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T'PYIIIIA IMIEBAJIJIE TUIIA Eg
B 27-MEPHOM IIPEIACTABJIEHNN

Hacrosimasa pabota, aBisomasica npogoinkerunem [163, 164], mo-
CBAIEHA E€TAITBHOMY KOMIBIOTEPHOMY W3YYEHUIO MEUCTBUA T PYIIILI
MMepanne G(Eg, R) Ha MuHUMaJbHOM Moayie V(wi). Dra pabota
HOCHUT TEXHWUYECKMI XapaKTep U OMUPAETCA TJIaBHBIM 06pa3oM Ha

® DeasU3aInIo 27-MepHOT0 MOAY A KakK BHYyTpeHHero Mmoayia [le-
BaJijie B YHUIIOTEHTHOM pajuKaJje mapaboandeCcKol o ArpyIibl THUTIA
P; B rpynme Ilepanne G(E7, R),

® OOIMMPHBIE KOMITBIOTEPHBIE BLIUMCIIEHUA, TTPOBE eHHBIE C UCIIOJb-
30BaHMEM cucTeMbl Mathematica.

Mpe1 yuyuThIBaeM pe3yabTaThl, CBA3aHHBIE C WCKIIOYATENHbHON 27-
MepHO# fiopaaHoBoil aarebpoii, HO MpeaAToYnTaEM HETTOCPEACTBEHHO
MMU He T0Jb30BaThCA, & IepeaoKa3blBaTh BCE MPAMBIMUA METO aMMU.

Hamumvy ocHOBHBIMM 11eJIAMU 37eCh ABAAIOTCA ABHBIA BHIGOD U
TabyaANUA 3HAKOB CTPYKTYPHBIX KOHCTAHT ®TOTO NefiCTBUA, CoTila-
COBAHHBIX C BBIGOpOM ToJiokUTedabHOro Gasuca llleBajne B pabo-
re [163], mocTpoeHre monuIMHEAHBIX UHBAPUAHTOB U ypaBHEHUA Ha
piteMeHTH MaTpull n3 rpymnel [lesanine G(Eg, R) B »ToM mpeacra-
BJIE€HWN, a TakK¥Ke fABHAA TaOYIANMA KOPHEBBIX 3JIEMEHTOB B 3TOM
npenacTaBiaedaun. aa yao6cTBa MCIMOMb30BAHAA TOTYyJAIONeCA Ta-
GBI BOCTIPOM3BOAATCA B TpeX CIeAYIONMX HyMepalaX:

® cCcTeCTBEHHAA HyMepalus,
® HyMepallnf, CBA3aHHAA C orpaHWYeHUeM Ha Ajg,

® HyMepanus, CBsA3aHHAasdA ¢ OrpaHNYEHMEM Ha D5.

WUccnenoBannsa, cocTaBUBIIME OCHOBY HACTOANMER paboTHI, BLINOJHEHBI B
pamkax npoektos PO P 01-01-00924 (CII6I'Y ) m 03-01-00349 (IIOMU PAH)
u INTAS 03-51-3251 u 6b1nu noaaepskanbl rpanTamMu Muusysa ‘['eomeTpusa kop-
HeBbIX noarpynn’ PD02-1.1-371 u ‘Haarpynner monynpocteix rpynn’ E02-1.0-
61. [lepBBIfi aBTOp MpU3HATENEeH TaKyke 3a NOMAJEPHKKY nporpamMMmbl MumBYy3a
“PazButne Hayunbix mros Caukr-IleTep6ypra B o6iacTyM TeopeTUueckKol u
NPpUEKIaAHON MaTeMaTUKN” Ha 3aKJIOUNTENLHOM ®Talle paboThl HaJ HACTOANEH
cTaTbhben.
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Hactosamas paboTa ABAAeTcA o6MMM HaYaabHBIM pparMeHTOM He-
CKOJBbKUX TITAHUPYEMBIX cTaTell, ITOCBANEHHBIX

e K-Teopum MCKIAIOUATENLHBIX T DY,

e uzyuennio Haarpymnn rpymnel G(Eeg, R) B monHo# nuHeRHO# rpy-

ne GL(27, R),
® OMMCAHWIO HEKOTOPHIX Kiaccos moarpyna B G(Eg, R),

® CTDOEHWIO YHWUIOTEHTHBIX PaAWKaJioB TapabolUudecKUX TI0I-
TpyII,
® reOMEeTPUM KOPHEBBIX I1OATPYIII,

