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§1. BeepeHue

HacTosmaa paboTa MOCBAIIEHA OMUCAHUIO HAATPYIIT SIEMEHTAPHOU TPYTI-
el [[leBanre Tuna Fy B rpynmne [leBamrne Tuna Eg Ham Tpou3BOIBLHBIM KOM-
MYTATUBHBIM KOJILIOM. CHCTEMATHIECKOE U3y IeHTEe TOMOOHBIX BOMPOCOB I
KJIACCUIECKUX TPYII HA MOIAMEU Hadajdoch B paborax [las, Kuura, JIu lan-
kbl [22-24, 29-33]. Onucanue HaATCPYIII OPTOrOHATILHOM, CUMILIEK THIECKON
7 YHUTAPHOU I'PYIIIEI B IIOJIHOW JUHEWHOUW I'PYIINE HAJ KOMMYTATABHBIM KOJTb-
oM moaydeHo B pab6orax Basunosa, [Terposa [9-11, 35] u Xou 1O [27, 28].

B mepeuncieHHBIX CTATBAX M3YTAIOTCI HAATPYIIIHI KIACCHIECKUX TPYII B
X HEMPUBOAMMBIX MpEACTaBAeHUAX, T.€. moarpynnel GL(n, R), conepxamue
nmauuyio rpynmy [lesamre. UuaTepecHon 3amaten ABIIETCI MEPEHOC DTUX Pe-
3yJAbTATOB HA UCKIYATETHLHBIE TPYIITLL HAJ KOMMYTATUBHBIMYA KOJbIaMu. B
pabore [12] aBTop mpogenan HEKOTOPBIE MIArX, HEOOXOAUMBIE [ ONUCAHW
manrpynn rpynn Hlesamre Tunos Eg u E;7 B ux menpuBogmMbIx mpempcrasie-
HUAX.

B To xe Bpems B paboTrax [5, 8] 6bLIO 3aMe9€HO, ITO A U3YIeHUA IPY LI
Mlesamne Tuna Fy gacro ymobuee paccMaTpuBaTh HE MAHAMAJIBHOE €€ MPE/-
CTaBIeHNE, UMeIIee Pa3MEPHOCTD 26, & npusodumoe NpencTaBIeHne pa3Mep-
HOCTH 27, BO3HMKAIOUIEE B PE3yJAbTATE CKPYINBAHWUA MUHUMAIHLHOTO MOJY-
as rpynnsl tuna Eg. Takum o6paszom, mer noay4daem Biaoxenue Gg.(Fy, R) <
Gsc(Eg, R), m €CTECTBEHHO CTABUTH BONPOC 00 OMUCAHUYM MIPOMEXKYTOTHBIX
MOATPYIIIL.

IIpz mepeHOCe TOKAIM3ANMOHHBIX JOKA3aTeIbCTB u3 [10] HA MCKIIOIHTENb
HBIE TPYIIILI BOSHUKAIOT 3aMETHBIE TEXHOJIOTUICCKAE YCIOKHEHUA, HO OOMmaa
KaHBa PACCYXICHNM OCTAETCA HEM3MEHHON, KAK M UTOTOBLIA Pe3yJabTaT: ,,Be-
epHOe“ pacIoNOXeHre MOATPYNI B ayxe BopeBmda. A mMeHHO, AaA BCAKOU
noarpynnst H, nexamen mexay G(Fy, R) u G(Eg, R) (paccMaTpuBaeMbIX Kak
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noarpynmnet B GL(27, R)), cymectsyer enuacTBenHb naeanr A koasma R Ta-
kou, uro H nexur mexny EE(Fy4, R, A) = E(F4, R)E(Eg, R, A) u eé nopma-
nmmzatopom B G(Eg, R).

Teopema 1. IIycmv R — xommymamusnoe xoavyo. To2da das w060t nood-
epynnor 6 G = G(Eg, R), codepacaweti epynny E(F4, R), cywecmsyem edumn-
cmeennvit udeas A < R maxoti, umo

EE(F4, R, A) < H < Ng(EE(F4, R, A)).

Kpome Toro, Mbl SBHO BBIYHCIAEM HOPMAJIU3ATOP, (PUTYPUPYIOMUAA B TEO-
peme. Paccmorpum pacimmpennyio rpynmny [lesamie

G(F4,R) = G(F4, R) Cent(G(Eg, R))
(uepes Cent(G) mer o603uaMaeM nenTp rpynunst G). [as noarpynn E u F' B
rpynne G o6o3uaaum wepes Trang(E, F') mpancnopmep E B F':

Trang(E,F) ={g € G | EY < F}.

Emg ogauM 0OCHOBHBIM PE3YIbTATOM HACTOAIIEN PAOOTHI ABIAETCS CJAETYIOMIAL
TeopeMa.

Teopema 2. B ycaosuaxr meopemvr 1 umeem

NG(E(F4, R)) = Na(G(F4, R)) = Trang(E(F4, R), G(F4, R)) = G(F4, R).

PaccmoTpum Teneps roMmoMopgusM peayKInm pgﬁ : G(Eg, R) — G(Eg, R/A),
VHIYIUPOBAHHBIN TOMOMOP(PU3MOM COOTBETCTBYIOIINX MOJHBIX IUHEMHBIX I'PYIIM,
u o603mavmm wepes CG(Fy, R, A) momasns mpoo6pas rpynmer G(Fy, R/A) o-
HOCUTEIBHO pgﬁ. Eme oguu pesyabraT HACTOAMEN PAOOTHI COCTOUT B CJAEY-
FOILIEM.

Teopema 3. B ycaosusz meopembvr 1 das awb6020 udeass A I R umeem
Ng(EE(Fy, R, A)) = CG(F4, R, A).

Yeaosue npunagrexuoctu Matpunbl CG(Fy, R, A) onuceiBaeTcs cpaBHEHU-
avu (o moaymio upeana A) Ha eé xkoaddunueHTH. MBI ABHO NPUBOIUM STH
CPAaBHEHUS B MIPEJIOXKEHUN 2.

C TeXHUYIECKOU TOYKN 3PEHUA HACTOAIAA PAbOTa COCIUHAECT METOJ A0Ka-
AUBAYUU-TLONOAHEHUL, TIPeATOKeHHbI BakoM B [19] n nmosnHee ynpouméHHbIN
Xasparom u Basunosem B [25, 26, 10], ¢ SBHBIME BBIYUCIEHUSAMH C DIEMEHTA-
MU UCKIIOYIUTEABHBIX I'DYIIII B MUHUMAJBHBIX IIPEACTABICHUAX, OCBOCHHBIMU
BasuiosbiM u ero yuenukavu (cum. [4-8, 12]).

CraTbs opraan3oBaHa caegyommm o6pa3oM. B §2 u 3 MbI BRBOAUM OCHOBHBIE
o6o3uaxenus, oraHocsaumecsa K rpynnam [llesamre Tunos Eg u Fy B 27-meprOM
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npexncTasienuu. B §4 npusemeHbr HEKOTOPBIE (pakThI, 00mme aas rpynn [le-
Basuie TunioB Fy u Eg. B §5 cobGpanbl TexHuveckune yTBEpK I€HNUA, OTHO CAIIA-
ecqa kK ypasaenuam, 3agaomum rpymmny G(Eg, R), koTopbie morag06aTCA HAM
B ganbpHenmeM. B §6 o6cyxmaeTcs BUI HYXHBIX HAM TapabOIU<IeCKUX MOM-
rpynn B G(Eg, R) mw G(F4, R) m ux yHWIOTEHTHBIX pagukanos. Teopema 2
JOKA3BIBAETCA B §7 BMECTE C ONMMCAHUEM YPABHEHUAMUI PACIIUPEHHOU TPYIITHI
[Mlesanre G(Fy, R). B §8 BBOAMTCA MOHATHE HUKHEIO YPOBHSA s KIacCudbu-
nupyeMeix moarpynm. B §9 mpuBegeHo m0Ka3aTerbCTBO TEOPEMBI 3 BMECTE C
OTMUCAHUEM ypaBHEHUAMU (PUCYPUPYIOUIETO B HEU HOPMAIU3aTOpa. TexHmde-
CKUM CepJIeM A0Ka3aTerbcTBa TeopeMbr 1 asasgercsa §10, B kKoTopoM ¢ mOMO-
L0 IOKAJTU3AIWY TPOUCXOIUT 3HAUUTENHHOE YIPOIIEeHTE 33 1a7 U3BIeIeHNU
KopHeBoro aremenTa. Crepyrolnue Tpu maparpada MOCBAIMEHBI DTOMY H3BJIE-
YEeHWIO: MBI IOKA3LIBAEM CYIIECTBOBAHUE KOPHEBOTO DIEMEHTa Ipu Bce HoJee
craberx ycaouax. [lociae Toro, kak 3To caeraHO, JOKA3aTEILCTBO TeOpeMsl 1
Jerko 3asepiiaerca B §14.

AsTop BoIpaxkaer 6GaaromapuHocTh Hukomaro Amekcamaposudy Basmiosy,
6e3 KoToporo »Ta paboTa HEUKOrAa He ObLIa OBl HAMKMCAHA, & TAKXKe JHTOHU
Baky 3a rocTenpumMcTBO ¥ BCECTOPOHHIOI O AEPXKKY.

§2. I'pynna Wlesanne Tuna Eg

B sTom maparpade Mbl BKpaTiie HATOMHIM 0603HAMeHUA 1 PAKTHI, OTHOCS-
mueca K rpynmne [lepamte Tuma Eg Hag KOMMyTaTUBHBIM KOJBIIOM. Bosee mo-
IpOOHY0 HHMOPMAILIUIO, & TAKXKE NATbHENIINEe CCHUIKA MOXHO HauTu B [1, 13,
34, 36, 15, 4042, 4, 6, 7]. Boablie BHUMAHAA MBI YAEIUM BIOKEHUIO CPYIIIIHI
Tuna Fy B rpynny Tuma Eg, 3HAUUTEILHO MEHEee OCBEIMIEHHOMY B JATEPATYPE.

Mmur paccMaTpuBaeM cucTeMbl KopHen Eg u Fy ¢ pukcupoBanubiMu 6asu-
camu npoctbix kopHen II(Eg) u II(F4). Hama mymepanus mpocThIX KOpHER
coorsercrByer [2]. [lanee Besge R — KOMMYyTATHBHOE KOIBIO C €AWHUIECH.

Breraucienus HacToAmEn pabOTHI TPOUCXOAAT B 27-MepHOM Moxayae V =
V(wi) rpynnst Hlesamre G = G(Eg, R) tuna Eg¢ co crapmmm Becom w = w.
MuoxecTBO BECOB >TOr0 MOAyA 060o3HadaeTca depe3s A. Mogyns V' cuabxen
kpucTammaeckuM Gasucom v, A € A. Dro osmauaer (cm. [34]), aTo BekTO-
pBL v ABIAIOTCA BECOBBIMM BEKTOPAMU U JEUCTBUE DIEMEHTAPHBIX KOPHEBBIX
DIEMEHTOB T (€) mus Bcex a € Eg u € € R onucbiBaeTcsa Tax:

Zo, (5)7))\ = + C/\agv)\Jraa

NpUYEM BCE CTPYKTYPHBIE KOHCTAHTHI JEUCTBUA C)o PABHBI £1, U c)q = +1,
ecm o € +I1(Eg). Mer 6ynem o6osmagars wepes T(Eg, R) makcumanbHBIT
pacmenumein Top rpynnel G(Eg, R); B Hamem npencTaBieHM:m MaTPUNA W3
G(FEs, R) nexur B T(Eg, R) Torga m TOIBKO TOTAa, KOTAA OHA AUATOHATHLHA.
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I'pynna T'(Eg, R) KoMMyTaTUBHA I TOPOX JAETCA DIEMEHTAMY BUIA,

hae) =e+ > ((e—Dextarta+ (€71 = Dern)
AMA+aeA

nis Beex o € [I(Eg), € € R*.
Jlerxo BugeTH, ITO

"o O(€) = wg(e!Pe)

mascex a € II, B € &, ¢ € R*, ¢ € R. Hanomunwm, uro (o, 5) = 2(a, 8)/(8, B),
rae (+,-) — W(Eg)-unBapuanTaoe ckaxaproe npoussegenue Ha P @y R, u B
namem caygae P = Py, — peméTka Becos.

PaGora [7] 6bua mOCBslIEHA AETATHHOMY U3YUEHHIO MOAYAs V; B 9acT-
HOCTH, TaM TPUBEICHBI ABHbIC TAOMUILI 3HAKOB CTPYKTYPHBIX KOHCTAHT B
KPUCTALITIECKOM 0a3mce, KOTOPBIE MBI AKTHBHO WMCIOIB3YEM A BBITHACIE-
aui. Kpome sroro, kak ormedeno B paborax [17, 18, 6], emé ogauM BaXHBIM
WHCTPYMEHTOM A PaboThl ¢ MogyaeM V ABIACTCA WHBAPDWAHTHAA TPUIA-
HenHas dopma. fBHbIM Bug >TOM hopmbl Takxke npusegeH B [7]. Ha rpyn-
ny G(Eg, R) MOXHO CMOTPETH C Pa3IWIHBIX TOYEK 3PEHMA: COTIACHO KJIAC-
CUYECKOMY OIMPENeNeHnio, 3TO Tpynna ToveK apPUHHOU TPYNIIOBOU CXEMBI
[Mlesamne—/lemasopa. OmQHAKO NI KOHKPETHLIX MATPUYIHBIX BLIYUCICHUN HA
caMoOM fIele MCIOMb3YyeTCA TOT (haKT, ITO I JIOO0ro Koabla R rpymma
G(E¢, R) coBmagaer ¢ rpymnmnou msoMerpuu TpuruHenHou dpopmser 1. Onuca-
Hre >Tox (POPMBI, CBA3AHHON C HeH KyOuIeCKon (pOPMBI U €€ ACTHBIX IIPOW3-
BOJHBIX B DA3INYHBIX Oa3mcax, MOXHO HauTu B [7] (cm. Takxe [40-42, 8, 6]).
MBI IpUBOAUM ABHBIM BUJ KyOUIeCKOW (GOPMBI U €€ JACTHBIX IIPOU3BOIHBIX
B §5. Kpome toro, G(Eg, R) coBmagaeT ¢ CpyNIou M30METPHUU YHIOMIHYTOU
Kybuueckot gopmer (). ITO HeTPpUBUAMLHBEIL pe3yabTaT (cM. [17]), ocobenno
eCly He IPeAnoIaraTs ooparumoctu 2 u 3: 3ametuM, 410 T'(u, u,u) = 6Q(u).

Huxe Ha pucynke BocupousBefieHa 6ecogad duazepamma Monyis V. Eé Bep-
IIXHLI 3aHYMEPOBAHBLI BecaMm MOAyaA V', a pébpa COeIMHAIOT Mapbl BECOB,
PA3HOCTH MEX Y KOTOPBIMU ABIAECTCA MPOCTHIM KOpHeM. [Ipu 3ToM Ha pebpe
YKa3BIBAETCA HOMEpP 3TOr0 MIPOCTOr0 KOPHA U CTAPIINK BEC PACIIONOXKEH CJAEBA.

