SPb. Math. Society Preprint 2001-02 23 Jun 2001

ŞĎŁ 519.61

ŤŐŘŇŞŃŻ ŤŘŐĄĚŊĹŞŚĂ, ŸĚŘŇĂŊĂ{ŇŐŘŘĹŚŐŊĂ Ĺ ĄŃĹĞŁĹĚ ĆŐŔŘŐŚŻ^{1)}

© Ć. Ŋ. Ňăńőğěňőć^�, Ň. Ť. Ňőŋăłő^�, Ă. Ć. Ŕěâàőć^�

�_{198504 Ŕěâàőďćőàěæ, ŚŔąČŞ, ňăâěňăâĺłő-ňěåăŋĺçěáłĺľ äăłãńìâěâ} �_{87306 Rende (CS), Universit}„_{a della Colabria, Italia}

Řăááňăâàĺćăěâáï ğăďăçă őłăľňńěŋĺï ćëàőęďěŋŋőľ ňăâàĺæë á æěńìî ŕőńãçěŋĺï ŋěćëàőęďěŋŋőľ ňăâàĺæë. Şłăğăŋă ňĺŋĺňăńìŋăï èĺàĺŋă ŕőńőáë őłăľňńěŋĺï. Ć áńãçăě ňĺŋĺňăńìŋőľ èĺàĺŋë ãáâăŋőćńěŋ łàĺâěàĺľ őąàăâĺňőáâĺ. Őŕĺáăŋ çĺáńěŋŋëľ ňěâőď őąàăéěŋĺï őłăľňńěŋŋőľ ňăâàĺæë ć áńãçăě, łőčďă ĺáåőďŋăï ňăâàĺæă ïćńïěâáï ćëàőęďěŋŋőľ.

1. ĆĆĚĎĚŊĹĚ Řăááňőâàĺň ąńőçŋãî ňăâàĺæã ćĺďă G = ( A X Y^T H ) , (1.1)

čďě A, H | łćăďàăâŋëě ňăâàĺæë ŕőàïďłőć n ĺ r áőőâćěâáâćěŋŋő, X, Y | (n × r)- ňăâàĺæë. Ŋăá ĺŋâěàěáãěâ ćőŕàőá őą őąàăâĺňőáâĺ ňăâàĺæë G ć áńãçăě, łőčďă ňăâàĺæă A | ćëàőęďěŋŋăï.

Ć áâăâìě ďőłăğăŋő áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă. Ŕãáâì àăŋč ňăâàĺæë A àăćěŋ s ĺ s < n. Ňĺŋĺňăńìŋőě r, ŕàĺ

łőâőàőň ňăâàĺæă G ćĺďă (1.1) ňőęěâ ąëâì őąàăâĺňőľ, àăćŋő n−s. Ŕàĺ r = n−s łàĺâěàĺěň őąàăâĺňőáâĺ ňăâàĺæë G ïćńïěâáï ćëŕőńŋěŋĺě ãáńőćĺľ

rank ( A, X ) = rank ( A^T , Y ) = n. (1.2)

Őâňěâĺň, çâő ŕàĺ ňĺŋĺňăńìŋőň r őąàăâĺňőáâì G ŋě ğăćĺáĺâ őâ áćőľáâć ňăâàĺæë H.

Ţőàőèő ĺğćěáâŋő, çâő ć áńãçăě ŋěćëàőęďěŋŋőľ ňăâàĺæë A ňăâàĺæă G őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă őąàăâĺňă ňăâàĺæă F = H −Y^T A�^1X. Ťőàňãńă ďńï G�^1 ğăŕĺáëćăěâáï ïćŋő. İâőâ àěğãńìâăâ Ťàőąěŋĺãáă őąëçŋő ďőłăğëćăěâáï ŋă ãàőćŋě ďőáâăâőçŋőáâĺ (áň., ŋăŕàĺňěà, [1, á. 59{60; 2, á. 137{138]). Ć àăğďěńě 2 ňë ďăěň ďěâăńìŋőě ĺ ŕőńŋőě ďőłăğăâěńìáâćő àěğãńìâăâă Ťàőąěŋĺãáă, ŕőáłőńìłã őŋ ĺčàăěâ àěèăîéãî àőńì ć ďőłăğăâěńìáâćě âěőàěňë.