® 33 Ja4YaM ITOPOXKIACHUS.

§1. CTPYKTYPHBIE KOHCTAHTBI

Bce mamwm o6o3HaveHus, oTHOCAINMECA K KODHAM, BecaM, ajile-
6pam Jlu, aarebpandecKkum rpynmnaM U MpeacTaBIeHUAM, COBEPIITEH-
HO cTaHAapTHBI U cienyioT [2, 3, 4, 21, 23], cm. takke [158, 130],
e MOYKHO HAWTU MHOTO AAJbLHEUINX CCHIJIOK. MBI He HATOMUHAEM
onpenenenne rpymn UleBasie u 0CHOBHBIX TOATPYIIT B HUX, CM., Ha-
npumep, [1, 2, 5, 21, 25-30, 123, 145, 146, 158, 160, 162, 164]. B
HacToANEM Mmaparpade MbI JUIIb 3aQUKCUPYEM OCHOBHBIE UCIIOJIb3Y-
eMble B JajibHelneM 0603HaYeHNA.

[Ipesxae Bcero, mycts ¢ — mpuBeneHHAA HEMPUBOAWMAA CHUCTEMA
kopHeit paura [, Il = {ay,...,q;} — dyHnamenTaabuas cucremMa B @,
®T y ®~ — cooTBETCTBYIONME MHOMKECTBA HOMOKUTEILHEIX U OTPU-
IaTelbHBIX KOopHel. DiteMmenTs! Il HasbIBaIOTCA npocmuMu KOPHAMHA,
¥ MBI BCerJa UCIoJb3yeM i HUX Ty ke HyMeparwmio, uto B [3]. Tak
KaK OCHOBHad 4acTh paboTwl mocBsamiena cucteme ® = Eg u orgactu
cucteme & = E7, 10 Hac 6yner nHTEpECOBATH IIABHBIM 06pa3oM CIIy-
Jaii, korjaa Bce KopHU $ MMeroT 0IMHAKOBYIO JUIMHY — TAKAE CUCTEMBI
6yyT HA3BIBATHLCA CUCTEMAMU C NPOCMBIMU cedzamu =simply-laced,
B MMPOTUBOMOJIOKHOCTE CUCTEMAM C KPAMHMU cegzamu =multiply-
laced. Kak o6rruno, W = W(®) o6osnauaer rpyniy Beiina cucremer
P; w, — oTpaskeHne OTHOCUTENHLHO KOPHA o € P U 55 = wq,, 1 <1 < ||
— (pyHIaAMeHTANbHBIE OTPAKEHMUS.

IToctpoenne rpynn IlleBanne ocHoBaHo Ha BbIGOope Gazuca Ille-
BaJljie B MPOCTON KoMIlyiekcHo# anrebpe Jlu L tuna &. Hamomuum,
yTo BbIGOp Mozairebprel Kaprana H B L onpepenser KopHeBoe pas-
noxenne L = HE@ S Lo, rne L, — oAHOMepHbBIE KOPHEBBIE TIOIIDO-
CTpaHCTBAa, MHBAPUAHTHBIE 10 OTHOINEHNIO K H . Jlisa Kamkmaoro KopHsA
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a € & BLIGepeM Kakoif-To HeHYIeBoi KOPHEBOM BeKTOD €q € L, U
OTOM/JIECTBUM KOPEHb « ¢ JuHeWHbIM (yHKIMoHasoM h Ha H, njisa
rotoporo [h,e,] = a(h)ey. Orpannuenne Gpopmer KuanwHra aire-
6pbl Jlu [ Ha H HeBBIpOXKIAEHO M, TEM CaMbIM, yCTaHABJIUBAET Ka-
HOHMYeCKU m3omopdusm H =2 H™, Tak 4TO MBI MOMKEM jarKe CUU-
TaTh, 4yTo « € H. Brmpouem, o6buHo ynobHee paccMaTpuBaTh KO-