Mgl m306paxaeM BeKTOp a € V, a = Y. ayv® Kak cmoabey KOOpIUHAT B
kpuctammmieckom 6aszuce: a = (ay), A € A. [Ipm sToM smemenT b xoHTpA-
rpagueHTHOTO MOAyaa V* ecTecTBeHHO mpeacTasiaTh kKak cmpoky b = (by),
A € A. BameTuMm, 9TO KOOPAMHATHI BEKTOPa u3 V™ 31eCh 3aHyMEPOBAHBI Be-
camMm MOAya V; MMEHHO TIODTOMY OHW 3aNUCHIBAIOTCA KAK CTPOKH. DJEMEHT
g € G(Eg, R) oToxaecTBigerca HaMu C ero 00pa3oM B MPEACTABJICHUA T U
msobpaxaerca marpunen (gy,) w3 GL(V) ~ GL(27,R), croabust n cTpoku
KOTOPOU TpouHAeKcupoBaubl Becamu A. CTonber 3ToW MATPUIBI ¢ HOMEPOM
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p € A MBI Gygem 060o3HAIATH Uepe3 g.,. Takum obpasom, g, = gv*. Ama-
JOTUIHO Iepe3 gy, 0003HAYAETCA CTPOKA MATDPUILI ¢ ¢ HOMepoM A € A. [lia
5IEMEHTOB OODATHON MATPHILI MBI HCIOIb3yeM O0O3HAdMeHHe ¢ | = (gg\u),
A e A

Caenymolee yTBEpXKACHUE ABIAETCSA TPOCTOU MepedOPMYIUPOBKOU OMpe-
JeJeHUA KPUCTALIAIECKOrO 6a3uca, W MbI OyAeM IMOJb30BATHCA MM BO BCEX

BBIUUCIEHUAX (€3 CIeUATBLHOTO YIOMUAHAHAA.
Jemma 1. Jas a6z g € GL(27,R), a € Eg, £ € R umetom mecmo gopmy.avt

(Ta (f)g)/\u =0t C/\fa,ocfgz\fa,ua (920 (f)))\u =0+ Cuafgz\,wra-

YacTo HaM He TpeOyeTcsa 3HATH TOYHBIE 3HAKYW KOHCTAHT C)q, B TAKUX CIY-
9agxX MBI HOJB3YEeMCA 00O3HAMEeHueM ,,+ “.

§3. I'pynna Wesanne Tuna F,

Hanee Be3ne, ecau He ykKaszaHo obparuoe, ¢ = Fy, &; — MHOXECTBO AIWH-
HeIX, @5 — MHOXeCTBO KOpOTKUX KopHern ®. MBI paccMaTpuBaeM CHUCTEMY
kopuen F4 Kak mMpoeknmio CucTeMbl KOpHeu Eg Ha IeThIpeXMepHOe TOAIPO-

00000 00100 01010 10001

CTPAHCTBO, MOPOXJCHHOE BEKTOpamm 30, WX, ot 2o . IIpu aTom

OIUHHBIE KOpHU F4 — 5T0 B TouHOCTH KOpHU Ejg, Jexaimme B 3TOM IOAIPO-

abcba

crpancTBe. Takon KOpeHb 00A3aTEILHO HMEET BIH € Eg u ¢ Toukm

3penus cucrembl Fy asagerca xopuem day + cas + 2bas + 2aaq € P (ay,
1 <1 <4— pyngamentarbaas cucrema kopuen Fy). Takum 06pazom, MOXHO
canrarsk, ato P; C Eg (3amerum, aT0 MEHOXECTBO ®) ABIACTCA CHCTEMON KOD-
wen Tuma Dy). Koporkun xe kopens Fy asraerca npoeknumen geyx kopuen Eg
abeb'a’ ,; a'b! Elba

Ha Hallle YeThIPEXMEPHOE MPOCTPAHCTBO: KOPHU
I0OTCS B KODEHb

MIPOEKTUPY-

day + cas + (b+0)as + (a + a')ay € Ds.
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Yepes [;, 1 <1 < 6, MbI OyeM 0603HAYMATE TPOCTHIE KOPHU CUCTEMBI KOP-
Hen Eg; HamoMHMM, 9TO Hala HyMepamnusa IPOCTHIX KopHen caeayet [2]. Pac-
CMOTPWM BHEITHAN aBTOMOPGU3M ¢ — & mopaAgka 2 cucremsbr Eg, mepecrasms-
romwnn B1 ¢ Bg, B3 ¢ B5 m ocrapaaomuu $ u B4 Ha Mecre. OmgHODIEMEHTHBIE
OpOUTHI DTOr0 ABTOMOP(PU3MA, COCTOAT B TOYHOCTHU U3 [IUHHBIX KOPHEN F g4,
a IBYX3JEMEHTHBIE COAEPKAT MaPhl KOPHEN, TPOEKTUPYIOMMUXCA B KOPOTKHIE
kopuz Fy. 3ameTum, 910 KOpHE 5 # 3 IBYX3IEMEHTHOR OPGHTH OPTOTOHATb-
HBL IPYT APYTY ¥ 00pPa3yioT yrisl 7/4 ¢ COOTBETCTBYIOMMM KOPOTKIM KODHEM
(B+B)/2 € ®y. M1 Gyaem 0TOX AECTBIATH MHOKECTBO OPOUT C MHOKECTBOM
xopuen Fy.

Mser Gynem o6osHadaTh depes g(£) daeMeHTapHBIE KOPHEBBHIE SIE€MEHTHI
rpynnst G(Eg, R), a 4epe3 Xg(§) — anemMeHTapHBIE KODHEBBIE SIEMEHTHI IPYTI-
net G(F4, R). Tlpu sTom saemenTtsr X 3(£) MoryT umers Bug z5(€) nna 8 = B
(amuiHEIe KOpHEBBIE dMeMenTsl) mmn Bug 24(E)z5(+E) ana B # B (xopoTkue
KODHEBBIE DaeMeHTHI). HaMm nmoHano6muTca ABHOE 3HAHWE 3HAKOB B KOPOTKUX
KOPHEBBIX DJIEMEHTAaX, TO3TOMY PUBEIEM UX:

Xo001 (&) = z10000(&)z00001 (£), Xo010(€) = zo1000(&)z00010(),

0 0 0 0
Xoo11(§) = 9611800(5)9600811(—5), Xo110(§) = 3301(1)00(5)9600[1)10(—5),
X1110(8) = 9601%00(5)9600%10(—5), Xo111(§) = 3311(1)00(5)9600(1)11(5),
X111(§) = $11%00(§)$00%11(§), Xo121(§) = 3311(1)10(§)I01(1)11(—§),

X1121(8) = wniw(&)ﬂﬂm%u(—ﬁ),

Xi921(8) = xn%m(&)mu{u(—ﬁ),

Xi231(8) = IE12?10(£)5E01321(—£), Xi232(€) = 3612%11(5)%11%21(5)-

Maxcumanbabim pacmenumbiin Top 1 (Fy, R) rpynnet G(Fy, R) nopoxgaerca
QUATOHATBHBIMHA IEMEHTAMMA

Hipo0(e) = hooooo(€), Ho100(e) = hootoo(e),
1 0

Hop10(g) = hotooo(€)hoooto(€), Hooo1(g) = h1000o(€)hoooot (€)-
0 0 0 0
[Tpw orpanmaenun npeacrasrerusa 7 ¢ G(Eg, R) na G(F4, R) moxy4aem 27-
MEPHOE IpeACTaBICHNE, TUarPAMMa, KOTOPOT'0 IPUBEAEHA HIXE. 31eCh METKA
Ha, pE0pax COOTBETCTBYIOT HyMepaIluu MPOCTHIX KopHen Fy.
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Hywmepartus Beco, mpuBeqéHHasA 3eCh, Oy €T UCMOMB30BATHCA [IJII BCEX HA-
wux BerauciaeHuu. s pasnoo6pasusa oHa (U gaxe €€ MOJOKUTETbHAA TaCTh)
HE COIVIACOBAHA HU C OJHOU W3 TPEX HyMepauuu, NpuBeACHHBIX B [7]. Ml Oy-
neM 0603HAYATE BEC, 3aHYMEPOBAHHLIN HA DTOU AUATDAMME IEJIBIM TUCIOM 14,
Yepes \; win (€CJIu 5TO He BBI3BIBAET JBYCMBICIEHHOCTEHR) IIPOCTO i. 3aMEeTHUM,
uTo B orpanumyienun Ha Fy Beca 13, 14, 15 cTaHOBATCA HYJIEBBIMU.

[Monyuennoe npexpcrasnenue (Eg,w;) | Fy mpusogumo wm sBasercsa mps-
MOU CyMMOU 26-MepPHOT'0 TPEACTABICHU HA KOPOTKUX KOPHAX W TPUBUAILHO-
ro l-mepuoro mpeacrasrenus. Kpome TOro, HaMm moHAL0OUTCSI OTPAHUIEHUE
(Eg, 1) | Dy. [lna ero Busyanmsanum qOCTATOTHO BEIYEPKHYTH B IUATDAMME
(Eg, w1) pébpa, nomeuernnsie 1 u 6. [Ipu coBmemennu orpanm+enunn va Fy m
ua Dy Mb1 moaygaem orpanunderue Ha B3, KOTOpOe MOIyvIaeTcs u3 AuarpamMMbl
(Eg,w1) | F4 Beipesanmem Bcex pebep, momevennnrx 4. Kax Bugno, pesyabra-
TOM ABIIETCA TPAMAA CyMMa, TPEX OTHOMEPHBIX IPEICTABICHUN, OTBEIAIONITX
BeCaM \| = w, A_| = —W, A13, ¥ TPEX BOCBMUMEDPHBIX MPEACTABIEHUN (OLHO
73 HUX TPUBOAUMO U SABIAETCA TPAMOU CYMMOU CEMUMEDPHOTO M OJHOMEDPHO-
ro). O6osmaamm wepes B, I', A MHOXECTBa BECOB DTUX MPENCTABICHWN:

B = {2,3,4,5,7,8,9, 10},
I'={6,11,12,14,15,—12,—11, —6},
A ={-10,-9,—8,—7,—5,—4, -3, —2}.

Kak ormeueno soune, G(Eg, R) coBnagaeT ¢ rpymnmnon npeo6pa3oBaHum CBO-
6o AHOro IPaBoro Moayaa R27, COXpaHAIOMIX HEKOTOPYIO TPUIMHERHYIO (hOp-
my T. Yno6uo paccmarpusats G(Fy4, R) < G(Eg, R) xak rpynmy mpeobpa-
sosanun m3 G(Eg, R), cTabMIm3upyomux HEKOTOPBIA BEIIEIEHHBIN BEKTOP U,
nas koroporo Q(u) # 0. Pasrocunsro G(Fy, R) — 510 rpynma npeoGpa3osa-
aun u3 G(Eg, R), coxpansaommx 6ummaennyio dpopmy B(x,y), onpemxenéauyio
paserctBom B(x,y) = T(u,z,y). B xagecTBe BbIIENIEHHOTO BEKTOPA MBI Oy-
xem 6path u = v — v 4 1% Torga Q(u) = —1, a GurmHenrHAZ BopMma,
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npuobpeTET BU
12
B(z,y) = Y (=) (wiy—i + z—iyi)
i=1
+ T13Y14 + T14Y13 + T14Y15 + T15Y14 — T13Y15 — T15Y13-

I[Iycrs FF — marpuna ['pama 6unnmennon ¢GopMbl B. MBI mOIy<I@Im, ITO
marpuna g = (gi;) € G(Eg, R) B TOM # TOIBKO B TOM ClIydae IPUHALIEKAT
G(F4, R), xorga gFg” = F (3gech u gamree sepes g7 MbI 0603HAMACM MATPHILY,
TPaHCIOHMPOBaHHYWO K ¢). Takum o6pazom, G(F4, —) aBraerca moacxemon B
G(Eg, —); marpuna g € G(Eg, R) nexur B G(F4, R) Torga m Toasko Torma,
korma (FgT);; = (97'F);; mna seex 4,5 = 1,...,—1. B wactrocTn, mus i,j =
1,...,12,-12,..., —1 oTu ypaBHeHUs NPEBPAMAIOTCA B §;; = €;€j0—j,—i-

Hawm momagoburcsa Takxe rpymnmna nodobut buauaenton popmer B, T.e. MHO-
xecTBO npeobpasosanun g € G(Eg, R), nua xoropweix B(gx, gy) = A(g) B(z,y)
s mekoToporo A\(g) € R*. B repmunrax maTpunst ['pama 5T0 ycroBue o3uaqTa-
er, ato gFg’ = A(g)F. Ms1 6ygem obosratars s>ty rpymny G(Fy, R). IlycTs
g € G(Fy, R). [lna moberx z,y € R*" umeem

T(uaxay) = B(,’L‘,y) = )\(g)_lB(gx,gy)

= AMg) T (u, gz, gy) = Ag)"T (9" "u, z,y),

orkyaa T(A(g)u — g 'u,z,y) = 0. 3mauur, ¢~ 'u = A(g)u, T.e. g mepeno-

AT B cebs 0HOMEPHOE MO ANPOCTPaHCTBO (u). O6paTHOE TOXEe BEPHO; TAKIM
obpazom, vHa G(F4, R) MoxHO cMOTpeTh Kak Ha rpynimy marpun u3 G(Eg, R),
CTabUI3UPYOMUX (U).

Jlemma 2. Ecau gu = \u dasa nexomopviz g € G(Eg,R), A € R, mo \3 =1,

loka3zaTeabCcTBO.

—1 = Q(u) = Qgu) = Q) = NQ(u) = —)*. .

[omygaem, 9T0 ecim R He CONEPXUT HETPUBUAMLHBIX KyOMICCKUX KOP-
wenr m3 1, To G(Fy, R) = G(F4,R). Ecim %e A € R u \* = 1, To marpuna
M7 nexut B mentpe G(Eg, R) u apaserca anementom G (Fy, R); kpome Toro,
Cent(G(Eg, R)) cocTouT B TOYHOCTH M3 TAKWX CKAMAPHBIX MaTpwil. Takum
00pa3oM, MBI TOKA3aJIu, 9TO

G(F4,R) = G(F4,R) Cent(G(EG,R)). (1)

Cogepxamyioca B G(Fy, R) nuaroHambHyo TOATPYIIY MBI GyaeM 0603Ha-
gate 1epe3 T(Fy, R). dra noarpynma wopmamsyer E(F4, R), mosTomy Mb
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MOX€eM PacCMOTPEeTh IPOU3BeleHne

E(F4,R) = E(F4, R)T(F4, R) = E(F4, R) Cent(G(Eg, R)).

§4. O6wwme ceenenus o rpynnax Lllesanne

B sTom nmaparpade ¢ = Eg wim Fy.
IIycts A < R — unean B R. O6o3uaqaum vepes E(P, A) rpynmy, mopox nes-
HY0 KOPHEBLIMU DJIEMEHTAMU yPOBHA A:

E(®,A) = (248, € ,£ € A).

B cayuae A = R rpynmna E(®, R) masbiBaeTcsa (aOCOMIOTHOU) 94EMEHMAPHOT
epynnoti. BaXHyo pOIb UTPAIOT W OMHOCUMEALHVIE DACMEHMAPHBIE 2PYNNbl
E(®,R, A):

B(®, R, A) = (za(6),a € 2, € 4P

Crenyromun npocTon GakT XOpOUIo u3BecTeH (cM., Hampumep, [36], caen-
crBue 4.4).

Jemma 3. Iycmv ® = Eg uau Fy. Tozda saemenmapnas epynna E(P, R)
COBEPULEHHA.