Řěğãńìâăâ Ťàőąěŋĺãáă ãďĺćĺâěńìŋëň őąàăğőň áćïğăŋ á àěğãńìâăâőň Ÿěàňăŋă{ Ňőààĺáőŋă{Ćãďąěàĺ őą őąàăâĺňőáâĺ ňăâàĺæë D ćĺďă D = A − XY^T , čďě A |

1)Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěâăńìŋëå ĺááńěďőćăŋĺľ (łőď ŕàőěłâă 01-01-00231). 1 ŋěćëàőęďěŋŋăï ňăâàĺæă ŕőàïďłă n ĺ X, Y | (n × r)-ňăâàĺæë. İâőâ ćőŕàőá âăłęě àăááňăâàĺćăěâáï ć àăğďěńě 2.

Ć àăğďěńě 3 ŕàĺćőďĺâáï ďőłăğăâěńìáâćő áäőàňãńĺàőćăŋŋőľ ćëèě âěőàěňë. Ć łăçěâáćě áńěďáâćĺï ňë ŕőńãçăěň łàĺâěàĺľ ŋěćëàőęďěŋŋőáâĺ ňăâàĺæë G ćĺďă G = ( A x x^T 0 ) , (1.3)

čďě A | ćëàőęďěŋŋăï áĺňňěâàĺçŋăï ňăâàĺæă ĺ x | n-ňěàŋëľ ćěłâőà-áâőńąěæ. İâőâ àěğãńìâăâ ŕàěďáâăćńïěâ ĺŋâěàěá ďńï âěőàĺĺ ŋěčńăďłőľ őŕâĺňĺğăæĺĺ [3, 4].

Ć àăğďěńě 4 őŕĺáăŋ çĺáńěŋŋëľ ňěâőď ďńï őąàăéěŋĺï ňăâàĺæë G ćĺďă (1.1) á ćëàőęďěŋŋőľ ňăâàĺæěľ A.

2. ŔŘĚĎĆĂŘĹŠĚŃĲŊŻĚ ŚĆĚĎĚŊĹ§ Ŋăçŋěň á âěőàěňë Ťàőąěŋĺãáă.

Ŕàěďńőęěŋĺě 1. Ŕãáâì A | ŋěćëàőęďěŋŋăï ňăâàĺæă. Ďńï őąàăâĺňőáâĺ

ňăâàĺæë G ćĺďă (1.1) ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ąëńă őąàăâĺňőľ ňăâàĺæă r-čő ŕőàïďłă F = H − Y^T A�^1X. Ŕàĺ íâőň

G�1 =^{( I}n^{−A}�^{1X} 0 I_r ) ( A�1 0 0 F �^1 ) ( I_n 0 −Y^T A�^1 I_r ) , (2.1)

čďě I_n, I_r | ěďĺŋĺçŋëě ňăâàĺæë ŕőàïďłőć n ĺ r áőőâćěâáćěŋŋő.

Ďőłăğăâěńìáâćő. Ŋěőąåőďĺňőáâì. Ĺňěěň ( A X Y^T H ) ( I_n −A�^1X 0 I_r ) = ( A 0 Y^T H − Y^T A�^1X ) = = ( A 0 Y^T F ) =: Q. (2.2)

Őąě ňăâàĺæë ĺğ ńěćőľ çăáâĺ àăćěŋáâćă (2.2) őąàăâĺňë. Ğŋăçĺâ, őąàăâĺňă ĺ ňăâàĺæă Q. Ńĺŋěľŋăï ŋěğăćĺáĺňőáâì ŕőáńěďŋĺå r áâőńąæőć ňăâàĺæë Q čăàăŋâĺàãěâ őąàăâĺňőáâì ňăâàĺæë F .

Ďőáâăâőçŋőáâì. Ŕő ãáńőćĺî ňăâàĺæë A ĺ F őąàăâĺňë. Šőčďă őąàăâĺňă ĺ ňăâàĺæă Q. İâő áńěďãěâ ĺğ âőčő, çâő őďŋőàőďŋăï áĺáâěňă { Au = 0, Y^T u + F v = 0

ĺňěěâ âőńìłő ŋãńěćőě àěèěŋĺě. Őąàăâĺňőáâì ňăâàĺæë Q ĺ àăćěŋáâćő (2.2) čăàăŋâĺàãîâ őąàăâĺňőáâì ňăâàĺæë G ćĺďă (1.1).