KOpHU ho = 2a/(a, «). Tarum oGpasom, M0G0l BHIGODP HEHYIEBBIX
o € Lo, @ € ®T, omHO3HAUHO ompenenseT e_, € L_,, a € ®&F
TaKue, 4To [en,€_q] = ho. MuomecTtBO {€4, @ € ®; hy, a € II}

ABadgerca 6aszucoMm aarebpwl Jlm L, HaszwiBaeMbiM Gaszucom Beiins.
IIpu o1toM [ha,es] = Aapeg, Tae Aap = 2(w, B)/(o, ) € Z — uncia
Kaprana. CTpyKTypHble KOHCTAHTH N,5 ONpeneNaioTCa PaBEeHCTBOM
[a,e8] = Napeays. Basuc Belssg MOKHO HOPMUPOBATEL TaK, UTOOHI
BCe CTPYKTYPHBIE KOHCTAHTEI Nop5 OBIIN IEeTBIMU, B 9TOM Clydae OH
HasbiBaercd 0asucom IlleBanse, a MHOxkeCTBO {e,, 0 € P} — cucTe-
mou IMlesanne.

Hna cucrem ¢ npocThiMu cBAsaMu Bcerga Ny,g = 0,%£1, tak
YTO HAM HYKHO TOJIBKO 3a(UKCHPOBATH 3HAKYU CTPYKTYPHBIX KOH-
crant. Mel 3adurcupyem monosxknreabubit 6asuc [lesaiie, koTo-
pEIfl ompenensdeTcsa TeM cBoiicTBOM, UTo Nyg > 0 AndA BcexX sKCTpa-
crenuadbHbIX map, cM. [155, 46, 86, 163]. luaa cucrem ¢ IpoCTBIMU
CBA3AMM TO YCIOBUE O3HAUAET B TOUYHOCTH, UTO Ny, 5 = +1 KakmpIit
pas, Kak a;+ 5 € ¢ obiramaer TeM CBOMCTBOM, UTO €CJN oty = a;+ 3
AN KaKOT0-TO QYHAAMEHTAJbHOTO KOPHA «; W KAKOT0-TO MOJOEKN-
TENBHOTO KOPHA ¥, TO j > ¢.

3HaKu CTPYKTYPHBIX KOHCTAHT B moioxuTeabHoM Gasuce [lepas-
ne 3aTabyaupoBanbl B [163] u miid ynobcTBa CBepRU ¢ AaJibHERIMMUI
BBIYKCJIEHUAME MBI BOCIIPOU3BOAUM OTTY1a TabanIly 3, CoaeprRAIILYIO
CTPYKTYPHBIE KOHCTAHTHI airebpol Jlu tuna E¢ nisa momoxkurenbHo#
nosoBuHbl cucteMnl lleBamnie e¢,, a € ®T. Ocrambuble Tpu YeTBep-
TU TOJHOW TabiuIlbl CTPYKTYPHBIX KOHCTAHT JIECKO BOCCTAHOBUTH
Ipu momoInu cooTHoreHuid. [Ipyw »ToM 8 KOHTPOJIA BBIUKMCJIEHUA
B [163], npoBoAMIIMCH ABYMS PUHIMAIUAIBHO PA3IUYHBIMU CI10COBa~
MU

® IpK [IOMOIIM UHAYKTUBHOTO airopurMa Turca [155], cM. Takxe
[46],
e 11pu nomornu Kotmkia ®penrens—Kana [75], cm. takke [76, 104,

142].