Pacemorpum romMomopdusm peryknun p 1 G(®, R) — G(®, R/A), asxsto-
IWKCS OrpaHMIeHneM oIeBuAHOro romomopdusma GL(27, R) — GL(27, R/A)
ua rpynny G(®, R) < GL(27, R). O603umaqum uepes G(®, R, A) aapo sToro
romomopduama, a aepes C(®, R, A) — npoobpas nenrpa rpynnst G(P, R/A).

PaBeHCTBA W3 CIEAYIOIEr0 YTBEPXACHUA HOCAT HAZBAHUE CINAHOAPMHbIL
KOMMYMAUUOHHBIT HOPMYL.

Jemma 4. ITyecms ® = Eg uau Fy. das sobo20 udeasa A I R svinoanaomes
pasencmsa

[G(®,R),E(®,R,A)] = [E(®,R),C(®,R,A)] = E(?, R, A).
B uwacmmocmu, nodepynna E(®, R, A) nopmasvna 6 G(P, R).

[l MHTEpecynIuX HAC UCKIIOIUTEABHBIX CIYIaeB DTa JeMMa, ObLIa TOKAa-
sana Tannen [37] u Bacepmrrennom [39]. B paorax [40, 20, 26] MoxHO HAlTH
Ipyrue MOKa3aTelbCTBA W MAJTbHEHIINe CCHLIKMY.

[TycTs S — MyIpTUIIMKATUBHAS CUCTEMA B KOAbIe R, T.e. MHOXECTBO HIe-
MeHTOB R, comepxaiiee 1 u 3aMKHyTO€ OTHOCUTENHHO YMHOXeHuA. Mbl Oy aem
0003HaMATEL Yepes3 S “IR sokaauzayuio kompua R OTHOCHTEIBHO CHCTEMBL S 1
aepe3 Fg : R — S™'R — xamoumveckuin romomopduam. Hauboree BaxHBIME
UL HAC SBISAIOTCA CJAEIYIOUINE IaCTHBIE CJIYyIaun:
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(1) Jlokamusanusa B MakcumanbHOM ugeate: S = R\M, rge M € Max(R) —
MaKCUMaIbHBIN uaean koabua R. B srom ciydae mbr mummem (R \
M)’IR = Ry u Fyy Bmecro Fg. Koabio Ry ABIAETCA JOKAJIBLHBIM
¢ MakcuMmaabHBIM ugeanom Ry Fiyr(M).

(2) Dmapmas aokammsamma S = (s) = {1,s,s%,...} — HammeHbIAA MY.TH-
TAIUIMKATUBHASA CUCTEMa, comepxkamaa saemenT s € R. Mot Gymzem
o6osragaTs (s) 'R uepes R, Fs wepes F.

IIycts X — addurnas rpynmosas cxema Han Z. [omomoppusm X (Fg) :
X(R) — X(S7'R), unyn@poBaHHBIA TOMOMODP(MUIMOM JOKATUBAIAMN, MbI
Taxxe Oynem obGosmauaTs vepes Fg. 3amermm, aro ecmm X = G(Eg, R),

G(F4, R), G(F4, R), TO bneMeHTApHBIE KOPHEBBIE HIEMEHTHI EPEXOIAT B Dile-
MEHTapHbIe KOPHEBbIe diIeMeHTH Fg(24(8)) = z4(Fs(£)). Do o3nataeT, 110

Tak xak npu romomopdusme Fg Topwr nepexoaat B Topsr, To Fg(E(Fy, R)) <
E(F4,S™'R). Takum o6pasom, E(Eg, —), E(F4,—), E(Fy, —) Taxxe aprsor-
ca GYHKTOPAME M3 KATETOPUA KOMMYTATHUBHBIX KOJEI B KATETOPUIO T'PYIIH,
OHAKO >TU (PYHKTOPHI HE TPEICTABAMEL

XO0poIIo W3BECTHO, 9TO BCE ATH (PYHKTOPHI KOMMYTHPYIOT C WHIYKTABHLI-
mu npeperamu. Tounee eciu R;, i € [ — WHAYKTUBHAA CUCTEMa KOJEI, a

E — oAuH u3 HYHKTOPOB G(E67 _)7 G(F47 _)7 G(F47 _)7 E(Eﬁa _)7 E(F47 _)7
E(Fy4,—), To X(h_m) R;) = h_Hl)X(RZ)

B wacTHOCTH, eciu R; — MHAYKTUBHAA CUCTEMA BCEX KOHETHO-IIOPOX [EH-
HBIX TOAKOMEN B R 1o oTHOmenno k Broxenuto, To X (R) = lim X (R;), aTo
TIO3BOJISET HAM OTPAHUYUATHCSI PACCMOTPEHUEM HETEPOBBIX KOJE{.

Kpowme Toro, eciu S — MyJIbTUMIAKATUBHAA CACTEMA, MBI MOXEM PACCMO-
TpeTh cucTeMy Koaell R, s € S, Kak HUHIYKTUBHYIO CUCTEMY KOJEIl IO OTHO-
MIEHWIO K KAHOHWIECKUM roMoMopdusmam Jokanusamuu F; : Ry — Rg. Torma
X(S7'R) = lim X (Rs). DTO mO3BOMMT HAM CBOAUTH PACCMOTPEHHE IIPOU3-

BOJMBHBIX JOKATU3AMUN (B YACTHOCTH, JOKAIM3AIWA B MAKCAMAILHOM UEATE)
K DVIABHBIM JOKAMW3AMUAM. JIOKAMM3AINN B MAKCUMAJIBLHBIX WA€AIaX TPUBO-
AT HAC K JOKAJIBHBIM KOJblIaM. Kak Xopomo u3BecTHO (cM., Hanpumep, [16]),
IUIS MOKATBHBIX (M maxe mia moayiaokanbHbix) koren G(Eg, R) = E(Eg, R),
G(F4, R) = E(F4, R), a nosromy u G(Fy, R) = E(F4, R).
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85. Uayuenue ypasrenun 8 G(Eg, R)

B macrosmem nmaparpade cobpaHbl TEXHUIECKUE PE3yAbTATHL, KACAIOUIMEC A
mvarpun u3 G(Eg, R). Ix nokazaTensCTBa UCIOMB3YIOT ABHBIA BU TPUIMHEN-
HOU popmbr T, Kybudaeckon popMbl () 1 €€ YaCTHBIX MPOU3BOAHBIX [y, A € A.
B mamen mymepamun BecoB Kybutdeckas popma () BRIVISIAT TaK:

Q(z) = 2171381 — T1T_10T—9 + T1T_9T_3 — TIT_8T_4 + T1T_5T_7

— ToX10T—1 + T2L14X—2 — L2LT 123 + T2T 11T -4 — T3L L7

+ r3T97_
— T4 —

+ rrr5T_

1 — X3T12T—2 + T3T152-3 — T3T_11T—5 + T3L_8T ¢
1+ X4T11T—2 — T4T15T -4 + T4XT 12T -5 — T4L 9T ¢

1 — T7TeT—2 + T7T15%—7 — T7T-12T -8 + T7T_9T 11

— T5211T-3 + T52120—4 — T5T14T—5 + T5T_10T—6 + TLET—3

— TgX12T 7 + TX14T -8 — YL 10T 11 — L6L9L—4 + TL10T—5

— X6T13T—6 + TYT11T -7 — T9T14T—9 + LT _10T—-12 — T11X10%T—8§

+ 11213211 + T10T12C—9 — T10L15L—-10 — L12L13T—12 + L13L14%15-

CummMerpuyeckas TpuinHenHaa popma T moaydaeTcs OTCIAa MOJAPU3aA-
nmen. BocnpoussenéM mis qaqbHENIINX CCHUIOK W ABHBIU BUJ YACTHBIX TIPO-
M3BOJHBIX DTOU (POPMBI B TOU XK€ HYMEPAIlun:
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T13%—1 —Z-102-2 + T 9T_3 —T_8T_4 +T_72_5,
—Z10Z-1 + L14L—2 — 123 + T_11T—4 — T_6L—7,
T9T_1 — X122 + L1523 — T_11T-5 + T_8T_¢,
—T8T_1 + X11T-2 — T15T—4 + T-12T—5 — T_9T—¢,
T7T_1 — X11T_3 + X12L_4 — X145 + T_10T ¢,
—ZT7T_2 + XT3 — T9T_4 + T10T—5 — T13T—¢,
T5T—1 — T6T—2 + T15T-7 — T_12-8 + T_9T_11,
—ZT4T_1 T XT3 — T12T—7 + L14T-8 — LT_10T—11,
T3T_1 — T6T—4 + T11T—7 — T14T—9 + T_10T-12,
—To%x_-1 + X6T—5 — T11T-8 + T12T_9 — T15T—10,
TaT_2 — T5T_3 + T9X_7 — T102—8 + T132—11,
—Z3T_2 + X5T_4 — TRL_7 + T10T—9 — T13T—12,
T1T—1 — T6T—6 + T11T-11 — T12Z-12 + T14%15,

T2T_2 — T5T_5 + TT_8 — T9T_9 + T13Z15,
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fi5(x) = 2303 — 244 + 27T _7 — T10T_10 + L1314,
fo12(®) = —@oxw_3 + w45 — X708 + T9T_10 — T12713,
fo11(®) = oy — 232 _5 + T7T_9 — BT _10 + T11713,
f-10(2) = —@1@_2 + 506 — T8T_11 + T9T_12 — T10%15,
f-o(x) = m1w_3 — 3426 + T7x_11 — T9T14 + T10%12,
f-8(x) = —w12_4 + 232 _6 — T72_12 + TT14 — T10%11,
f-7(z) = 2105 — 2226 + T7215 — TgT12 + ToT11,
fo6(x) = —w2w_7 4+ 2328 — T4 _9 + T5T_10 — T6T13,
f-5(x) = m1w_7 — B30 _11 + T4T_12 — T5%14 + T6T10,
f-4(x) = —r12_8 + T2 _11 — L4215 + T5T12 — TeTo,
f-3(x) = m1x_9 — Tox_12 + X3T15 — T5T11 + Tes,
f—2(x) = —z12_10 + T2T14 — T3%12 + T4T11 — T L7,
f-1(x) = m1213 — 2210 + T3%9 — T4T8 + T5T7.

Mgt wacTo GyaemM MOMb30BATHCA TEM, ITO KAXKAbI CTONOEI ¥ MATPUILL 13
G(Eg, R) ABIIETCA CUMRYAAPHBIM ¥, CIELOBATENBHO, yAOBIETBOPSET KBapa-
TraHBIM ypaBHeHmAM f)(v) = 0 nuas Bcex A € A.

Jlemma 5. ITyemy v asasemcsa cmoabyom mampuubvt G(Eg, R), npuuem cmpo-
ka (v2,...,0_1) ypumodyaapra. Ecauw vy =0 das j =6,11,12,13,-12,..., -1
u V14 +v15 = 0, mo vig = vi5 = 0.

HokazaTeascTBo. ObosHauum & = vi5 = —vi4. [lockoasky V — cromaber
marpunsl u3 G(Eg, R), To fi(v) =0 gma Bcex A € A. B gacTrHoCTH,

0= f_2(v) = vov14 = —&uy,
0= f_3(v) = v3vi5 = {3,

0= f_4(v) = —v4v15s = —Evy,
0= f_5(v) = —vsv14 = &vs,
0= f_7(v) = vrvis = Ewr,

0= f_g(v) = vgvig = —&us,

0= f_o(v) = —vgv14 = &y,

0= f_10(v) = —v1ov15 = —Ewro,
0 = f13(v) = viav15 = Ev1a.
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Ho mo ycaosumio crpoka (va,v3, 04, V5, U7, Vs, Vg, V10, U14) YHUMOLYJIAPHA, 3HA-
auT, £ = 0, 9T0 1 TPeHOBAIOCH MOKA3ATH. O

§6. [Mapabonuyeckne noarpynnei

Pazo6sém Bce Beca m3 A Ha Tpu muOXecTBa: {A1}, BUT m {\3,A_1}UA
(5TO pasbueHMEe COOTBETCTBYET BLIPE3AHWIO U3 BECOBOU AmarpaMMbl Eg Bcex
pébep, momedeHubx 1). Ecam gy = 0 gast Bcex A € B U u saement gy
obpaTuM, TO U3 yPAaBHEHUU Ha TEPBLIA CTOMOEI] CIEAYeT, YTO OH COBIAAAET
C TIEPBBIM CTOAOIOM EIMHWIHON MATPUIBL. VIHBIMI CIOBAME, TOTAA § JEXKUT
B mapabommaeckon noarpynne G(Eg, R) m 10 OTHOWEHWIO K TPUBEIEHHOMY
pa3bMeHnio BECOB MATPUIA § UMEET CJIeAYIOIIy0 OI0YHYI0 CTPYKTYPY:

ko ok X
g=10 * =*
0 0 =
JwuaronansHble 610KM 371ech uMeloT pa3Meps! 1, 16, 10 coorBeTcTBenHO. MBI

6yneM 0603HAYATH BTy mapaboauueckyo noarpynmy depes P (R). Eé yuaumo-
TeHTHBIN pasukal Ui (R) BEINIAAUT Tax:

1 A %
0 [w *
0 0 Iy

I'pymna Uy (R) abenesa n msomopdHa (kax abcTpaxThas rpymma) R6: mer
MOXEM TPOU3BOJBHBIM 00pa3oM BeIOpaTh CTPOKY A mmumubl 16, cocToAmnyio
73 BIeMEHTOB KOJbIA R, M €IMHCTBEHHBIM OOPA3OM MOCTPOUTHL MO HEU Ma-
Tpuiy u3 yaunorenTHOro pagukaia U (R). [lokaxem, Kak 5TO CAEIATH SBHO.
O6o3HauuM depes Y| MHOXKECTBO TakKumX KopHen « € Hg, aT0 Ay — a € A.
3aMeTuM, 9TO MPU BEIYUTAHUYN BCEX TAKUX (¢ U3 A\ MBI MOJIYUIUM B TOTHOCTHU
mecTHaAUATHL BecoB u3 B U T, T.e.

% ={\—A|AeBUT} = {I* e B},

BribepeM mpou3BOIbHBIE IIECTHAIIATE SIEMEHTOB &, € R, oo € X1, 1 paccMmo-
TPUM MaTPHUILY

11 #za(a) € G(Es, R).

Q€Y
[Topsagok, B KOTOPOM 3/€Ch MEPEMHOXKAIOTCA KOPHEBLIE DJIEMEHTHI, HE BAXKEH:
BCe OHM KOMMYTHUPYIOT APyT ¢ apyrom. HeTpymaHo BugeTh, ITO 3Ta MaTPUIA
nexut B Uy(R) n Ha mepecedeHnn eé MepBON CTPOKE CO CTOIOHOM v, A €
B UT, maxogurces saemenT £€), ) (3HAK 374eCh HA CAMOM [ee DABEH 3HAKY
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CTPYKTYPHOM KOHCTAHTHI C) \,—)). Kpome Toro, mobas marpuna u3 U;(R)
€IVMHCTBEHHLIM 00Pa30M MPENCTABIAECTCA B BUE TAKOTO IIPOU3BEIEHUI.