Ďńï ďőłăğăâěńìáâćă äőàňãńë (2.1) őâňěâĺň, çâő ( A 0 Y^T F ) ( A�1 0 −F �1_Y T_A�1_F �1 ) = ( I_n 0 0 I_r )

ĺ ( A�1 0 −F �1_Y T_A�1_F �1 ) = ( A�1 0 0 F �^1 ) ( I_n 0 −Y^T A�^1 I_r ) .

Şňŋőęĺć őąě çăáâĺ àăćěŋáâćă (2.2) áŕàăćă ŋă ňăâàĺæã ( A�1 0 0 F �^1 ) ( I_n 0 −Y^T A�^1 I_r ) , ŕàĺďěň ł (2.1). Ŕàěďńőęěŋĺě ďőłăğăŋő.

Śńěďãîéěě ãâćěàęďěŋĺě ŋăğëćăěâáï âěőàěňőľ Ÿěàňăŋă{Ňőààĺáőŋă{Ćãďąěàĺ (áň., ŋăŕàĺňěà, [5, á. 53]).

Ŕàěďńőęěŋĺě 2. Ďńï őąàăâĺňőáâĺ ňăâàĺæë D ćĺďă D = A − XY^T , čďě A | ŋěćëàőęďěŋŋăï ňăâàĺæă ŕőàïďłă n ĺ X, Y | (n × r)-ňăâàĺæë, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ąëńă őąàăâĺňőľ ňăâàĺæă r-čő ŕőàïďłă P = I_r − Y^T A�^1X. Ŕàĺ íâőň

D�1 =_A�1 +_A�1_{XP} �1_Y T_A�1_. (2_.3)

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň

G_1 = ( A X Y^T I_r ) . Ĺňěěň ( A X Y^T I_r ) ( I_n 0 −Y^T I_r ) = ( A − XY^T X 0 I_r ) = ( D X 0 I_r ) . (2.4)

Ňăâàĺæă D őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă őąàăâĺňă ňăâàĺæă G_1. Łàĺâěàĺěň ęě őąàăâĺňőáâĺ G_1 áőčńăáŋő ŕàěďńőęěŋĺî 1 ïćńïěâáï őąàăâĺňőáâì ňăâàĺæë P = I_r − Y^T A�^1X.

Ćëćěďěň äőàňãńã (2.3). Ďńï íâőčő őâňěâĺň, çâő ( D X 0 I_r ) ( D�1_{−D}�1_X 0 I_r ) = ( I_n 0 0 I_r ) . Ğŋăçĺâ, ( D X 0 I_r )�1 = ( D�1_{−D}�1_X 0 I_r ) . (2.5)

Ćňěáâě á âěň, áőčńăáŋő (2.4) ĺ (2.1) ( D X 0 I_r )�1 = [( I_n 0 Y^T I_r ) ( I_n −A�^1X 0 I_r )] ·

· [( A�1 0 0 P �^1 ) ( I_n 0 −Y^T A�^1 I_r )] = = ( I_n −A�^1X Y^T P ) ( A�1 0 −P �1_Y T_A�1_P �1 ) = = ( A�1 +_A�1_{XP} �1_Y T_A�1_{−A}�1_{XP} �1 0 I_r ) . Śàăćŋĺćăï íâã äőàňãńã á (2.5), ŕőńãçăěň, ć çăáâŋőáâĺ, (2.3). Ŕàěďńőęěŋĺě ďőłăğăŋő.

Ŕàĺ r = 1 ŕàĺåőďĺň ł âăłőňã àěğãńìâăâã.

Ŕãáâì A | ŋěćëàőęďěŋŋăï ňăâàĺæă ŕőàïďłă n ĺ x, y | n-ňěàŋëě ćěłâőàáâőńąæë. Ďńï őąàăâĺňőáâĺ ňăâàĺæë D = A − xy^T ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë çĺáńő p = 1 − y^T A�^1x ąëńő őâńĺçŋő őâ ŋãńï. Ŕàĺ íâőň

D�1 =_A�1 +_p�1(_A�1_x)(_yT_A�1)_. (2_.6)

Ťőàňãńă (2.6) | íâő ĺğćěáâŋăï äőàňãńă Ÿěàňăŋă{Ňőààĺáőŋă [6{8]. Ŕàĺćěďěň ćăęŋëľ ďńï ďăńìŋěľèěčő ŕàĺňěà ŋă ĺáŕőńìğőćăŋĺě äőàňãńë Ÿěàňăŋă{Ňőààĺáőŋă.