Broruncaenus IIpv IMMOMOIIN aJI'OpUTMA Turca IIPOBOANJINCE U paHEE
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[45, 86], HO 06BIUHO AJsA Apyroro mnopsaka kopueid. C apyroii cro-
POHBI, OYEBUIHBIA BLIGOD GOPMBI U 3HAKOB B airoprutme Ppenkeinnsa—
Kara e Beger k nonoxkurenbuomy 6asucy lesasie. B [163] coxpa-
Hena Gopma Kaprana, HO Mo AMPUIIMPOBAHBI 3HAKW, MHBIMU CIIOBAMMU,
TaM cunTaeTcd, 410 £(«) = —1 AJA HEKOTOPBIX MOJNOKUTENBHEIX KOP-
weii. C apyroit cropownsr, B [50, 54] onucano nmocrpoeHue TabIMIIbI
CTPYKTYPHBIX KOHCTAHT B mojoxuTeabHoM 6asuce llleanie, B KoTo-
POM 3HAKM BCeX IMOJOMKUTENLHBIX KOPHER paBHbI 41, HO Moanduim-
poBaHa GunuHelHas Gopma, KoTopas Gobllle He 3adaeTCA YUCIAMA
Kaprana.

Mycth Teneps G = G(®P, R) ecth omHocBaAsHasA rpymnma [lesaiie
Tuna ¢ max rkoabroM . Bribop Gasuca llleBanme 3amaer, B 9acT-
HOCTH, PacIleNnMBblii MakcuMalbHbIA Top T = T(®, R) B rpynme [e-
BaJsiie (G 1 mapaMeTpPU3alUIO KOPHEBBIX YHUITOTEHTHBIX MOArpynn X,
a € &, orHocuTenbHO Topa 1. PUKCUpPyeM 9Ty mapaMeTpU3AIMIO,
MyCcTh 4(€) — 9ieMeHTApHBIA KOPHEBOW YHWUIIOTEHT, OTBEYAIOMINI
a€ed ¢ R Ilpu stom

Xo ={za(6) | € € R}

s ABYX sileMeHTOB z, y Trpynnbl G depes [z,y] obosnavaercs
UX JIeBOHOPMUpPOBAHHEIA KoMMyTaTop zyr 'y~ !. KoMmmyrammonnas
dopmyia llleBanne yTBep:KaaeT, 4To

[2a(€), 5] = [ [ wiatip(Napis€n')

ansa mobuix «,F € ® takmx, uto a + 3 # 0, u £,n € R. I[Ipowms-
BejleHMe B IpaBoil yacTu GopMyJbl GepeTcs MO BCEM KOPHAM BUIA
o+ jp € ¢, 4,5 € N, B HekoTOpoM (rKcHpoBaHHOM mopsake. [lpu
®TOM CTPYKTyPHEIe KoHCTaHTEI rpynmsl llepanme Nog;; He 3aBUCAT
ot ¢ n n. flcHo, 4TO Nagin = Nup CyTh B TOUHOCTH CTPYKTYPHBIE
KOHCTAHTEI anrebpel JIu L B cooTBercTByIoleMm 6azuce IlleBanie.
Jlnsg cucTeMBl ¢ TPOCTHIMU CBA3AMU €AMHCTBEHHAA ITOJIOKNATENbHAA
auHeliHaA KOMOUHAIINA KOPHER o 1 [, KOTOpasd MOKeT OBITh KOPHEM,
10 Ux cymma « + . Takum o6pa3zoM B »TOM ciiyyae KOMMY TallMOH-
Hasg popmyia IlleBanne npunuMaet BUL [24(€), 23(n)] = e B cayuae,
eci « + [ He ABIAETCA KOPHEM, U BUI

[a(&), 75(n)] = Tats(Napén),

ecau « + 3 ABasercsa kopHeMm. Takum o6pa3om, B 8TOM ciaydae TO-
crpoennbie B [163] Tabauilbl cTPYKTYPHBIX KOHCTAHT OAHOBDEMEHHO
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ABIAOTCA TabIUIaMu CTpYKTYpHBIX KoHCcTaHT rpynn [lesanme tu-
noB Eg, Er 1 Es. UTo KacaeTca Apyrux cucTeM KopHeil, cM. GopMY B
B [46], a Takke TabauIbl M AadbHeWe cchKN B [164].