AnanormaaeiM 06paszom onpenenserca napabommaeckas noarpynma Pg(R)
u eé yamnorentHbn pagukan Ug(R). [ns sroro paccmorpum paszbuenume A
Ha Tpu MHOXecTBa {A1, A3} UB, T'UA u {A_1}, coorBercTByiomee BbIpe-
3aHUWIO M3 BeCOBOU quarpammbl Eg Bcex pébep, momedenHbrx 6. MaTpuibt us
Ps(R) u Ug(R) umeroT creayomyo 6I0THY0 CTPYKTYPY OTHOCATENBHO 3TOrO
pa3bueHums:

* ok % Iigp * =«
0 * x| e Ps(R), 0 ILig x| €Us(R).
0 0 = 0 0 1

Ipynna Ug(R) abeneBa n Takke ABIAETCA TMPOU3BEAECHUEM MIECTHAAIATH MO~
MapHO KOMMYTUPYIOIIUX KOPHEBLIX MOATpyI. [[elcTBATENBHO, MIyCTh

Yo = {Cl( € Eg | A1 t+ac A} = {**i*l € Eg}

Torga A1 +a € TUA gma a € Xg. Mbr MOXeM BBIOPATH MPOU3BOJLHBLIE
(o € R, a € 3¢ u paccMOTpPeTh MPOU3BECHUE

[1 #alta) € G(Fs, R).

a€Xg

Omno nexut B Us(R) m mobas marpuma u3 Us(R) mpepcraBiseTca B TAKOM
BHJE.

Teneps nocmorpum Ha nepecederue Py (R)N P (R). Jns Toro He06X041M0
pa3buTh A Ha WECTH MHOXECTB BECOB:

A= {Al}UBUFU{)\lg}UAU{)\_l}.

Brounas crpykrypa marpur us nepecedenus P (R)NPg(R) u ero yaunoTesT-
HOT'O PaJWKATIA TAKOBA:

% % ok ok k% 1 0 % 0 % x
0 * * * *x 0 Igy 0 0 % =
0 0 x 0 % = 0 0 I. 0 0 =x
00 0 % % =x € PI(R)NPs(R), 0 0 63 1 0 0 € U1 (R)NUs(R).
000 0 * « 00 000
0 00 0 0 =« 0O 0 0 0 0 1
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O6osnaanm gepes VUig mepecedernue MHOXeCTB Y1 () Xg, a depe3 Wy u Wg —
momoauernus Wig mo X1 u Yg coorBercTBeHHO. HeTpymHO BugeTh, ITO

= {0 - A AeB) = {10 e g,
\IJGZ{A—A,1|>\€A}:{0*:*1€E6},
\Iflﬁz{Al—A\AeF}:{A—A_lMEI‘}:{l*I*leEG}.

Marpuna w3 Uy (R) N Us(R) equaCTBEHEBIM 00Pa30M TPEACTABIACTCA B BUIE
IpOU3BEICHIA
II zaléa) € G(Es, R),
acWVig
rae £q € R ma a € Wyg.
Jlemma 6. ITyempv g € G(Eg, R) maxosa, wmo g11 = 1 ugyxy =0 dasa A €
(BUT)\ {Ai5}. Toeda gx1 =0 das scex X ¢ {A1, Ai5}.
MokasarenscTBo. O603HAIMM g5 depe3 { ¥ PACCMOTPUM MATDPHUILY
h =2z 11221(¢)g.
1
3amernM, 9T0 hi51 = g151 — {911 = 0. Kpome Toro, hy1 = gx1 A14 Bcex
A € BUT'\{ A5}, moTromy uro gz Bcex Takmx A cymma A+ 11%21 He ABIAETCS

BecoMm. Ho u3 sroro caeayer, uaro hyy = 0 gus Bcex A # Ay, T.e. h € P(R).
Orcrooga, TocKoabKy ¢ = = 11221(—&)h, BugHO, ITO
1

gra =hx1 =0 maaseex A € A\ {\ A+ 11%21 ¢ A.
Ecanz xe A\, A + 11%21 € Au \# A5, TO

g1 =hy1 £ £h,\+11§21 =hy1 = 0. 0

Jdemma 7. lycmv g = [[ cy,, $l(§7) € G(Eg,R), 2de &, € R dan scex
v € Wig. Mampuya g aexcum 6 G(Fy, R) moeda u moavko moeda, koeda

&12211 = &11221.
1 1

,Z[OKa.BaTeJIbCTBO. Ecmm 512211 = 511221 = f, TO
1 1

z12211 (&12211) 11221 (§11221) = X19232(8),
1 1 1 1

a MMOCKOMIBKY BCe ocTanbHbie Kopan u3 W1ig mexat B @), nonyaaem g € E(Fy, R).
O6paTHO, OCKOIBKY

9113 =0, g1,14 = —&12211, 91,15 = —E11221,
1 1
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nMeeM
(9“)1 =9g1,13 — 91,14 + 91,15 = §12211 — &11221.
1 1
ITo ycaoBuio gu = Au maa HeKoTOporo A\ € R*, sHadur,

€12211 — €11221 = (gu)1 = Aug = 0.
1 1 O

Jlemma 8. Ecau g € Pi(R) N G(F4,R), mo g € Ps(R).

[MoxazarenscTso. Ilo ycaosuio gi1 € R* w gy = 0 gma A # ). Breibepem
A€ AU {)\13}. Torma

0= B(v',v") = B(gv',9v*) = gig-1,

noatoMy g—ix = 0 m1a Bcex Takmx A. C apyrom cTopossl, gia A € B U
A U{\;} Takxke umeem ¢g_1 ) = 0, nockonsky g € P (R). 3Ha1uT, HoCIe HAL
CTPOKA ¢ TIPOMOPIIUOHAIBHA MOCIETHEN CTPOKE eMUHUIHON MATPHUIIBL, T.€. § €

Ps(R). O

§7. Bbruucnenue vopmanusatopa E(Fy, R) 8 G(Eg, R)

Teopema 2, TOBOPsA HehOPMATLHO, TOKA3BIBAET, ITO (G ABIAETCA HOPMAIM-
saropom Fy B Eg He TOIBKO B CXEMHOM CMBICIE, HO W MMOTOYETHO: 3HAYMCHUE
BTOro GpyHKTOpPA Ha JIOOOM KOJbIE ABIACTCA abCTPAKTHO-TPYTIIOBLIM HOP-
MAIM3aTOPOM COOTBETCTBYIOMIEH T'PYTIBL. 3aMETUM, ITO HAIle OMpeqeJeHue
G(F4, R) coBnagaeT c onpeeneHneM pacuiupennoti epynnvi Mlesatie, JaHHEBIM
BIEpBbHIE B [14] 414 OPUCOEAMHEHHBIX IPYMI, a no3guee B [21] u gua uaTepe-
CYIOUIEro HAC CIydas ONHOCBA3HBIX rpymm (cMm. Takxke [3]). OdeBumno, ITO
G(Fy4, R) — mopmambaas moarpynma B G(Fy, R).

o camomy onpenenennio G(F4, R) asraerca addurnon cxemon Ha g Z. Kax
XOPOIIIO M3BECTHO, PYHKTOP TOYEK A(POUHHOU CXEMBI MOJHOCTHIO ONMpenes-
eTCA CBOMMY 3HAYCHWAMM HA JOKATBHBIX KOJIbIAX. JaCTHBIM CIy9aeM DTOTO
MPUHIATIA ABIACTCA CACAYIOMAA JEeMMA.

Jlemma 9. ITyemv g € G(Eg, R), npuuén Fp(g) € G(F4,R) 0as ecex M €
Max(R). Tozda g € G(F4,R).

Jlemma 10. Mampuya g € G(Eg, R) npunadaexcum G(Fy, R) mozda u mo.av-
K0 mozda, Ko2da ona YIOBALTNEOPAET YPABHEHUAM

(Fg")ir(g™ " F)js = (97" F)ir(Fg") s

das ecex i,j,r,s =1,...,—1.
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HMokaszareascTBo. [lycre X — addunnas mogcxema B G(Eg, —) max Z,
ompefenéHHaa >TuMu ypasHeHuamu. Scuo, uro G(Fy, R) C X(R). Ilo 1em-
Me 9 06paTHOe BKIIYEHHE NOCTATOTHO MOKA3LIBATH IIA JOKAIBLHOTO KOJIBIIA
R.llycts M = R\ R* — makcumanbubin ugean R. [Ina Hadana fokaxeM, ITO
ectn g € X (R), To mamgyTea i, r Takue, aro (Fg')-(¢g7 ' F);r € R*. Ipeamo-
noxum nportusHoe: nycTb (Fg' )i (97 'F)ir € M nna Beex i,r. Tak Kak Ma-
rpuna Fg' obparmma, To mia mo6oro i maiaéTea Takoe r, aro (Fgl);. ¢ M.
Tak kak MaTpuna ¢ ' F obpaTuMa, TO A JTOOOC0 j HANASTCA TaKOe S, ITO
(g7'F)js ¢ M. Torna (FgT);-(¢7'F);s € R*, HO 1O HAITEMY TIPETIONOKEHIIO
(971 F)ir(FgT)js € M, wro nporusopesmt Tomy, uto g € X (R).
Temeps 3aduxcupyem i, r Taxwme, 910 (Fgl )i (g7 F);r € R*. Tomoxum

A= (FgD)ir((97 F)i) L € R™.

Torna ypasrenns Ha g npespamaiorcd B (Fg’)js = A(g™' F) ;5. Ho aT0 o3na-

waer, aro Fgl = A\g7'F, r.e. gFg" = \F, orxyga g € G(F4, R). O

Crenyomas TeopemMa ABIAETCA HEGOMBIIMM yCUJICHUEM TeOpeMbl Taimen
[37]. Crporo rosops, B [37] mokazana mopmansrOoCcTh F(®, R) aumsb B rpynme
[Mesawre G(®, R), no nozguee (cMm., Hanpumep, [9-11]) Gbw10 3amedeHo, IToO
G(®, R) moxuO 3amenuth Ha G(®, R). BupodeM, B HHTepecyomeM HAC CIy-
qae & = F4 »ToT dakT odeBMAHO caeayeT m3 TeopeMbl Tammen, MOCKOIBLKY
Buinosasaerca (1).

Jlemma 11. Jaemenmapnas nodepynna E(Fy, R) nopmasvna 6 G(Fq, R) das
1106020 KOMMYMAMUEH020 Koabya .

JokaszareabcTBO TeopeMmsbl 2. Hamomuum, uTo depes G mMbl 0603HAMAEM
rpynmy G(Eg, R). Ogesugno, wro G(Fy, R) < Ng(G(F4, R)) — »To cpasy BEI-
texaer u3 (1). Uz memmer 11 cregyer, aro G(F4, R) < Ng(E(F4, R)). Kpowme
TOr0, OYEBUIHO, UTO

Ng(E(F4,R)), Ng(G(F4,R)) < Trang(E(F4, R), G(F4, R)).
,Z[JI}I OKOHYaHMA OOKa3aTeJbCTBa HaAM AJOCTATOYTHO HpOBepHTB BKJ/JIIOYEHNUE
Trang(E(F4, R), G(F4, R)) < G(F4, R).

Bosemém kakyto-aubyas matpuny g € Trang(E(Fy, R), G(F4, R)). na mexo-
Tophix @ € Fy, £ € R paccmorpum marpuny h = g~ !X, (€)g. Mockoneky
h € G(F4,R), umeem hu = u, T.e. ¢ ' Xo(€)gu = u. Obosmasum gu = v,
rorga Xo(&)v = v. Hockombky Xy (€) = e + £eq, monyaaem, aTo eqv = 0 mus
Bcex a € Fy. U3 ororo mememnenno cregyer, 9to ecim o« € @y mw A € A —
Tako# Bec, 9To A + a € A, To v = 0. Takum 06pa3oM, y BeKTopa v crouT 0
BO BCex mozunmaAx, kpome 13, 14, 15 (114 BCex OCTATBHBIX MO3UIMU HETPY THO
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nono6paTh HyXHbI KOpeHb o € ;). [loncTaBus Teneps B Ka9eCTBE (X KOPOT-
kuir kopers 0001 € Fy, noryaaem v'? 4+ v = 0, a mogcrasus o = 0010 € Fy,
noxygaem v + v = 0. 3maunT, v = Au 1A HeKOTOpPOrOo A € R u gu = \u,
oTkyna mo memme 2 umeem X3 = 1 u, cregosarensno, g € G(Fy, R). ]

IIpocToe TeopeTUKO-IrPyNIIOBOE PACCY XK AEHUE O3BOAAET YCUIUTH PE3Y.Ihb-
TAT TEOPeMHI 2 clefyoomuM o6pa3oM.

CJIe,I[CTBPIe. B YCA0BUAL TMEOPEMDL 2 umeem maxoice

Trang(E(F4, R),G(F4, R)) = G(F4, R).
HMokazarenscTBo. [okazareascTBo Ilycrs mma mekoroporo g € G(Eg, R)
semonHAeTca siaovenne [g, F(Fy, R)] < G(F4, R). Tlo aemme 11

l9, E(F4,R), E(F4,R)] < E(Fy4, R).

Ho rpymma E(F4, R) cosepmenna (cMm. gemmy 3), TO3TOMY W3 JEMMBI O TPEX

noarpynmnax Beirekaer, 94To g € Ng(E(Fy4, R)) = G(F4, R). O

§8. OTHOCUTENLHBIE FPYNMbI U HUKHUN YPOBEHD

Hamomuum onpenenerre 0 THOCUTEIBHON SIeMeHTapHoun rpynnsl. [lycts R —
KOMMYTATHUBHOE KOIbio, A < R — ugean B HEM, ¢ — NpOU3BOILHAA CUCTEMA
xopuen. Torga

E(®, R, A) = E(®, A)F(®R),

Crenyromee yrepxkaenue gokazano Turcom [38].
Jlemma 12. Ilodepynna E(Eg, R, A) noposxcdaemca cemu ssemenmamy 6uoa
20(6,¢) =2 Oz,(€), ¢ €A, CER, ac€E.
Jemma 13. Jas udeasa A I R umeem mecmo pasencmaso
E(Eq, A)PF4R) — B(Eg, R, A).

MokazareascTBo. flcHO, 9TO JeBasg dacThb comepxuTca B npasoun. OG03HA-
9uM JeByto dacTb depe3 H. Ilo memme 12 mocTaTOYHO MOKAa3aTh, UTO €CIU
a€Eg £€A (€R, 10 2,(£,¢) € H [Mua a € $; 5TO 09EBUAHO; €CIA Ke
( HE ABIAETCA [IUHHBIM KOpHeM Fy, 3HAUUT, @ U & # ( IPOEKTUPYIOTCA B
kopens 3 € ®,. Pacemorpum B H snement X8O g, (€) = T (F)2-a(E0 g (£).
IIOCKOIBLKY @ OPTOTOHAIEH (v, TOT daeMeHT paser “—(Fxz, (£) = z,(€, £¢),
ITO 3aBEPIIAECT MOKA3ZATEIHCTBO. O

Jlemma 14. ITycms H — nodepynna 6 G(Eg, R), codepawcawas E(Fy, R). Jas
a € Eg\®; noaoscum I, = {€ € R| xo(&) € H}. Tozda das awboeo B € Eg\P;
umeem I, = Ig = I, npuuém I I R.
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JokazareabcTBo. OYeBUIHO, UTO KAXKJA0€ MHOXKECTBO [, ABIAETCA alIu-
TuBHOM noarpynno B R. Bosemém cragana a € Eg \ &) u € € I,. Bosbmém
rakxe a06oe ( € R u § € Eg \ ®; Takou, 1aro pasuocrs § — «a aexur B Py
Toraa
28(££C) = [2a(€), 28-a ()] = [2a(§), Xp-a(()] € H.