Ŕàĺňěà. Ć ŋěćëàőęďěŋŋőľ ňăâàĺæě A ŕőàïďłă n ğăňěŋĺň j-ľ áâőńąěæ aj ŋă ćěłâőà c. Ŋőćăï ňăâàĺæă D ĺňěěâ ćĺď D = A − (a_j − c)e^T_j , čďě e_j | j-ľ őàâ. Łőčďă ňăâàĺæă D ąãďěâ őąàăâĺňőľ?

Ć ďăŋŋőň áńãçăě p = 1 − ⟨e_j , A�^1(a_j − c)⟩ = ⟨e_j , A�^1c⟩. Őąőğŋăçĺň z = A�^1c. Šőčďă p = z[j]. Łàĺâěàĺěň őąàăâĺňőáâĺ ňăâàĺæë D ïćńïěâáï ãáńőćĺě z[j] ≠ 0. Ŕőáłőńìłã Az = c, âő ãáńőćĺě z[j] ≠ 0 őğŋăçěâ, çâő ć àăğńőęěŋĺĺ ććőďĺňőčő ćěłâőàă c ŕő áâőńąæăň ňăâàĺæë A őâńĺçěŋ őâ ŋãńï łőíääĺæĺěŋâ ŕàĺ ćëćőďĺňőň áâőńąæě a_j .

Śőčńáăŋő (2.6) D�1 =_A�1 + (_z[_j])�1(_A�1(_{aj − c}))(_eT_{j A}�1) =_A�1 + (_z[_j])�1(_{ej − z})(_eT_{j A}�1)_. (2_.7)

Őąőğŋăçĺň çěàěğ A�^1_i i-î áâàőłã ňăâàĺæë A�^1 ĺ ŕěàěŕĺèěň ňăâàĺçŋőě àăćěŋáâćő (2.7) ć ćĺďě àăćěŋáâćă áâàőł. Şçĺâëćăï, çâő e^T_j A�^1 = A�^1_j , ŕőńãçăěň

D�1_j =_A�1_j + (_z[_j])�1(1_{− z}[_j])_A�1_j = (_z[_j])�1_A�1_j (2_.8)

ĺ ŕàĺ i ≠ j

D�1_i =_A�1_{i − z}[_i]_D�1_{j .} (2_.9)

İâő ĺğćěáâŋëě äőàňãńë ŕěàěáçěâă őąàăâŋőľ ňăâàĺæë ŕàĺ ğăňěŋě áâőńąæă [7]. Śâàőłă D�^1_j ŋăğëćăěâáï àăąőçěľ áâàőłőľ.

Řăááňőâàĺň áńãçăľ, łőčďă ć ŋěćëàőęďěŋŋőľ ňăâàĺæě A ŕőàïďłă n ğăňěŋïîâáï r áâőńąæőć. Ąãďěň ĺáŕőńìğőćăâì ĺŋďěłáŋãî âěåŋĺłã, ďěâăńìŋő ŕàěďáâăćńěŋŋãî ć [9]. Őąőğŋăçĺň N = {1, 2, ..., n}, ĺ ŕãáâì ĺŋďěáŋőě ňŋőęěáâćő N� ⊂ N áőáâőĺâ ĺğ r ĺŋďěłáőć. Ğăňěŋĺň áâőńąæë A[N, j] áâőńąæăňĺ C[N, j] ŕàĺ j ∈ N�. Ŋőćăï ňăâàĺæă D = D[N, N] ĺňěěâ ćĺď D[N, N] = A[N, N] − (A[N, N�] − C[N, N�]) × I_n[N�, N]. (2.10) Ďńï ćëïáŋěŋĺï ćőŕàőáă őą őąàăâĺňőáâĺ ňăâàĺæë D ŕàőćěďěň ćëçĺáńěŋĺï:

Y^T A�^1X = (I_n[N�, N] × A�^1[N, N]) × (A[N, N�] − C[N, N�]) = = I_r[N�, N�] − A�^1[N�, N] × C[N, N�]. Ŕőńãçăěň P := I_r − Y^T A�^1X = A�^1[N�, N] × C[N, N�]. Śőčńăáŋő ŕàěďńőęěŋĺî 2 ňăâàĺæă D ćĺďă (2.10) őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă őąàăâĺňă ňăâàĺæă r-čő ŕőàïďłă P = A�^1[N�, N] × C[N, N�]. Ŕàĺ íâőň ďńï őąàăâŋőľ ňăâàĺæë D�^1 áŕàăćěďńĺćă äőàňãńă

D�1[_{N, N}] =_A�1[_{N, N}] +_A�1[_{N, N}]_× (_A[_{N, N}�]_{− C}[_{N, N}�])_× ×P �1[_N�_{, N}�]_× (_{In}[_N�_{, N}]_{× A}�1[_{N, N}])_.

Ć çăáâŋőáâĺ, D�1[_N�_{, N}] =_A�1[_N�_{, N}] + (_{Ir}[_N�_{, N}�]_{− P} [_N�_{, N}�])_×

×P �1[_N�_{, N}�]_{× A}�1[_N�_{, N}] =_P �1[_N�_{, N}�]_{× A}�1[_N�_{, N}] (2_.11) ĺ D�1[_{N\N}�_{, N}] =_A�1[_{N\N}�_{, N}] +_A�1[_{N\N}�_{, N}]_× (_A[_{N, N}�]_{− C}[_{N, N}�])_× ×D�1[_N�_{, N}] =_A�1[_{N\N}�_{, N}]_− (_A�1[_{N\N}�_{, N}]_{× C}[_{N, N}�])_{× D}�1[_N�_{, N}]_. (2_.12)

Ťőàňãńë (2.11), (2.12) ïćńïîâáï őąőąéěŋĺěň äőàňãń (2.8), (2.9) ĺ ŕěàěåőďïâ ć ŕőáńěďŋĺě ŕàĺ N� = {j}.

3. ĎŐŁĂĞĂŠĚŃĲŚŠĆŐ ŠĚŐŘĚŇŻ Ŕàěďŕőńőęĺň áŋăçăńă, çâő 1 ≤ s ≤ n − 1. Śńãçăľ s = 0 ňë àăááňőâàĺň őâďěńìŋő. Ğă áçěâ ŕěàěáâăŋőćőł áâàőł ĺ áâőńąæőć, łőâőàëě ŋě ĺğňěŋïîâ àăŋč, ŕàĺćěďěň ňăâàĺæã G ł ćĺďã G = A_1 A_1B X_1 C^T A_1 C^T A_1B X_2 Y^T_1 Y^T_2 H , čďě A_1 | ŋěćëàőęďěŋŋăï ňăâàĺæă ŕőàïďłă s. Śőčńăáŋő ŕàěďńőęěŋĺî 1 łàĺâěàĺěň őąàăâĺňőáâĺ ňăâàĺæë G ïćńïěâáï őąàăâĺňőáâì âăłőľ ňăâàĺæë: F = ( C^T A_1B X_2 Y^T_2 H ) − ( C^T A_1 Y^T_1 ) A�1_1^(_{A1B, X1}^) = = ( C^T A_1B X_2 Y^T_2 H ) − ( C^T A_1B C^T X_1 Y^T_1 B Y^T_1 A�^1_1 X_1 ) = = ( 0 X_2 − C^T X_1 Y^T_2 − Y^T_1 B H − Y^T_1 A�^1_1 X_1 ) . Ěáńĺ F őąàăâĺňă, âő áâàőłĺ ňăâàĺæë X_2 − C^T X_1 ńĺŋěľŋő ŋěğăćĺáĺňë, ă ŕőáłőńìłã íâă ňăâàĺæă ĺňěěâ àăğňěàë (n − s) × r, âő ŋěőąåőďĺňő r ≥ n − s.

Ŕàĺ ňĺŋĺňăńìŋőň r, àăćŋőň n − s, ňăâàĺæë X_2 − C^T X_1 ĺ Y^T_2 − Y^T_1 B | łćăďàăâŋëě, âăł çâő őąàăâĺňőáâì ňăâàĺæë F àăćŋőáĺńìŋă őąàăâĺňőáâĺ ňăâàĺæ X_2 − C^T X_1 ĺ Y^T_2 − Y^T_1 B ŕőàïďłă n − s.