§2. Moayau BEHais

O6rruno Mbl paccmatpuaeM rpymny [Hepanne G = G(®, R) Bme-
cre ¢ JgefictBueM Ha Momydae Bewtna V = V(w) mna HekoToporo
JAOMUHAHTHOTO Beca w. B HacTosmei paboTe MBI paccMaTpuUBaeM
TONBKO CIy4Yail, Korjga cTapliii Bec w Moayds V QyHAaMEHTaJb-
HLIA, w = w,. OaHaKo, BO MHOTMX BOINpPOCAaX CTPYKTYpHOW Teopum
yao6Hee MpOBOANTEL BEIUMCJIEHUA B MPEACTABIEHUAX, He ABJAIONIX-
cA QYyHAAMEHTAJBHBIMU, WA AaKe B [PUBOAUMBIX IIPEACTABIIEHUAX
€CJIM TIPX STOM TIOJIYy4YaloTCsA HoJjiee pOCThHIEe ypaBHEHNA.

IIycTh, kKak u BemIe, & — NpuUBemeHHas HEPUBOAMMAS CUCTEMA
rkopHeii panra [. O6osmaumm depes @Q(P) ee perneTry KOpHEN, a
gepes P(®) — ee pemerry Beco. Hamomuum, yro P(®P) cocrtout
13 [EJNOUUCIIEHHBIX JUHEHHBIX KOMOUHAIMIA (yHAAMEHTAJIBHBIX BECOB
w@1,..., ™, KOTOpEIe 06Pa3yIoT ABOWCTBEHHLIA 6A3UC ITO O THONIEHNIO
K basucy af,...,qo), rae o¥ = 2a/(«, ). Kak oberano, Pyy(®) 06o-
3HAYAET KOHYC JOMUNHANMHBT TIEJBIX BECOB, ABJAIONMXCA HEOTPUIIA-
TEJNbHBIMU 11€J10UUCIeHHBIMY JIMHERHBIMU KOMOUHAIMAMU Oy HIAMEH-
TaJbHBIX BECOB W1, . . . , W].

PukcupyeM AOMUHAHTHBIA Bec w € Pro(®) u nyctes V = V(w) —
Moayab Beina rpymmel G co crapmmum BecoMm w. CooTBeTCcTByIONMEE
npeactapienne ¢ — GL(V) 6ymer o6osHauaThea depes 7 = m(w).
Yepes A = A(w) obosHauaerca nabop BecoB Moayna V = V(w) ¢
yuemom kpamuocmu. Jns o6o3HaAUEHNA MHOXHCECMEA BECOB, PacCMar-
TPUBAEMBIX 6€3 KPATHOCTU, MBI 06bTaHO Gymem mucath A(w). B ma-
cTosAmel paboTe HacC 6YAyT MHTEPECOBATH IJIABHLIM 06Pa30M TOJIBKO
MUKpOBecoBble Moayau, cM. [4, 123, 126, 130, 158, 162] u couxepsra-
mmMecsa TaM CCBITEM. 1 MMKpPOBECOBOTO TIPeACTaBIEHUA BCE Beca
BKCTPEMAJbHLI M, 3HAUNT, UMEIOT KPATHOCTEL 1, Tak 4TO B 9TOM CJly-
qae A = A(w) coBmamaer ¢ BeiinmeBckoii op6uToii crapurero Beca,
A=Ww.