Taxkum ob6pasom, [, C Ig. Kpome Toro, Ana HEKOTOPOTO BLIOOpa 3HAKOB
To(E£E)zg(£E) mexur B E(F4, R), orkyga I, = Iz. Pa3obbpém Bce momoxu-
TenbHBIe KOpHY 13 Eg \ &) HA Tpm MHOXecTBA:

@, : 10000 11110 11110 11210 00001 01111 01111 01211
1- 0 0 1 1 0 0 1 1
O, - 11000 11100 11100 12210 00011 00111 00111 01221
2 - 0 0 ° 1 1 0 0 ° 1 1
©. - 01000 01100 01100 12211 00010 00110 00110 11221
0 0> 1> 1> 0’ 0 1 1°
Kak meTpymaHO BUAETH, B KaXIOM M3 DTUX MHOXECTB y JIO0OBIX ABYX KOPHEN
73 IEPBOU YeTBEPKU PA3HOCTH JeXUT B P, a BTOpad 9eTBEPKa ABaAeTCA 00pa-
30M MEPBOUM YETBEPKU MOJ AEUCTBUEM ABTOMOPDU3MA (¢ — (. SHAUUAT, IJIA
KODHE! (¢ B KaXJOM M3 MHOXeCTB ©; MHOXeCTBa [, COBIAJAIOT U ABIAIOT-
ca ugeanavu. O603HAMUM UAEATBI, COOTBETCTRYIOIUE KOPHAM 3 O1, O, O3
coorBeTcTBeHHO I1, I3, I3. PaccmoTpuM koMMyTaTOp

[9610800 (€), Xo0010(¢)] = [3310800(5),Imgoo(iﬁ)ﬂﬂoogm(iﬁ)] = Ingoo(ifC)-

[Monywaem, aro I1 R C I5. IIpoBens eme nBa aHAJOTMYHBIX BBEIYUCICHUA, JeET-
Ko ybeauTnheda, uTo Iy = Iy = I3. Takum obpasom, umeansl [, COBIamaOT
UL BCeX MOMOKUTEIbHBIX @ € Eg \ @;. Touno Takoe xe paccyXIeHue moka-

3BIBAET, UTO UAeanbl [, COBHATAIOT AIsA BCeX OoTpumaTenbHbix o € Eg\ @;.
10000 ,, 01111
0 0
n3 @), TO3TOMY MOXHO IPUMEHUTH TAKOE XK€ BBIUUCICHNE, KAK B HAYAJIE [0-
Ka3aTelIbCTBA JeMMbI, U [TOAYIATL COBIAJCHNE UIEATOB MIA 6Cer KOPHEU W3

Es \ @. 0

OcTanoch 3aMeTUTD, ITO PA3HOCTH KOPHEN ABIAETCA KOPHEM

Cymmupysa semmbr 13 u 14, MBI OTydaeM CJAeqyIioliee yTBepX IeHue.
IIpepnoxenue 1. ITycmo H — nodepynna 6 G(Eg, R), codepacawas E(Fy, R).
Tozda cywecmeyem eduncmeennviti naubosvwut udeas A < R maxot, umo

EE(F4,R,A) = E(F4,R)E(E¢, R, A) < H.
IIpu smom ecau z4(€) € H dasn nekomopozo o € Eg \ Fy, mo £ € A.

ITo o3HATAET, 9TO Ara Kaxgou moarpynnsl mexay F(Fy, R) u G(Eg, R) mbr
HAIIA TaK HA3BIBAEMBIN HUNCHUL yposenb. [I1a OKOHIaHMA NOKA3aTEeqhCTBA

TeopeMbl 1 ocTaeTca TMOKa3aTh, 9TO OH COBHAJAeT C BEPXHWUM YpPOBHEM, T.e.
aro EE(Fy, R, A) nopmasvna B8 H.
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§9. [lokazaTenscTeo Teopemsl 3

Jemma 15. ITycme R — xommymamusnoe xoavyo, A < R — udeas. Tozada
epynna EE(Fy, R, A) cosepuenna.

MokaszareascTBo. 3 memmer 13 caenyer, aro EE(F4, R, A) nopoxmaerca
KaK T'PYINa BCEMH KOPHEBLIME dneMeHTaMu Lo (), o € Fy, ( € R u KopHEBHI-
mu saeMeHTaMu Zq (), o € Eg\Fy, € € A. Tlokaxem, 9To Bce >t 06pasyromiue
nexat B kommyraare EE(Fy, R, A). [lna kopreBbIx daemenToB F4 5TO BBRITE-
KaeT W3 COBEPIIEHHOCTH abCOMIOTHOM DIEMEHTAPHON IPYIOBL (CM. JeMMy 3).
Teneps paccmorpuM Zq (), rae o € Eg \ Fy u € € A. Kak 3ameueno B goka-
3aTeabcTBe deMMbl 14, Hangercs kopens § € Eg \ Fy rakon, aro a — € Fy.
Ho Toraa

Lo (f) = [375 (6)7 La-—p (il)]a

u 06a KOPHEBBIX dIeMeHTa u3 npason dactu dexat B BE(Fy, R, A). d

PacemoTpum romMmomMopdusM peayKiau pgﬁ : G(Eg,R) — G(Eg,R/A) n
o6osaasum gepes CG(Fy, R, A) mommsni mpoobpas G (Fy, R/A) oTHOCHTENH-
HO DTOU PEeNyKIIVN:

CG(Fy, R, A) = (p}*) " (G(Fy, R/A)).

Hanmomuuwm, uro gepes G(Eg, R, A) Mbl 0603HaMMIAA AP0 TOMOMOpPdU3MA pgﬁ.
3amerum, aro G(Fy, R)G(Eg, R, A) < CG(F4, R, A), 0mHAKO 31€CH BO3MOXHO
7 CTPOrOe HEePABEHCTBO.

U3 mevmbr 10 HEMEMIEHHO BRITEKAET CAEAYIONIEE ONMMCAHUE BBEIEHHOU HAMM

rpynnet CG(Fy, R, A).

IIpepnoxenune 2. Mampuya g € G(Eg, R) npunadaexcum CG(Fy, R, A) mo-
2da u moavko moezda, K020a 0HG YIOBAEMBOPAEM, CPABHEHUAM

(Fg")irlg ' F)js = (97 F)ir(Fg")js  (mod A)
oas ecex i,7,r,s =1,...,—1.
Teneps Bce TOTOBO AJMA AOKA3ATEILCTBA TEOPEMEL 3.

[MokaszareascTBo Teopembl 3. Hamomuwmm, uro G = G(Eg, R). O4eBnano,
9aTo

Ng(EE(F4, R, A)) < Ng(EE(F4, R, A)G(Es, R, A)).

Kpowme Toro, us Teopemsl 2, IpuMeHEHHOU K Koablly R/A, u TeopeMsl 0 ro-
MOMOpGdu3Me crexyeT, ITO

N¢(EE(F4, R, A)G(Eg, R, A)) = CG(F4, R, A).
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B wacTHOCTH,
[CG(F4, R, A),EE(F4, R, A)] < EE(F4, R, A)G(Es, R, A).

Hawm ocraérca mokasats, uro CG(Fy, R, A) mopmamusyer EE(F4, R, A). 3a-
METHM, 9TO

[G(F4,R,A)G(Eg, R, A),EE(F4, R, A)] < EE(F4, R, A).
[ledcTBUTEABHO, PACCMOTPUM KOMMYTATODP BUIA
[xya hg]a T e §(F43R)a Yy e G(EGaRa A)a h € E(FélaR)a g e E(EGaRa A)

Toraa [zy, hg] = [y, h] - [z, h] - *[zy, g]. TTo memme 11 BTOpO# KOMMYyTATOD Je-

xut B E(F4, R). ITo temme 4 kommyTaTopst [zy, 9] u [y, h] texar B E(Eg, R, A),

cregoBaTenbro, M[zy, g] € EE(F4, R, A) u, cuopa o temwme 4, “[y, h] € E(Eg, R, A).
Ho EE(F4, R, A)G(Eg, R, A) conepxwutca B G(Fy, R, A)G(Eg, R, A), nosTo-

My Tem Ooree
[EE(F4, R, A)G(Eg, R, A),EE(Fy, R, A)] < EE(F4, R, A).
Pesromupys ckasaHHOe BBIIIE, MBI BEIUM, ITO
[[CG(F4, R, A),EE(Fy4, R, A)],EE(F4, R, A)] < EE(F4, R, A).
Tenepb yTOYHUM DTOT PE3YIbTAT: IOKAXKEM, ITO HA CAMOM [ele
[[CG(F4, R, A),EE(F4, R, A)],[CG(Fy, R, A),EE(F4, R, A)]] < EE(F4, R, A).

3aMeTHuM, 9TO 10 yXKe TOKA3AHHOMY JEBAA TaCTh MOPOXK JAETCA KOMMYTATOPA-
mu Buga [uv, [z, y]], rae u,y € EE(F4, R, A), v € G(Eg, R, A), z € CG(Fy, R, A).
Ho

[UU, [Z, y]] = u[vv [Z, y]] : [u7 [Z, y]]7
npuaém BTOpor kommyTaTop npunaaiexut EE(Fy, R, A), a nepsbi npuHai-
nexur [G(Eg, R, A), E(Eg, R)] < E(Eg, R, A).

Tenepb MbI MOXEM 3aBEPUIATH NOKA3ATEALCTBO. HAmOMHIM, 9TO HAM OCTAa-
érca mokazark, uro CG(F4, R, A) mopmammsyer EE(Fy, R, A). Tlo aemme 15
rpynna EE(Fy, R, A) coBepiuerHa. 3HAUMT, JOCTATOYHO [OKA3aTh, 9TO (2, [Z, Y]] €
EE(F4, R, A) mna mobwix z,y € EE(F4, R, A), 2 € CG(F4, R, A). ToxagecTBo
Xomra—BurTa maér

[z, [, ] = [l a7 ) - ly ™" 2] 07,

npuyuéM Mo yXe MOKaszaHHOMY BTopon kommyTtarop qaexut B EE(F4, R, A).
OcTanoch 3aMeTUTH, 9TO

mz[['zil’xil]ay] = I[z[zilaxil]a Zy] = I[[xilvz]ﬂ [z,y]y],
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u ,ZI;OCT&TO‘IHO IOKa3aTh, 9TO [[ ,2),[2,y]y] € EE(F4, R, A). H
=" 2 [z yly]l = [ Al ylyles o™y~ [ Y, 2]
=™ 2 [yl [eylle ™ 2lylz, 2™ Ty~ iy, 2]
=[lz7", 2], [z, ] - BV, 2] ),

npumaém 06a kommyTaTopa [[271, 2], [z, y]] m [z}, 2], y] B momywerHOM BRIpaXKeE-
aun npuHagnexar EE(Fy, R, A), a conpsaraiomuit s1emMeHT [2,y] npu BTOpoM
kommyTarope aexut B EE(Fy, R, A)G(Eg, R, A) u, ciegoBaTersno, HOpMaJIW-
syer EE(Fy4, R, A). O

§10. dyHkTOP NOKaNU3aumm

Cregyrolue JeMMbI TPEIOCTABIAIOT TEXHUIECKYIO OCHOBY [ TPOBEIEHUS
Jokaam3anuu. Jlemma 16 aBageTcs JACTHBIM CIyYIaeM TeOpeMBI 5.3 paboThI

[26].

Jlemma 16. Jas 4106020 KOHEUHO20 YUCAG IACMEHMOG G, ..., Gn € E(Fy, R)
u ar0bo20 k >0 cywecmeyem maxoe m > 0, umo

Jemma 17. ITyemv H — nodapynna 8 G(Eg,R), codepacawas E(Fq, R).
IIyem» X < G(Eg,—) — epynnosas nodcrema. IIpednososxcum, umo das
KaK020-mo s € R

F;(H)G(F4,Rs) N X(Rs) € G(F4, Ry).
Toz2da natidémes maxoe t € R, umo yoce

Fy(H)E(Fy4, R;) N X(R;) € G(Fy, Ry).

HoxazaTeascTso. Ilycts Fi(g)z, rae g € H, x € G(Fy4, R,), Takoi BIeMeHT.
ITo nemme 9 HaiAéTCa Takol MakcumanbHbll nean M € Max(R), uto s ¢ M
n F(g9) ¢ G(Fs4, Ry). Tax xax xomeno Ry aoxamsroe, To G(Fy, Ry) =
E(F4,Rpr). C mpyrou croponer, Tak kak F(Fy4, Ry) = li_m)E(F4,Rt), rie
npegen Gepérca no Bcem ¢ ¢ M, To Hanaérca Takoe t = sq ¢ M, aro Fy(x) €
E(Fy4, R;). Toraa
Fy(Fs(9)z) = Fi(9)Fy(x) € F,(H)G(Fs, Ry) N X(Ry)

u B cwry Hamero Beibopa M mo-npexuemy Fy(g) ¢ G(Fy, Ry). O

Jlemma 18. Ecau 6 ycaosuar npedndywet semmvt y € Fs(H)E(Fy, Rs), mo
natidémes maroe n € Ny, umo

ly, Xa(s"/1)] € Fs(H)
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das 6cex o € Fy.

MokazaTeabcTBO. JammmeM y B Buje y = gz, rae g € Fy(H), z € E(Fyq, Ry).
Torga mas mr060ro n uMmeem

[y, Xa(s"/1)] = [z, Xa(s"/1)][g, Xa(s"/1)].
[To memme 16 MOXHO BHIOPATL N TaK, ITOOBI
[z, Xo(s"/1)] € Fs(E(F4,R)) C Fs(H)

mia Becex « € Fy. Bee ocTanbHble MHOXKUTENN B IPABOU IACTHU IPUHAIIEKAT

Fy(H). O

Creqyomuy BCIIOMOTaTeNbHBIM PE3yAbTAT MO3BOAAET HAM U3BIEKATH KOD-
HEeBO# »ieMeHT u3 rpymnsl Fi(H) mpu momomu srementos G(Fy, Ry), a He
Toabko saemeHToB Fy(E(F4, R)). Brarogaps sTomy ganbHenmee JoKa3aTelb-
CTBO yX€ MOXET MPAKTUICCKA HE YIATHLIBATH JOKAIX3AIAIO.

IIpepnoxenune 3. [Iycmv H — nodepynna 6 G(Eg, R), codepaucawas E(Fy, R).
Ipednosoncum, wmo natidémes maxoe s € R, wmo Fy(H)G(Fy, Rs) codep-
HCUN, HEMPUBUAALHBIT DACMEHMAPHBIT KOPHEBOT dAEMEN, COOMBEMCMBYI0-
wut kopuio ud Bg \ ;. Toeda H codepacum mempusuaibnbili Kopresot sie-

menm zq(€), 2de a € Eg \ &, € € R.
Hoka3aTenscTBo. [lo memme 17 MBI MOXeEM CIATATH, ITO
zo(a/s*) € Fy(H)E(F4, R,)

ms mexkoTophix o € Bg\ @7, a € R, k > 0, npuuém a/s¥ # 0. Bribepem kopens
B € ®; Trakon, uro a + € Eg u paccMoTpuM KOMMYTaTOP

[wa(a/sF), z5(s"H/1)] = zars(£s"a/1).