Ğăŕĺèěň àăćěŋáâćő ( −C^T I_r I_s 0 ) ( A_1 X_1 C^T A_1 X_2 ) = ( 0 X_2 − C^T X_1 A_1 X_1 ) .

Ĺğ ŋěčő áńěďãěâ, çâő őąàăâĺňőáâì X_2−C^T X_1 àăćŋőáĺńìŋă őąàăâĺňőáâĺ ňăâàĺæë n-čő

ŕőàïďłă ( A_1 X_1 C^T A_1 X_2 ) , çâő ć áćőî őçěàěďì àăćŋőáĺńìŋő ãáńőćĺî rank ( A, X ) = n. Řăćěŋáâćő ( A_1 A_1B Y^T_1 Y^T_2 ) ( −B I_s I_r 0 ) = ( 0 A_1 Y^T_2 − Y^T_1 B Y^T_1 )

ŕőłăğëćăěâ, çâő őąàăâĺňőáâì Y^T_2 − Y^T_1 B àăćŋőáĺńìŋă ãáńőćĺî rank ( A^T , Y ) = n. Ŕàĺ 1 ≤ s ≤ n − 1 âěőàěňă ďőłăğăŋă.

Ŕàĺ s = 0 ňăâàĺæă G ĺňěěâ ćĺď G = ( 0 X Y^T H ) . (3.1)

Ŋěőąåőďĺňëň ãáńőćĺěň őąàăâĺňőáâĺ âăłőľ ňăâàĺæë ïćńïěâáï ćëŕőńŋěŋĺě ŋěàăćěŋáâćă r ≥ n. Ŕàĺ r = n ňăâàĺæă G ćĺďă (3.1) őąàăâĺňă âőčďă ĺ âőńìłő âőčďă, łőčďă rank X = rank Y = n, çâő ŕàĺ s = 0 àăćŋőáĺńìŋő (1.2).

Śńěďáâćĺě. Ŕãáâì A | ćëàőęďěŋŋăï áĺňňěâàĺçŋăï ňăâàĺæă ŕőàïďłă n ĺ x | n-ňěàŋëľ ćěłâőà-áâőńąěæ. Ďńï őąàăâĺňőáâĺ ňăâàĺæë G ćĺďă (1.3) ŋěőąåőďĺňő ĺ ďőáâăâőçŋő ćëŕőńŋěŋĺě ãáńőćĺľ

rank A = n − 1, rank(A, x) = n. (3.2)

Ďőłăğăâěńìáâćő. Ŋěőąåőďĺňőáâì. Ĺňěěň rank G = n + 1. Ŕőáłőńìłã A | ćëàőęďěŋŋăï ňăâàĺæă, âő rank A ≤ n−1. Ěáńĺ rank A ≤ n−2, âő rank(A, x) ≤ n−1, ĺ âőčďă rank G ≤ n. İâő ŕàőâĺćőàěçĺâ àăćěŋáâćã rank G = n+1. Ğŋăçĺâ, rank A = n−1.

Ěáńĺ ŕàĺ íâőň rank(A, x) = n − 1, âő áŋőćă ŕőńãçăěň rank G ≤ n, çâő ŕàőâĺćőàěçĺâ àăćěŋáâćã rank G = n + 1. Šăłĺň őąàăğőň, ŋěőąåőďĺňő rank(A, x) = n.

Ďőáâăâőçŋőáâì áńěďãěâ ĺğ âěőàěňë ŕàĺ s = n − 1 ĺ r = 1.

