies  diverges,  
we shall denote by D the corresponding differentiation opera tor .  If g(Tx)--g(x) = f ( x )  and if there exists a 
continuous function Dg, we obtain (in view of the fact that the product of the eigenvalues is equal to unity) 
the formula  

Dg (Tx) - -  Dg (x) : Df  (x). 

This means that we must  prove f i rs t  of all that Df is homologous to zero in C~ Let us consider  the Four ier  
se r ies  and Df. F rom the fact that the product of eigenvalues is equal to unity, it easi ly follows that these 
ser ies  differ along the t ra jec tor ies  of an endomorphism (conjugate to T) of the group of cha rac te r s  of the 
torus by factors  that are constant on the t ra jec tor ies ;  therefore ,  the sums of the coefficients along the t ra -  
jector ies  are equal to zero in f and Df simultaneously.  By acting in the same way as in Remark  3 to the 
previous theorem,  we can see that the function Df is homologous to zero in C, and hence, in the space of 
HSlder functions. Among the functions real iz ing this homology, we shall select  the function that has in the 
Four ier  expansion a zero coefficient in a tr ivial  charac te r .  This function will be precise ly  Dg. Indeed, by 
formally applying the operator  D to the Four ier  ser ies  of the function g, the obtained ser ies  will likewise 
real ize  (in the space of formal  Four ier  series)  a zero homology o f f .  Therefore ,  the difference between 
them and the Four ier  se r ies  of the function obtained by us will be constant on the t ra jec tor ies  of the endo-  
morphism of the group of charac te r s ,  conjugate to T. But this constant will be zero  on each t ra jec tory ,  
since the Four ier  coefficients of the function g and of the formal  ser ies  Dg differ by factors  that are con- 
stant on the t ra jec tor ies ,  and hence, they tend simultaneously to zero along the t ra jec tor ies  in the same 
way as in the Four ier  ser ies  of our "candidate" in Dg, and hence, also in the same way as in the difference 
under consideration.  Thus, Dg exists by virtue of ordinary theorems of differentiability of uniformly con- 
vergent  functional ser ies .  Its HSlder proper ty  with index 5 follows f rom Theorem 1. 
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It  is  of i n t e r e s t  to s tudy  h o m o l o g i e s  of Y - s y s t e m s  with c oe f f i c i e n t s  in a L ie  g r o u p .  Suppose  tha t  a 
g r o u p  G ac t s  on a R i e m a n n i a n  man i fo ld  M m,  and tha t  F i s  a Lie  g roup .  L e t  F(M) denote  a g r o u p  of HS lde r  
m a p p i n g s  of M into F (the H~lde r  p r o p e r t y  does  not  depend  on the m e t r i c ,  in view of the c o m p a c t n e s s  of M). 
A c y c l e  is  a funct ion f ( x ,  g) tha t  m a p s  M • G into F and such  tha t  

! (x, gl) f ( x g .  g~) = t (x, g~g~). 

Two c y c l e s  f l  and f2 a re  sa id  to be homolog ous  if  

fi (x, g) = ~-: (x) /~ (xg) ~ (=g) 

for  a HSlde r  funct ion  q~: M ~  F .  In the  c a s e  G = Z, a c y c l e  wi l l  be def ined  by  the funct ion 7 (x )  = f ( x ,  1), 
and the h o m o l o g y  cond i t ion  wi l l  be  

]1 (x) = ~-~ (x) }~ (x)~ (Tx), 

w h e r e  T i s  the ac t i on  :of a g e n e r a t i n g  e l e m e n t  of the g r o u p  G. If  G is  an add i t ive  g roup  of r e a l  n u m b e r s  and 
if  we r e q u i r e  the  d i f f e r e n t i a b i l i t y  of c y c l e s  and of the  funct ion ~v(xg) with r e s p e c t  to g, we sha l l  def ine  a 
c y c l e  by  the funct ion ]2 M ~ @ (q~ i s  a Lie  a l g e b r a  of the g r o u p  F) : 

] (x) -= lira t -1 exp -1 [/(x,  0) -1 / (x, t)l, 
t~0  

w h e r e  exp  -1 is  de f ined  fo r  s m a l l  t ,  and the condi t ion  of z e r o  h o m o l o g y  of  a c y c l e  wi l l  be  e x p r e s s e d  in t e r m s  
of 7 a s  fo l lows :  

/ (x) = l ira t -1 exp -1 (~-1 (z) ~ (rtx)), 
t~0  

w h e r e  T t is  a flow de f ined  by  the ac t ion  of the g r o u p  R and ~v is a funct ion 

q~: M--+ F. 

Thus ,  we can  ju s t i fy  the de f in i t ions  p r e c e d i n g  T h e o r e m  1, and we can  r e f e r  to funct ions  tha t  a r e  
homologous  to z e r o .  L e t  us  f o r m u l a t e  wi thout  p r o o f  a t h e o r e m  tha t  g e n e r a l i z e s  T h e o r e m  1. 

THEOREM 3 .  If  the g r o u p  G is  e i t h e r  Z o r  R and i ts  ac t ion  on a R i e m a n n i a n  m a n i f o l d  M m s p e c i f i e s  
a Y - c a s c a d e  (or  Y-flow) with an e v e r y w h e r e - d e n s e  t r a j e c t o r y ,  t h e r e  wi l l  e x i s t  in any L ie  g r o u p  F a ne igh-  
b o r h o o d  of un i ty  U (in the  L ie  a l g e b r a  of the g roup  F t h e r e  e x i s t s  a n e i g h b o r h o o d  of z e r o  U) such tha t  the  
H S l d e r  funct ion 

}: M - ,  U 

def ines  a nul l  e l e m e n t  H ' (G,  F(M)) if  and only if  fo r  the c o r r e s p o n d i n g  c y c l e  f ( x , g )  x g = x i m p l i e s f ( x , g )  =eF. 

R e m a r k  1. If  the g r o u p  F has  a t w o - s i d e d  i n v a r i a n t  m e t r i c  o r  is f i n i t e - d i m e n s i o n a l ,  then we can  
t ake  U in the f o r m  of  the e n t i r e  g r o u p  F (the e n t i r e  L ie  a l g e b r a  of the g r o u p  F) .  F o r  the ac t ion  of Z i t  i s  
su f f i c i en t  t ha t  F shou ld  have a t w o - s i d e d  i n v a r i a n t  m e t r i c ,  which is  not n e c e s s a r i l y  a L ie  g r o u p .  

R e m a r k  2. I t  is  ev iden t  t ha t  the cond i t ion  of  T h e o r e m  3 is  e q u i v a l e n t  to the f ac t  tha t  e F is  equa l  to 
p r o d u c t s  o v e r  p e r i o d i c  t r a j e c t o r i e s  as  in T h e o r e m  1. In the  c a s e  of a t w o - s i d e d  i n v a r i a n t  m e t r i c  in the 
g roup ,  the  p r o o f  of  T h e o r e m  3 wi l l  be a s i m p l e  r e p e t i t i o n  of the p r o o f  of  T h e o r e m  1. 

In the p r o o f  of L e m m a  1 on a p p r o x i m a t i o n  of  a t r a j e c t o r y  by  p e r i o d i c  t r a j e c t o r i e s ,  we u s e d  the r e -  
m a r k s  m a d e  by  G. A. M a x g u l i s .  

T h e o r e m  3 c o n s t i t u t e s  the a n s w e r  to the  q u e s t i o n  p o s e d  by  A. M. V e r s h i k  in connec t ion  wi th  T h e o r e m  1. 
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