B cuny nemmer 18 Hanmaércsa n Takoe, 9To T4 8(+£s"a/1) € Fy(H), 1.e. nangér-
ca Takoe g € H, aro Fy(g9) = xq+p(£s"a/1). Kpome Toro, Fs(zq4p(£s"a)) =
Za+p(E£s"a/1), mw nosromy g = z448(+s"a)y pra mekoroporo y € Ker(Fy).
Cnenosarensno, Hangércs m € Ny Ttakoe, uro y € GL(27, R, Ann(s™)). Pac-
cMOTpHM KoMMyTaTop z = [g,2_g(s™)] € H. Tak kax [y,z_g(s™)] = e, TO
2 = [ats(£5"a), 5_p(s™)] = 50(s"a).

Ecma s™"q = 0, To a € Ker(Fy), 9T0 HeBOBMOXHO, TaK KaK MbI TIPeTIONa-
rama, uro a/s¥ € Ry — memymeoit srement. 3HAMUT, 2 = To(s™"a) € H u
€CTh MCKOMBI HETPUBUAIBLHBIN KOPHEBOU DJIEMEHT. O
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§11. W3BneyeHne KOPHEBOrO 3NEMEHTA U3 YHUNOTEHTHbIX PaMKaNos

B cregyommx npenioxeHnax TPOUCXOMUT U3BACUCHUE KOPHEBO20 IACMEH-
ma, aHAJOI'MIHOEC HU3BJICYICHUIO TPAHCBEKIINMW B JOKA3aTEABCTBAX OIUCAHWUSI
HATPYIIN KIACCUIECKUX TPYIN B TOJTHOU JUHEUHOU rpynmne. HamoMuauMm, 910
Pi(R), Ps(R) — makcumanbable napabonundeckue noarpynust B G(Eg, R), co-
OTBETCTBYIOIINE KOPHAM (1 U ¢ coorBeTcTBenno; Uy (R), Ug(R) — ux (abe-
JEBBI) YHUIOTEHTHBIE PAJUKAIBL. B 3TOM maparpade Mbl TOKa3bIBAEM CyIIe-
CTBOBaHUE KOPHEBOT'O J3JIEMEHTA IPU HAJUYIUU HETPUBUAJIBHOI'O JIEMEHTA B
nepeceveHny yHUIOTeHTHBIX paaukaios Uy (Rs) u Ug(Rs), 3aTeM — B uX mpo-
m3BefgeHny, a 3areM — B npomssegeruu Uj(Rs), Us(Rs) u topa T'(Eg, R;).
Taxum 06pa3zoM, IPOUCXOAUT MOCTEIEHHOE OCIa0IeHne YCIOBUM.

IIpepnoxenue 4. IIycmv H — nodepynna 6 G(Eg, R), codepaucawas E(Fy, R).
IIpednoaoscum, wmo das nexomopozo s € R umeem

FS(H) . E(F4,Rs) N Ul(Rs) N UG(RS) Z a(FzL,Rs)-

Tozda H codepicum mempusuaibrbili KOpHEBOT daeMEHM, COOMBEMCMBEYI0-
wut Kopuio uz Eg \ @;.

[MoxkasareascTBo. Jlo6ou saement us U (Rs)NUs(R;) aABaseTca npoussexe-

HUEM KOPHEBBIX DIEMEHTOB I (£ ), Te o uMeeT Buj Liorxl Herpymuo BugeTs,
9TO BCE TaKMe KOPHU, KPOME (¥ = 12%11 Q= 11%21, aexart B ;. TomHOXKAasM

Ha 0OpaTHBIE K 3TUM KOPHEBBLIM dJIeMEHTaM, MOIydIaeM, ITO

Y = za(la)ra(ls) € Fs(H) - G(F4, Rs),

npuaém y ¢ G(Fy, Ry). Kopan a m & TPOEKTUPYIOTCA B OMH KOPOTKHH KO-
penb 1232 € Fy: X1232(&) = z4(€)z5(€). Pacemorpum sremenT

z = yXi232(—€a) = ra(éa — &a) € F5(H) - G(F4, Ry).
Ouesugno, uro z ¢ G(F4, Rs), moatomy &g — €4 # 0 € R, W 10 MIPEIORKEHUIO
3 B H HAUAETCA HYXHBIN HETPUBUAIBLHBIN KOPHEBOU DJEMEHT. O
IIpepmoxenne 5. [Tycmv H — nodepynna 6 G(Eg, R), codepacawan E(Fy, R).
IIpednoaoacum, umo das nexkomopozo s € R umeem

F,(H) - G(Fy4,Rs) NUL(Ry) - Us(Rs) € G(Fy, Ry).

Toeda H codepicum mempueuasbrvili KopHesoth dAeMeENM, COOMBEMCMEYI0-
wut kopuio uz K\ D.

JokaszaTeabCcTBO. JI060U >IEMEHT y TPOU3BEIEHUA YHUMOTEHTHBIX DA Iu-
kanoB Uy (Rys) - Us(Rs) m Topa T MOXHO NIPEACTABATH B BUIE

Y= H zy(&y) H Ty (&y) H Ty (&y)-

vEVg yew, veV16
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3aMeTuM, 9TO €CAU MBI TTPEACTABUM, KPOME DTOT0, i B BUIE

y= H Ty (Gy) H z(Cy) H Ty (Cy),

IS4 IS 1 Y€EV16

T0 & = (, Ana v € ¥y U ¥g (9TO HEMOCPEICTBEHHO ClIeayeT U3 TOro, HITO
nan y € U, 6 € Vg mueen [, (€), 25(C)] = 2y45(£EC), ecau y + 3 € Ty, m
[zy(£),25(¢)] = 1 B mpoTuBHOM CIy4ae).

[na kax goro KopHa ¥ € Wg MBI MOXEM COCTABHUTh dIEMEHT I~ (—&,)xy (&) €
E(F4, Rs) u HOMHOXWTD CJI€BA Yy HA IPOU3BEACHIE BCEX TAKUX HIEMEHTOB; 3HA-
9UT, MOXHO CIATATh, 9T0 &, = (y = 0 g1a Bcex v € Ws.

Bribepem kopoTkuu kopeub & € Fy Buga o = *xxx1. CooTBeTcTByMOMIUTE
emy kopuu [, € Eg Beirmagar Tak: = 1*:*0 e Uy, B = 0*:*1 € Us.

[IpokommyTHpyeM y ¢ KOpHEBBIM d1eMeHTOM X4 (§) = z5(& )$E(i§ )E

[Xa(f)a y] = 76() [ﬂjg(:tf), y] ’ [$5(:|:f), y]

[IycTs
Yo = H x'y(f’y)a Y1 = H x'y(&y)a Y16 = H xv(&,).
veWg yeW, v€¥16

Torga y = ysy1yi16- IIpex e Bcero sameTnm, 9To zg(§) KOMMYTHPYeT CO BCEMA
Ty (&) paa y € ¥y U Wyg, u, creqoBaTensHo, ¢ Yi 1 Yig. SHAUMAT,

[25(£8),y] = [28(£L), Y6y1Y16]
= [25(££), ys] - " [25(£E), y1] - ¥V [25(EE), y16]
= [z5(£), yel-
Ananornano eciau

z1 = H Ty(Cy)s 26 = H Ty(Cy)s 216 = H Ty (Cy),

IS4 IS 1 YEV16
TO Y = 2126216 U, CIEIOBATEILHO,

[25(££), y] = [w5(££), 21].
Kpowme oToro, yg ABaseTCA TPOU3BEIEHUEM KOMMYTHUPYIOIMX MEXIY coOou

KOPHEBBIX DIEMEHTOB BUIA T (&), 7 = 0*:*1. PesyabTar xomMmmyTupoBanusa

zg(£E€) ¢ ogHEM TaKMM BIEMEHTOM paBeH Jubo e, MO0 KOPHEBOMY BIEMEHTY,
cooTBeTCTBYIOIEMY KOPHIO u3 Uig, U, CIe0BATEIbHO, KOMMYTHAPYET CO BCEMU
KOPHEBBIMIE dieMeHTaMu Z (&), ¥ € U1 U Wg U Uig. Takum o6pasom,

[26(££), y6] = [z(££), H zy(&y)] = H [28(£E), 24 (&y)]-

V€V V€V
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Ananormanoe paccyxgeHnne nNOKa3bIBAET, ITO
[25(£6), 21) = [z5(£), [[ #()] = [] leg(€),2,(¢))]
veEY, ve¥L

1, TIOCKOJBKY [mg(:lzf),y] = [mg(:lzf), 71| OKa3aJ0Ch MPOM3BEJeHNEM KOPHEBBIX
DIEMEHTOB, COOTBETCTBYOIMX KOpHAM m3 Wig, oHO KoMMyTHpyeT ¢ zg(§).
SHAYIAT,

Z = [xa(f),y] = [xﬁ(ig)ayﬁ] : [ﬁg(if),zl]
L1 fes(£6), 25T T log(26), 24 (G)))-

IS 1 yET

Kax b1 U3 MOy IMBLIIMXCA KOMMYTATOPOB ABIAETCA KOPHEBBIM 2IEMEHTOM
BUAA T (%), 7 € W16, T.e. Bcé npomssegenue aexut B Ui (Ry) N Us(Rs). Ecam
MBI TIOKAKEM, ITO MOXHO MOoA06paTh « Tak, uro z ¢ G(F4, Rs), To MBI moTIa-
IEM B yCIOBHE TIPEJIOKEHUA 4 M M0Ka3aTeabCTBO OyAeT 3akoHYeHO. Temepn
BCOMHIM, 4TO &y = 0 mma Bcex v € Wg m §y = (y ara Bcex v € Uy U We.
SHAYUT,

Z= H [mﬁ(ig)awv(fv)]'

yeW,

Ho mo memme 7 anemert z = [ oy, (1) texut 8 G(F4, Rs) TOrga u TOMBKO
TOr A, KOTAA 112211 = 711221 Lelepb pACCMOTPUM BCE BO3MOXKHBIE (v:
1 1

a=0001, A= 00801, 7712%11 = i§§12?10, 7711%21 =0;
a=0011, f= 00811, 7712%11 =0, 7711%21 = if&l?w;
a=0111, f= 00(1)11, 7712%11 =0, 7711%21 = iffnim;
a=1111, p= 00%11, 7712%11 =0, 7711%21 = iffném;
a=0121, (= 01611, 7712%11 = iffnioo, 7711%21 = 0;
a=1121, f= Olill, 7712%11 = iffn(l)oo, 7711%21 = 0;
a=1122, B= 01%11, 7712%11 = iffngoo, 7711%21 = 0;

=
I

a=1132, S 01%21, moz211 =0, 1221 = £&&10000-
1 1 0
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Mo Hamemy mpeAToNO)eHnIo Bee nomydatommuecs z aexar B G(Fy, Ry). 3Ha-
anr, & = 0 gua Bcex v € WUy, 9ro o3nagaer, uro y € Ui (Ry) N Us(Rs), n Mbr
MOXEeM MPUMEHUTH MpeoxerHue 4. O

IIpepnoxenue 6. IIycmv H — nodepynna 6 G(Eg, R), codepaucawas E(Fy, R).
IIpednoaoscum, wmo das nexomopozo s € R umeem

Fy(H) - G(Fy, Rs) NUL(Ry) - Us(Rs) - T(Eg, Rs) € G(Fy, Ry).

Tozda H codepacum mempusuaibubili KOpHeEOTl dAEMEHM, COOMBEMCMBEYI0-
wut kopuio uz K\ D.

Mokaszareascrso. [locre nomuoxenus na noaxomsmmu saemenT 1'(Fy, R)
MOXHO CIATATH, ITO Mbl Hauui saement y = zd € Fy(H) - G(Fy, Rg) \

G(F4, R), Tae

z € Ui(Ry) - Ug(Rs), d = hioooo(€)ho1000(n)
0 0

i1 HEKOTOPHIX €,7 € RY.
10000 B = 00001
0 0

9= [Xa(£),y]

= Xo(§)zdzg(—E)agz(—€)d ™2

= Xo(&)zag(—e*né)ag(=£)2"".
HOCMOTPHM, 9ITO IMPOUCXOAUT IIPU KOMMYTUDPOBAHUUN Z C KOPDHEBBIM 3JEMEH-
TOM Zg(*). 2 ABIAETCA MPOU3BELEHNEM KOPDHEBBIX DIEMEHTOB (%), rge 7y €
Uy UWeU Uyg. Tockonbky B € ¥y, anemMenT zg(*) KOMMYyTHPYET C Z- (%) mpn
BCex Y Takux, 9T0 [+ 7 ¢ Eg. Ecim xe 4+ v € Eg, oy € Ug, f+v € Uyg
u [23(%), T~ (%)] = 284~ (). Takum o6pasom,

[Z,(L‘/g(*)] € Ul(Rs) N UG(RS).
AHaJIOFI/I‘IHI)IMI/I PacCCyX 1€HUAMU MMOKA3BIBACTCA, ITO

[z, 25(x)] € Ui(Rs) N Us(Rs).

Bosbpmém B = a = 0001 € F4 u paccmoTpum

SHAYIUT,

9= Xo(&)uzg(—*né)zg(—€)zz"" = uzp((1 - £*n)€)
s mexkoroporo u € Uy (Rg) N Ug(Ry).
Ecmm g ¢ G(F4, Rs), MBI MOXeM mpuMeHUTH npemnoxenue 5. Herpynuo
BUAETH, 9TO 913 = (1 — €2n)é m g_o,_1 = 0. Ho ecim g € G(Fy4, Ry), TO
0=B*,v ") =B(gv*,gv ") = gi2 — g_2,-1.

Hogcrasnaa & = 1, moryuaem, aro £2n = 1.



OIINCAHUE HAAT'PYIIII Fy B E¢ HAL KOMMYTATUBHBEIM KOJIBIIOM 175

Teneps MOBTOPUM DTO paccyXgeHue mid § = 11800, 8= 00811, a=0011€

F4. Ha »ToT pas
9= [Xa(€),9] = Xal()zdzg(~E)r5(E)d "2 = Xa(&)zus(—en)az()z".

IIpn KoMMyTHpOBaHUE z ¢ Tg(*) M T5(*) BHOBb HOTYHIAIOTCA DIEMEHTHI U3

Ui(Rs) N Ug(Rs), mosTOMY
g= Xa(f)uxﬁ(—snf)wg(f)zzfl = uzg((l —en)é)

s Hekoroporo u € Uy (Rs) N Us(Ry).

Ecmu g ¢ G(Fy4, Rs), MBI MOXeM IpUMEHUTH npejgioxenue 5. Kak u B mpe-
ABLAYLIEM DaCCyXIeHHW, HeTPYIHO BUAETb, 9TO ¢13 = (1 — en)é, g_3.-1 =
g—2,—1 =0. Ho ectn g € G(F4, Ry), TO

0= B(Ugav_l) = B(Qvgagv_l) =013+ 9g-2,-1-

Hopcrasnaa ¢ = 1, noxy4gaem, uro en = 1. I3 paBencTs e = €21 = 1 noxy-
qaem, aro ¢ =1 = 1. Ho sTo osmagaer, aro d =1, y € Uy (Ry) - Ug(Rs), m mMb1
MOTJIM C CAMOT'O HAYAJA MPUMEHUTDH MPEeIJIOKeHne 5. g

§12. N3eneyeHne KopHeBOro anemeHTa M3 napabonnyeckux Noarpynn

OcnabreHue yCIOBHM NPOAOIKAETCA: B HTOM maparpade MbI U3BIEKAEM
KODHEBOU DJIEMEHT U3 HapabOIUTecKuX MOATPYNI (CHAYAIA W3 IepecedeHus
P (Rs) u Ps(Rs), a morom u3 P (Rs)), daxTudeckn cBOAI 3a4ady K yKe IpO-
BEJEHHOMY M3BJICUCHWIO U3 YHUIIOTEHTHBIX paaukatos. HegopManbHo rosop,
3ecb MBI m3baBiasgemca oT (axTopos Jlesn.