4. ŮĹŚŃĚŊŊŻĽ ŇĚŠŐĎ Ďńï őąàăéěŋĺï ňăâàĺæë G ćĺďă (1.1) ć ãáńőćĺïå âěőàěňë æěńěáőőąàăğŋő ŕàĺňěŋïâì ňěâőď ŕőŕőńŋěŋĺï [10, á. 198{203], ĺďěï łőâőàőčő ćőáåőďĺâ ł Ÿěàňăŋã [7]. Ďńï őŕĺáăŋĺï ňěâőďă ŕőńőęĺň m = n + r ĺ ććěďěň àăáèĺàěŋŋãî ňăâàĺæã V = (G, I_m) c m áâàőłăňĺ ĺ 2m áâőńąæăňĺ. Őąőğŋăçĺň M = {1, ..., m}. Ąăğĺáőň ŋăğëćăěâáï ĺŋďěłáŋőě ňŋőęěáâćő M_1 ⊂ {1, ..., 2m}, áőáâőïéěě ĺğ m íńěňěŋâőć, âăłőě, çâő áâőńąæë V [M, j] ňăâàĺæë V ŕàĺ j ∈ M_1 ńĺŋěľŋő ŋěğăćĺáĺňë. Łćăďàăâŋăï ŋěćëàőęďěŋŋăï ňăâàĺæă V [M, M_1] ŋăğëćăěâáï ąăğĺáŋőľ, ă ňăâàĺæă B_1[M_1, M] = (V [M, M_1)�^1 | őąàăâŋőľ ąăğĺáŋőľ ňăâàĺæěľ.

Łăęďëľ èăč ňěâőďă áőáâőĺâ ć ğăŕőńŋěŋĺĺ âăąńĺæë áńěďãîéěčő ćĺďă:

Šăąńĺæă 1 it = s (G[M, k_s])^T k_s M_s B_s[M_s, M] z_s[M_s]

Ğďěáì s | ŋőňěà ĺâěàăæĺĺ, M_s | âěłãéĺľ ąăğĺá, B_s[M_s, M] | őąàăâŋăï ąăğĺáŋăï ňăâàĺæă, k_s ∈ {1, ..., m} | ĺŋďěłá ććőďĺňőčő ć ąăğĺá áâőńąæă ňăâàĺæë G, łőâőàëľ ćëąĺàăěâáï ŕàőĺğćőńìŋő, (G[M, k_s])^T | ććőďĺňëľ áâőńąěæ ć âàăŋáŕőŋĺàőćăŋŋőň ćĺďě, z_s[M_s] = B_s[M_s, M] × G[M, k_s]. Ďńï ŕěàěåőďă ł őçěàěďŋőľ âăąńĺæě őŕàěďěńïěâáï ĺŋďěłá j_s ∈ M_s ∩ {m +1, ..., 2m}, ŋă łőâőàőň z_s[j_s] ≠ 0. Ŋőćëľ ąăğĺá M_{s+1} ŕőńãçăěâáï ŕãâěň ğăňěŋë ĺŋďěłáă j_s ŋă k_s, â.ě. M_{s+1} = M_s \{j_s}∪{k_s}. Őąàăâŋăï ąăğĺáŋăï ňăâàĺæă B_{s+1}[M_{s+1}, M] ŕěàěáçĺâëćăěâáï ŕő äőàňãńăň (2.8), (2.9).

Ŕàĺ s = 0 ŕőńăčăěň M_0 = {m + 1, ..., 2m}. Ć íâőň áńãçăě B_0[M_0, M] = I_m. Ćëçĺáńěŋĺï ğăłăŋçĺćăîâáï ŕàĺ s = m, łőčďă M_m = {1, ..., m}.

Őâňěâĺň, çâő ŕàĺ ćáěå s = 0, 1, ..., m − 1 ćëćőďĺňëľ ĺğ ąăğĺáă ĺŋďěłá j_s ∈ M_s ∩ {m + 1, ..., 2m} á z_s[j_s] ≠ 0 áãéěáâćãěâ. Ďěľáâćĺâěńìŋő, ć ŕàőâĺćŋőň áńãçăě (ŕàĺ z_s[j_s] = 0 ďńï ćáěå j ∈ M_s ∩ {m + 1, ..., 2m}) ććőďĺňëľ ć ąăğĺá áâőńąěæ G[M, k_s] ïćńïńáï ąë ńĺŋěľŋőľ łőňąĺŋăæĺěľ ŋěłőâőàëå áâőńąæőć ňăâàĺæë G (ĺńĺ ąëń ŋãńěćëň ŕàĺ s = 0), çâő ŋěćőğňőęŋő ć áĺńã ŋěćëàőęďěŋŋőáâĺ G.

Ŕàĺňěà. Řăááňőâàĺň ňăâàĺæã âàěâìěčő ŕőàïďłă G = 0 0 1 1 1 0 0 1 0 . Őŋă ŋěćëàőęďěŋŋăï, çâő áńěďãěâ, ŋăŕàĺňěà, ĺğ âěőàěňë ŕàĺ n = 2, s = 1, r = 1. Ćňěáâě á âěň, ćáě âàĺ čńăćŋëě ňĺŋőàă ŕőàïďłă 2 íâőľ ňăâàĺæë àăćŋë ŋãńî.