B pamgbHeimeM MbI QUKCHpYyeM HOMYCTMMBIH 6asuc v, A € A,
Moayasa V. Hanmomamm, uTo 6a3mc Ha3BIBAETCA AOMTYCTUMBIM, €CJN
BEITTOJIHAIOTCS Ba CIeAYIOMNX yCIAOBUA.

® KaH{ﬂbIﬁ BEKTOD 1})\ JIedCTBUTENBHO ABJAETCA BEKTOPOM BeECa A,
€CJIM paCcCMATpUBaThH A Kak Bec Ges Kpamrocmu.
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e JleficTBre KOPHEBBIX YHUIOTEHTOB %4(£), o € &, £ € R B Ga-
suce v, A € A(w), 3amaeTcAs MaTpUIIaMU, DIEMEHTH KOTODHIX CYTb
MOJIMHOMEL 0T & ¢ TeJbIMU Koa(punmenTamu.

Jlemma Maiymoro, cm. [123, 146], yrBepxaaer, 4To AJisd MUKPOBe-
COBBIX TIPEICTABIIEHNIA MOKHO TaK HOPMUPOBATH JOIYy CTUMBIA 6asuc,
9T0 ORI

2o (E)vY = v 4 enpf? T,

re BCe CTPYKTYPHBIE KOHCTAHTBI NeMCTBUA €y, paBHbl £1. B xeii-
CTBUTENBHOCTH, B NaJbHENIIEM MbI BCerJa BHIOMpaeM KPHMCTAJLIA-
yecknil 6a3uc, B KOTOPOM BCE CTPYKTYpHBIE KOHCTAHTHI C), PaBHBI
41 AA OPOCTHIX W OTPUIATENBHBIX TIPOCTHIX KOPHEN, T.€. Crg = +1,
ecaiu o € %IlI. CymecrBoBaHue Takoro 6a3mca BHITEKAET M3 OOMMUX
pesyabraToB JIxk. Jlioctura mw M. KammBapa, siieMeHTapHBIE TOKa-
3aTelbCTBa TpuBeaeHsl B [162] u [6].

Mgbr MbicauM BekTop a € V, a = Y. vtay, kKak cmoabey KoopauHAT
a = (ax), A € A. TIpu 2T0M 27€eMeHT b KOHTpArpaAneHTHOTO MO LY JIA
V* ecrecTBeHHO MpeACcTaBIATH cebe kak cmpoky b= (b)), A € A. Pa-
3yMEETCA, IO OTHONIEHUIO K BecaM A® KOHTparpaameHTHOTO MOy JiA
V* kapruna obpaTHasd: 9iieMeHTH V™ MPeACTABIAIOTCA CMOA6UAMY
b=(bxr), A € A", a ssementrr V — cmpokamu a = (ay), A € A*. To-
BTOMY MHI €llle pa3 obpallaeM BHUMaHWE HA TO, YTO MBI MHAEKCUDYEM
KaK CTOJIBIBI, TAaK W CTPOKM BecaMW MOAYJA V — MHAEKCHI A, [,V U
1.10. npuHarexar A. Uabivu cioBaMu, HaMm ya0o6HO HyMepoBaTh KO-
OpAMHATEL BeKTOpa W3 V™ Becamu Moayisa V u 3ammMchbiBaTh WX KakK
CTPOKM — B TO BpeMs Kak OOBIYHO OHW HYMEPYIOTCA BECAMHU CaMOTO
Moayisa V™ 1 3anmchIBaloTCA KaK CTOJOIIHI.