IIpepnoxenune 7. [Iycmv H — nodepynna 6 G(Eg, R), codepaucawas E(Fy, R).
IIpednoaoscum, wmo das mexomopozo s € R umeem

Fy(H)-G(Fy4,Rs) N P (Rs) N Ps(Rs) € G(Fy, Ry).

Toeda H codeprcum mempueuasbrbili KopHesot daemenm, coomesememesyio-
wut Kopuio uz Eg \ ;.

HoxazarenscTso. Ilycts y € Fy(H) - G(F4,Rs) N Pi(Rs) N Ps(Rs) m y ¢
G(F4, Ry). Beibepem o € ¥y N @y, T.e. QIMHHELIN KOpeHb Fy Takou, 9T0 W —
a € A, u pacemorpum z = y~ ' X, (1)y. 3amerum, uTo w — @ € B. Herpyzguo
BumeTs, 90 z € Up(Rs) N Us(Rs), m ecmm z ¢ G(Fy, R), TO MBI MOXeM
npuMeHnTH Tpegokenne 4. Temeps MoxHO cauTaTh, 9o 2z € G(F4, Ry), HO

rorga z € G(Fy, Rs). Maa moboro j € T

/ /
z1j = § Exa¥1ia+a¥Ai = Cw—a,a¥11Yw—a
AMA+aeA
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HOCKOMBKY JJIA IATH OCTATBHBIX CIAraeMBIX MHOXHUTEIb ¥y i obpamaerca B 0:
JAEICTBUTEIBHO, Y YeTHIPEX M3 OCTAIBHEIX CIaraeMbix A € A, HO yar = 05y

naToro xe A = —w, 50 y_1,r = 0. Kpome sToro,
/ /
21,13 = E Cxa¥Y1 x+aUN13 = Cw—a,a¥11Yw—0a,13 = 0,
AA+aeA

nockoIbKy Ya13 = 0, y_1,13 = 0 m yg,13 = 0. Ilo mamemy npeamosoxennio
z € G(F4,R,), me. zu = u, oTKyza 21,13 — 21,14 + 21,15 = 0. DT0 0O3HAYaerT,
970 Cy—0,0éY11 (—Yw—0a,14 + Yw—a,15) = 0. TTOCKOABKY Cy_n,q = £1 1 y}; €
R*, MBI momyqaeM —Y,_a,14 + Yu—a,15 = 0. B To xe Bpema y,_q,13 = 0,
NOCKOIBKY w—a € B. Bapbupys a, Mb1 noxy4aem, 1ro mist Bcex A € I'\{14, 15}
BBIIOMHACTCA Y) 13 — YA, 14 + Y15 = 0.

Temeps BosbMéEM a = 1232 € @y, § = 12%11 € Eg, B = 11%21 € Eg n
PACCMOTPHUM

2=y 'Xo()y =y ws()az(1)y.

Ananoruuno z € Uy (Rs) NUs(Rs), 1 MOXHO cauTaTh, 9T0 2z € G(F4, Rs). Ina
aioboro j €T

21 = Z CxBYLALaYA T+ Z CA,Byi,HE?/M
AA+BEA AEBEA

= Cu—B,8Y11Y0—B) T Co 5N Ye 7 = —Y11 (Y145 + y15),

IOCKOIBKY Cy—B,8 = C,, 55 = —1. Hanee,

/ /
21,13 = Z CXBY1A+8YA13 T Z E\BY1 A+5YNI3
AA+BEA MAFBEA

= Cw—8,8Y11Yw—5,13 + €5 5Y11 Y713 = 0-

[To mamewmy npegnonoxenuio z € G(F4, R;), orkyga 21,13 — 21,14 + 21,15 = 0

1Y) (Yia,14 + 15,14 — Yia,15 — Yi5,15) = 0. O6osHawuM —yi514 + Y1515 = &,

Y13,13 = ¢, TOrAa —Y14,14 + Y14,15 = —&. Kpome Toro, y14,13 = y15,13 = 0.
PaccmoTpuM 6;109HO- TMATOHATBHYIO MATPHUILY ¢, 0OPa30BaAHHYIO MOAMATPH-

UaME Y11, YBB, YIT, Y13,13, YAA, Y—1,—1. llockomeky g — wacts JleBu ma-
TPHUILI Y OTHOCATEILHO PA3NIOXKeHuA JIeBU A MapaboIuvIecKOn TOATPYIIIbL

Pl(Rs) N PG(Rs)a nMeeM g € G(EGa Rs)'

Cengac MBI TOKAXEM, ITO MOXHO JOMHOXUTH § HA HEKOTOPYIO TUATOHAIb-
uyo marpuny um3 G(Eg, Rs) Tak, arobbl pesyabrar okasanca B G(Fy, Ry).
[TocmoTpuM Ha BEKTOP gu. I10 MOCTPOEHUIO MATPUIILI § UMEEM

(gu)r =gx13 —gria+9x15 =0 gma A e BUAU{1,—-1}.
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Kpowme Toro,

(gu)x = ga13—9x,14F97,15 = Yr13—Yr14+Yx15 = 0 = ruy gaz A € T\{14, 15}.

Haxkownerr,

(gu)13 = 913,13 — 913,14 + 913,15 = Y13,13 = (,

(gu)14 = 914,13 — g14,14 + G14,15 = Y14,13 — Y14,14 + Y1415 = —E,

(gu)15 = 915,13 — 15,14 + g15,15 = Y15,13 — Y15,14 + Y1515 = &.
3ameruM, uro ( € R}. [locmoTpuMm BHMMaTenbHee HA OOPATUMYIO MATPHUILY
grr = yrr. Berarem m3 cronboa yr,5 croaben yr 4. [lomywennas marpuma
TOXe oOpaTuMa, u B ee cTOJaOIEe C HOMEPOM 15 Bce aiaeMeHTHI paBHHI (), Kpome

aByx: —¢ Ha nosunuu 14 u ¢ Ha nosunun 15. 3naqur, £ € R}.
Urak, MBI mOKa3aIn, <ITO

gu = Cvm — 51)14 + 51)15, rue &,( € R

Teneps yxe HETPYTHO ,,IOANPABATE “ ¢ HA quaroHatbHyto maTpuiy u3 G(Eg, Ry)
Tak, 9T00b oHa monana B G(F4, Rg). 3ameTnm cHagama, ITO0

—1=Q(u) = Qgu) = —¢€,

orkyna ¢ = £2. PaccMOTpUM Temeps IpOU3BEJeHIe BECOBBIX DIEMEHTOB

h = hge(€2)hgs (€).

Herpyauo Bugers, uro hgu = u, T.e. hg € G(F4, Rs). Paccmorpum mpousse-
nerue y(hg)~' Kpome Toro, IPOU3BeIeHIe y(hg)~! mexur B T-Uy(Rs)-Us(Rs),
u B 10 xe Bpems y(hg) ™! € Fy(H)-G(F4, Rs) ny(hg)~! ¢ G(F4, Ry). 3uaumr,

MBI MOXEM MPUMEHUTH NPeIIOXeHue 6; T10Ka3aTeTbCTBO OKOHYIEHO. n

IIpepnoxenue 8. IIycmv H — nodepynna 6 G(Eg, R), codepacawas E(Fy, R).
IIpednoaoacum, ymo das nexomopozo s € R umeem

Fy(H) - G(F4,Rs) N Pi(Rs) € G(F4, Ry).

Tozda H codepicum mempusuaibrbili KOpHEGOT daeMeHm, COOMBEMCMBEYI0-
wut Kopuio uz Eg \ @;.

MokasarenscTso. Ilycts y € Fy(H) - G(Fy, Rs) N Py(Rs) my ¢ G(Fy, Ry).
Kak u B IOKa3aTeIbCTBe MpeAbIIyIero IpeaIoXeHnsd, BeioepeM o € X1 N @y,
T.e. JIMHHBIK KopeHb Fy Taxoi, uTo w—a € A, u pacemoTpum z =y~ ' X (1)y.
Herpyaro BugeTs, uto z € Uy. Ecin z ¢ G(Fy4, R,), TO MBI MOXeM TIPUMEHHATE
npegnoxernue 5. Ecm xe z € G(F4, Ry), To Ha camom gene z € G(Fy, R). B
taxom crysgae B(zv',zv!) = B(v',v?) gaa Bcex i,j € A. B wactrOCTH, A
i € Buj = —w mb monygaem, 9t0 B(2y, 24,—1) = 0. DT0 03HaYaeT, 9TO
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21i2-1,—1 + Zjiz—i—1 = 0. Ho Z_1,-1 = lm Z—j—1 = 0, mockoneky —i € A.
ITonxygaem, aro z1; = 0. Ho

/
21 = Z Y1 A ta¥ri-
AMA+aeA

Hetpyauo Bugers, 9To 110601 KOpenb « € Y1 NP coBepriaeT 0gHO TpubaBie-
HEe OT Beca w — & € ' Kk Becy w, deThIipe npubaBIeHUS OT KAKUX-TO BECOB W3
rpynnst A u ogHO npubasieHne 0T —w. [lockoabKy y mexuT B Pj, mociaeqHue
IATH NPUOABICHUI HUYErO He JAOT: Aad HuX Yy; = 0, u 21; = Y| Yw—ayi-
Kpowme sroro, anement ¥}, o6patum. Orcioga Yw—a,i = 0.

Teneps paccmorpum Kopomkud kopers o = 1232. Kopreson saement X, (1)
ABISAETCS TPOU3BEACHUEM ABYX KOPDHEBBHIX di1eMeHTOB Eg, a umenno X, (1) =

x11221(1)Z12211 (1), 062 U3 KoTOpEIX AexkaT B U;. [losTOMYy K HEMY IPUMEHUMEL
1 1
TaKWe Xe PaCCyXJACHWA, ¥ MBI TIOAyIaeM Y14, + Y15, = 0 414 Bcex ¢ € B.

[onywaem, aro ecim v = y,; — cToaber; MATPUILL i ¢ HOMEpoM ¢ € B, To
MBI HAXOMUMCSA B YCJIOBUAX JEMMBI 5 U, CAETOBATENBHO, V14 = V15 = (0. Takum
obpaszom, y;; = 0 mma Beex ¢ € I', j € B.

Bosemém ¢ € T, 7 € A u mpuMeHUM ypaBHEHUA HA MATPUIY Z K CMPO-
K@M Zjx W Z_j. DT ypaBHEHWA O3HA4IAOT, 4T0 B(2,2_j,) = 0. Tak xak
B CTPOKe Z_j, BCe KoahduuumenTs Ha mosummax u3 B U T U {Ai3}, kpome
Z_j_j = 1, paBHBEI Hy IO, 5TO ypaBHeHue npespamaerca B z;; = 0. Ho z;; =
Y EYixra¥ri = TYi _yiaY—w,j) TOCKOIBKY MBI yXe 3HaeM, 9TO iy, , = 0
msi €, A+ a € {w}UB. Ho —w+ a €T, u crpoka yz’-’/\_ﬁa (i mpoGeraer
I') aBasgeTca cTPOKOR 0GPATUMON MATPULEL Yf.r, TOITOMY Y_1 j = 0.

Teneps nocMoTpuM Ha cTOnbeL 2y 13. g i € {6,11,12,—12, —11, —6} mme-
eM B(24,13,2¢,—i) = 0, orkyga 2;13 = 0. Hakonen, B(z 13, 2s,14) = 1, oTKy 12
213,13+ 215,13 = 1, 3Ha4IWUT, 21513 = 0. AHanOrM4HO, B (24 13, 24,15) = —1, OTKY-
Ja —213,13 + 214,13 = —1, 3Ha9UT, 214,13 = 0. MBI fOKa3amm, 9TO 213 = 0 AIa
Bcex ¢ € B. Tenepb MOXHO MOBTOPUTH BHIYKCIEHUE U3 IPEILIAYIIErO ab3alla,
nonoxuB j = 13: momyumm, 910 y_1,13 = 0. SHAYUT, NOCIETHAAL CTPOKA Ma-
TPHUIHI § TPOMOPINOHAIBLHA, MOCASTHEN CTPOKE AUHUTHON MATPHUIILI, OTKYIA
y € P N Py, m MBI MOXeM TIPUMEHUTDH IpeaIoXeHue 7. U

§13. W3eneyeHne KOPHEBOrO 3EMEHTA: OKOHYaHME

Ham ocTanock monacTs B mapaboamIecKyo MOATPYIIY; HO HAT JOKATLHBIM
koabriom opbuter gericteua G(Fy, R) u G(Eg, R) me coBmagaioT (mMOCKOIBKY
paccMaTpuBaeMoe mpeacTasienue Fy mIpuBoamMo), mosTOMY CHAMATA HAM MTPH-
XOAWTCA TMPOBECTH €IIe OLHO OCTAOJeHUE YCIOBUU W TOTPEOOBATH HAIMYTHAE
HETPUBHUAJLHOTO DJIEMEHTa B MPOM3BEACHUN MapabOIMIeCKON TMOATPYIILI HA
HEKOTOPBIA KOPHEBOU dJIeMeHT Hg.
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IIpepnoxenune 9. ITycmov H — nodepynna 6 G(Eg, R), codepacawas E(Fy, R).
IIpednoaoscum, wmo das nekomopozo s € R wnatidémes saemenm g € Fs(H) -
G(F4, Rs) maxot, wmo g ¢ G(Fy4,Ry), u nepeviii cmoabey g cosnadaem c
nepeviM CmosbUoM eOUHUYHOT MAMPUYDLL 60 6CET NOZUYUAT, KPOME, ObIMb MO-
acem, M\i5. Toeda H codepacum mempusuasbmubiti KOpHeSoT saeMenm, coom-
sememeyowutl kKopuio uz Kg \ D).

MokaszarenscTBo. O603HAYNM @ = ¢15] ¥ paccMoTpuM h = . 11221(a)g.

1
Herpyauo BugeTs, uro h sexur B nmapaboautdeckou noarpyume Pj(R;). Bor-
oepem « € Fy, £ € R u paccmoTpuMm

2= Xa(8)! = g ' Xa(§)g = hflw,u%m(a)Xa (5)93,112{21(—@%-

[Ipeamonoxum Takxke, 910 o = *#*1 € ®g; Torma X (&) = x4 (§) T (££), Tae

o = 1***0, of = Oxxxl kopHHE Eg. [ToTpebyeM JOMOTHETEILHO 0/—11%21 €

Eg¢ u o’ — 11%21 ¢ Eg (ma camoM gene 5T nBa yCIOBUA PABHOCWIBHEL). Torma

xillfﬂ(d)Xa(f)m,nzim(—a) = 15711%21(&)%/ (E)wa"(ié’)x;l%m(—a)

= $_11%21(a)$a’ (5)96_11?21(—@)%”(15)
= T (€)[Tar (—E), x_11%21(a)]$a”(i£)
= Ty (£)xa/711%21(i61£)%”(if)-

_ 11221

[Tockomeky o |* mveer Bug Ot

, BcE mpoussenenue nexut B Py (Ry).