Ć âăąń. 2 ŕàĺćěďěŋë ćëçĺáńěŋĺï G�^1 ãłăğăŋŋëň ćëèě ňěâőďőň.

Šăąńĺæă 2 it = 0 0 1 1 2 4 1 0 0 0 5 0 1 0 1 6 0 0 1 1 it = 1 0 1 0 1 4 1 0 0 0 5 0 1 -1 1 2 0 0 1 0 it = 2 1 0 0 3 4 1 0 0 1 1 0 1 -1 0 2 0 0 1 0 it = 3 3 1 0 0 1 0 1 -1 2 0 0 1

Ŕőńãçĺńĺ, çâő

G�1 =

0 1 -1 0 0 1 1 0 0 .

Ć ďăŋŋőň ŕàĺňěàě ŕàőąńěňă ŋăçăńìŋőľ ąăğĺáŋőľ ňăâàĺæë ňőęěâ ąëâì àěèěŋă ŕàőéě. Ŕőáłőńìłã áàěďĺ áâőńąæőć G ĺňěîâáï ďćă őàâă, âő ďőáâăâőçŋő ććěáâĺ őďĺŋ ĺááłãáâćěŋëľ áâőńąěæ (0, 0, 1)^T á ŋőňěàőň 4. Őąàăâŋăï ňăâàĺæă G�^1 ćëçĺáńïěâáï ğă őďŋã ĺâěàăæĺî, łăł íâő ŕőłăğăŋő ć âăąń. 3.

Šăąńĺæă 3 it = 0 0 1 1 2 3 1 0 0 0 1 0 1 0 1 4 0 0 1 1 it = 1 3 1 0 0 1 0 1 -1 2 0 0 1

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ 1. Čăŋâňăåěà Ť.Ř. Šěőàĺï ňăâàĺæ. Ĺğď. 2-ě. Ň.: Ŋăãłă, 1966. 2. Ťăďďěěć Ď.Ł. Ńěłæĺĺ ŕő ăńčěąàě. Ň.: Ŋăãłă, 1984.

3. Hiriart-Urruty J.-B., Lemar«echal C. Convex analysis and minimization algorithms.

I,II. Berlin: Springer-Verlag, 1993.

4. Kiwiel K.C. A method for solving certain guadratic programming problems arising in nonsmooth optimization // IMA J. Numer. Anal. 1986. V. 6. ò 2. P. 137{152.

5. Őàâěčă Ďę., Řěľŋąőńďâ Ć. Ĺâěàăæĺőŋŋëě ňěâőďë àěèěŋĺï ŋěńĺŋěľŋëå áĺáâěň ãàăćŋěŋĺľ áő ňŋőčĺňĺ ŋěĺğćěáâŋëňĺ. Ň.: Ňĺà, 1975.

6. Sherman J., Morrison W.J. Adjustment of an inverse matrix corresponding to a change in one element of a given matrix // Annals Math. Statistcs. 1950. V. 21. ò 1. P. 124-127.

7. Sherman J. Computations relating to inverse matrices / Simultaneous linear equations and the determination of eigenvalues. Ed. by L.J.Paige and Olga Taussky. U.S. National Bureau of Standarts. Appl. Math. Ser. 1953. ò 29. P. 123{124.

8. Ćőěćőďĺŋ Ć.Ć., Łãğŋěæőć đ.Ă. Ňăâàĺæë ĺ ćëçĺáńěŋĺï. Ň.: Ŋăãłă, 1984. 9. Ňăńőğěňőć Ć.Ŋ. Ńĺŋěľŋăï ăńčěąàă ąěğ őŕàěďěńĺâěńěľ. Łćăďàăâĺçŋăï äãŋłæĺï.

ŚŔą.: Ĺğď-ćő ŚŔąČŞ, 1997.

10. Ťăďďěěć Ď.Ł., Ťăďďěěćă Ć.Ŋ. Ćëçĺáńĺâěńìŋëě ňěâőďë ńĺŋěľŋőľ ăńčěąàë. Ĺğď.

2-ě. Ň.: Ťĺğňăâčĺğ, 1963.