3uaamT, z € P (Rs) n, ecma z ¢ G(Fy, Ry), MOXHO IPUMEHATD IpeIOKEeHTe 8.

Ecma xe z € G(Fy,Rs), 10 z € G(Fy, Rs) m 1o temme 8 Ha camom fe-
1e z € Pi(Rs) N Ps(R,). Kpome Toro, z;; = z_; 1 = 1. 3naunT, mocres-
HAA CTPOKA 2z COBIAMAET C MOCICTHEH CTPOKOW €IMHHIHOM MATPHUILL. IlycTh
w="h",, € 2TR — nocaeguas crpoka MaTpunsl b~ VIMeeT MeCTO paBeHCTBO

zh~ b =h7lgy (f)xa/_ugm(:l:aﬁ)xan(:I:é’). B neBon 4acTu €ro CTOUT MaTPUIA,
1

IOCHeAHAA CTPOKA KOTOPOUW COBIAJAET C w. B mpaBom Xe 9acTU CTOUT Ma-
TPUIA h_l(e—i—fea/ :I:afea, 11221 £ €€y ). BHAYUT, MOCTEAHAA CTPOKA MATPHUIILL
Tl

hil(fea/ﬂ:afea/iugm +&eyr) — Hynemas, T.e. w(fea/:l:afea_ugm t&eqyr) = 0.
1

1
Tenepb BOCIONB3yeMCs ABHBIMA (POPMYIAMIE: (Wey )\ = £W) 4, €ctum A+y € A;
(wey)r = 0, ecmm A+ ¢ A. Hogcrasnaa € = 1, a = 0001, 0121, 1121, 1221
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u paccmarpusas w(Ee, + agea,711221 +&eqr )y mma A= A_1 m A= A_jg, TIO-
1

JydaeM, ITO w_| = w_5 = w_g = w_g = w13 = 0. Kpome »T0ro, moacrasadas
E=1, a =1221, A = A_3, monygaem, aTo aw_1 = 0.
Tenepb BuiOEpeM o = * x x0 € ®; 1 TPOBEIEM AHAJOTUIHOE PACCYX IACHUE:

cendac Xo(&) = z4(§), roe a = x40 ¢ g [Ipum 5TOM aBTOMATHYIECKA v —

11%21 ¢ Ee. Torga z_11221(a) Xo(§)z 11221(—a) = 24(§) u MmaTpuna z cHOBa
1 1

aexut B P(Rs). Ecmm z ¢ G(Fy, Ry), TO MOXHO TPUMEHHUTE TPEITIOKEHITE
8. Ecmm xe z € G(F4, Ry), 10 z € G(F4, Rs) m (mo memme 8) z € Pi(R,) N
Ps(R,), mpudem 211 = z_j_1 = 1, T.e. mOCIefHAA CTPOKA Z COBHAJAET C
IOCTIeHEeH CTPOKON eIMHIIHON Marpuubl. [lockorbky zh ™! = h™ 'z, (€), MBr
nMeeM w = wxq (&) u, cregoBaTenbHO, we, = 0 (MoxHO mogcTaBuTh & = 1).
3HAUUT, Wy 1o = 0, ecim A, \+a € A. Ilogcrasasaa o = +£1000, +0100, 0120,
MOJAyYIaeM, ITO w_3 = w_4 = w_7 = w_19 = 0.

I/ITa,K, MbI IIOJXYyYIWIN, ITO BCE 2JIEMEHTbIL HOCJIeAHefI CTPOKX W MAaTPpULBLI
h~! paBmer 0, kpome W, _, m xpome aroro ah’ ; ; = 0. Ho marpuna h—t
obpaTuma, 1moaTomy h'_ 1,-1 € R*, orkyaa a = 0, u, 3HAYUT, MBI C CAMOTO
Had4aJIa OBLIN B YCIOBUAX IPEIIOXKEHUA 8. O

Ecim R — moKaIbHOE KOIBIO, TO CHHIYIAPHLIE BeKTOPHI n3 R27 06pasyioT
onuy opbury non meuctsuem E(Eg, R). Cregyomee yTBepxaenne gakTmdae-
CKU OMUCHIBACT OPOUTHI, Ha, KOTOPHIE OHA PACHATAETCI IPU CYXKEHUUW CPYIIIII
neucrsusa 10 F(F4, R).

IIpepnoxenune 10. ITycmv R — aoxaavnoe xoavyo u g € G(Eg, R). Tozda
natidémes aaemenm x € E(Fy4, R) makot, wmo nepsviti cmoabey mampuysl
Tg cosnadaem ¢ NepaviM CMOAOUOM eJUHUUKOT MAMPUYLL B0 BCET NMOZUUUAL,
Kpome, ObIMb MONCEM, Ai5.

HokaszaTeabcTBo. [IycTs M — MakcuMaabHBIA naeal Koabla R. [Tokaxem
cHavamxa, aro Hangerca 1 € F(Fy, R) Takou, aro (r1g9);; = 1

[Mockoabky R mokadbHO, HAUAETCA A € A Takon, 9To gy o6paTum. Pacemo-
TPUM HECKOJILKO CIyUIAeB:

(1) A € B. O6o3nauum o = w — A € $; u pacCMOTPUM DIEMEHT
h=Xo((1 = g11)951)9-

[pu otom Xo(€) = zo/ (E)Tor (££), THE & = 1*:*0,0/’ = O*I*l. Toraa

hii = g1 £ (1 — gn)g;llg,\l. 3aMeHAA 3HAK B apryMeHTe X, ecim
HE06X0IMMO, MOXHO mobuThesa hip = 1.

(2) XA € T'\{A14, A15}. Touno Tax xe o6o3HaIMM @ = w— A (Teneps a € ;)
u paccmorpum drement h = Xo((1—g11)gy; )g- Kax u B npeasiaymenm
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caydae, Ipu HEOOXOAMMOCTH MEHAA 3HAK apryMEHTa, X, MOSyTaeM
hi1 = 1.

(3) A = X\;. Cragana noxyunm 1 B noswnum 10 mepsoro crombua: moso-
®am @ = A\jg — A\ = 1231 € ®; mw h = Xo((1 — g101)9;, )9 Mpm
HEOOXOAUMOCTH MEHAA 3HAK apryMeHTa, moxy<daeMm hip; = 1, u MOX-
HO BOCIIOJIB30BATHCS yXKe PACCMOTPEHHBIM crydaeM (1).

(4) X = A_y. Cenvac HeTpyAHO HOAyIuTh 1 B mosuium —6: MOIOKUM
a=Ag—A1 =0122 € &, h = Xo((1 — g_6,1)gj’1)g, 1, C BO3-
MOXHOHI 3aMeHOU 3HaKa, IOIydaeM h_g; = 1, 9TO OpHBOAUT HAC K

yXKe pacCMOTPEHHOMY caydaio (2).

(5) A € A. Amamoruvno HeTpYIHO TOA06pATH o € ®; TakomM, ITO A + @ €
B; mampumep, MOXHO B3ATb « = 0122 g A € {A_10, A9, A\_g,A_7} u
a=2342 nua A € {A_5,A_4, A\_3,A_2}. Paccmorpum mocae sroro h =
Xo((1 - g)\+a,1)g;j)g. 3aMeHUB TIPU HEOOXOJUMOCTH 3HAK, ITOMYIAEM
hxta,1 =1, # MOXHO BOCIOIB30BATHCA CIydaeM (1).

(6) Temeps MOXHO cIMTATH, 9TO g)1 € M maa Bcex X € A\ {13, Mg, 15}
3aMeTHM, ITO 3IEMEHTHL §13,1, §14,1, 15,1 HE MOTYT OBITH OJHOBPEMEH-
HO 0GpaTuMBIMU: HHAYe ()G ) CPABHUMO € £¢13,1914,1915,1 IO MOLYIIO
M, T.e. 06paTUMO; HO, C APYTOU CTOPOHEI, CTOMOEI Gy CHHTYIAPEH,
noatoMy Q(g«1) = 0. IIpexmomoxum, uto gi4; € R*. Ham maBecTHO,
9TO XOTS GBI OJUH W3 DIEMEHTOB ¢13 1, ¢15,1 Jexur B M. Ilycrs, Ha-
npumep, ¢i13,1 € M. Paccmorpum o = 0001 € &, £ = (1 — 910,1)91_41,1
u h = X,(§). Hockomeky Xo(€) = x10000(&) 00001 (££), MBI MMeem

0 0

hio,1 = g10,1 €914, £E€g13,1 = 10,1 (1 —g10,1) £E€g13,1- [Ipm HEOGxO AU~
MOCTH MEHAA 3HaK y §, MOXHO JOOUTHCA TOrO, 9TO hig1 = 14+£g13,1 €
R*, mockombKy ¢13,1 € M, 1 MBI MOXeM IONAIH B yCIOBHA crydad (1).
Amnanoruuno, ecmm ¢i51 € M, gocrarouso B3aTh a = 0010 € @, u
E=(1 —912,1)9;&1; torga hiz; € R*, rae h = X, (+€)g, 1 M1 monanu
B ycaoBusa caydas (2). CoBepIIEHHO Tak Xe PaCcCMATPUBACTCA CILydIan
g14,1 € M, n60 x0Ta ObI OUH U3 IEMEHTOB 131, §15.1 OOpPaATUM.

Urak, Teneps y Hac ectsb 1 € E(Fy, R) u y = x1g Takon, aro y1; = 1. Ilo-
KaXeM, 9YTO MOXHO OCYIIECTBATH MPUOABICHAA OT MEPBOCO HIEMEHTA MEPBOTO
cTonbua BHU3 TaK, YTOOBI MOCTaBUTH () BO BCe MO3UIUM KPOMeE, OBITH MOXET,
A15. Crawara momy<sum 0 B mosummax w3 B: momoxum z9 = [ cp Xa—w(E£ya1)
U z = Ioy. SHAKHU 3/1€Ch CJAELyeT BhIOPATH Tak, 9T00BI daeMeHT X )\, (£ya1)
OCYIIECTBIAL 8biuUMaKue ¢ KoxhDPUINEHTOM Yy, HEPBOM CTPOUKA U3 CTPOU-
KI C HOMEPOM A TIPU AEUCTBUW HA MATPUIAX CIEBA. [[pyrmMm croBamu, HAM
HYXHO, 9TO0BI MATPpUIHBIN daeMeHT (X, (£Yx1)) A1 PABHAICA —Yr1, & HE Y)1 -
Jlerko BugeTs, aTo 2)\; = 0 g Bcex A € B.
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Teneps MoxHO TocTaBuTh () BO Bee mosuimu u3 [', Kpome A4 1 Ai5: paccmo-
mpuMm 23 = [[yer Xa—w(F221) # v = 232 ¢ aHATOrWIHBIM BHIOOPOM 3HAKOB.

Ecmu reneps u14,1 # 0, pacemorpum 24 = X939 (F£u14,1) u v = z4u. MoxuO
BBIOPATh 3HAK TakK, 9TO V14,1 = 0.

Takum 00pa3oM, MBI HAULM & Takou, 4to (xg)1; = 1 u (zg)x1 = 0 mun
A€ (BUT)\ {A5}. ITo nemme 6 m3 sToro cremyer, 9TO M Ha OCTAIBHBIX
MeCTax MepBOTO CTOAOIA CTOAT HYJIU. n

§14. [lokasaTenbcTBO Teopembl 1

Caenyromas 1eMMa pe3loMUPYeT MPOBEIEHHOE BBIIIE U3BICTICHIE KOPHEBOT'O
DJIEMEHTA.

Ocnornas nemma. ITycmv H — nodepynna 6 G(Eg, R), codepacawjas E(Fy, R).
To2da aubo H < G(Fy4, R), aubo H codeprcum wempusuasbubili saemenmap-
noith Kopresot saemenm xq(€), 2de a € Eg \ &, € € R.

Hoxazareasctso. [lycts g € H, wo g ¢ G(F4, R). Torga mo memve 9 mait-
néTca maxcmmambHbi uxean M € Max(R) taxow, aro Fyr(g) ¢ G(Fy, Rur).
[Mockoabky Rj; — JOKATBHOE KOJBIO, MO MpeqIoxennio 10 Haugeé Tea DIeMenT
x € E(F4, Ry) Takon, uro nepsbin croaber, Marpuisl £Fys(g) coBmagaer ¢
HEepBLIM CTOJIONOM E€IWHATHOM MATPUILI BO BCEX MOBMIAAX, KpoMe A15. Tak
kak E(F4,Ry) = li_m)E(F4,Rs) no BceM s ¢ M, maunercsa takoe s € M u

rakou saementT z € E(Fy, R,), aro nepsoin cronbern matpunst y = xFs(g) co-
BIIAJAET C MEePBBIM CTOJIONOM €IMHUYHON MATPUIILI BO BCEX MO3UIUAX, KPOME
A15 1, koHeuHO, ¥y ¢ G(Fy, Rs). Teneps MOXHO BOCIIONB30BATHCA MPEIIOKEHNA-
eM 9 U 3aBepUINTH MTOKA3ATETHLCTBO. ]

JokaszaTeabcTBo TeopeMmsbl 1. IlycTs, kak u B mpemmoxennn 1, A — Hau-
Gorpmmmin maean, gaa koroporo E(Fy, R, A) < H. lycrs H = pgﬁ(H) —
06pa3 rpynnst H mox gercTBIEeM FOMOMOPGU3MA PENyKITUT pgﬁ : G(Eg, R) —
G(Eg, R/A). flcwo, wro rpymma H conepxut E(Fy, R/A), u, npuMensas x Hei
OCHOBHYIO JleMMy, BuamM, 9T0 qu60o H < G(F4, R, A), 60 H copepxuT He-
TPUBHAIBHBIN HIeMEHTAPHBIN KOPHEBOU DJIEMEHT I, (€ + A), rae a € Eg \ Fy,
¢ € R. TlokaxeM, 9TO BTOPOU CAyYad HEBO3MOXEH. [[eNCTBUTEILHO, IPENCTa-
BuM z,(¢) € H G(F4, R, A) B Buge (&) = ab, rne a € H, b € G(F4, R, A).
Haungércsa kopens § € Eg \ Fy Takou, aro f — a € Fy. PaccmoTpum xommy-
TATOP
[xa(§)7 37[3704(1)] =Tp (:l:f)

[Moacrasnas coona BeIpaxeHue T, (&) = ab, momrydaem

25(£8) = [ab, x5 (1)] = “[b, 2o (1)]la, 25-a(1)]-
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[lepBbi 13 KOMMyTATOPOB B TpaBol gactu npuHannexut F(Fg, R, A) B cu-
Jy CTAHAAPTHOU KOMMYTAIIMOHHOU (POPMYJIBI, & BTOPOU JeXuT B H. 3HauuT,
zg(£€) € H,m £ ¢ A, aro nporusopeunTt makcumanbaocTn A. Takum o6pa-
som, Bcerga H < G(F4, R/A), HO TOT/1a M3 TEOPEMEI 3 CIeIyeT BKIIOUEHTe

H < (p*) 7" (G(F4, R/A)) = CG(F4, R, A) = NG(EE(Fy, R, A)),

KOTOPOE 3aBEPIIALT T0KA3ATEIbCTBO. O
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