O vH U3 TPUHITMITNATBHBIX TEXHUYECKAX MOMEHTOB COCTOUT B TOM,
YTO BIEMEHTHI 9TUX CTPOK ABIAIOTCA HE JUHERHO YIIOpPAMOYEHHBIMU,
a JIWIh YaCTAYHO YIIOPAMAOYEHHBIMU, B COOTBETCTBUM C TTOPAIKOM Ha
A, 3amaBaemMbIM BBIGOPOM CHUCTeMBI POCTHIX KopHeil II. A mmenno,
MBI TIOJIATAEM, 970 A > 4, ecam A — p = »_myoy, Tae m; > 0. Tlpu
OTIMCAHHOW BBIMIE MHTEPIIPETAIMU HJIEMEHTOB MOAYJIA V 9IIeMeEHTHI
rpyunsl HleBanie ecTecTBeHHO MBICIUTL Kak MaTpPUIBL ¢ = (gapu),
A, it € A, no oTHomenmio K Gasucy v*. Kak 06b1uHO, cTonGIAME 5TOM
MaTPUIIBI ABIAIOTCA CTOJBIBI KOOPAMHAT BeKTOpPoB guv, u € A mo
oTHoLIEeHMIO K 6asucy v, A € A. Mpl 6ymeM 4acTo IOJIb30BATHCSH
ciaenyiommM obo3HaveHneM: u-# cTonbell MaTpuIlLl ¢ 6ymeT obo3Ha-
YaThCA UePe3 Gy, & A-A CTPOKA — UePEe3 ¢i..
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§3. BHYTPEHHUE Moayau IIIEBAJNIE

Kak o6bruHo, MBI 0G03HauaeM Yepes U = U(P, R) moarpymiy, mo-
POKIEHHYIO BCEMU KOPHEBBIMU TTOATPyIITaMu X, OTBEYAIONIUMHA 10~
JOAUTENLHLIM KopuaM « € ®1, a uepes B = TU — cranzapTHyIO
b6operneckyio noarpynny. lna moboro Muoxkectsa J C I mpocThx
KopHe# MBI o6o3HauaeMm uepes Py momcucremy B P, mMOpOKIEHHYIO
J, gepe3 Py > B — cooTBeTCTBYIONIYIO CTAHAAPTHYIO mapaboimde-
ckyio moarpymmny B (G, yepes Ly — ee darrop JleBu, apnsommiics
peaykTuBHOU rpymmnoii Tuma Py, a depes

UJ:<ona aE(I)+\<I)J>

— ee YHUWINIOTEHTHBIX paawkai. B caydae, korma R = K saABagetcda
moJIeM,

Ly IT<XQ, O[Eq)J>.

[Ipu sTom P; aBaserca moayupambiM nmpousBenenunem Py = Ly AUy,
rae L; melicTByeT Ha HOPMAaJbHOM fennTene Uy conpsaKeHMEM.

Mer paccMaTpuBaeM Takdke MPOTUBOIMONOMKHYIO TTapaboindecKyIo
moarpymnmy P; c Toit e moarpynmoii Jleu Ly ¥ MPOTUBOIIONOKHBIM
VHUIIOTEHTHBIM PaIAKAITOM

U7 = (X_0, o € D\ D).

B neficTBuTeabHOCTU MEI 6y 1€M MHTEPECOBATHLCS TP ENMYIIECTEeH-
HO CJydaeM MaKCUMaJbHBIX Mapaboandecknx moarpym. Pukcupyem
r, 1 <r <, unonoum J = J, = I\ {&,}. CoorBercrBylomas
MaKcuMaJbHasd Mapaboandeckas MoArpyIIIa, ee moarpymnmna Jlesu u
YHUTIOTEHTHBIN paamkail 6yayT obo3HadaTrbea yepes P, L., U, co-
orBercTBenHo. [losokum X, = ®T \ &; u o6osmauum uepes %, (h)
MHOKECTBO KOPHel o € X, UMEeIoINX «-ypoBeHb h. WHBIMU cioBa-

MU,

Yo(h) ={a= Zmiai, m, = h}.

fcuo, uro X, (h) = @ npu h > h,, rae uepes h, obosHadeH KodPHU-
IIMEHT, C KOTOPBIM ¢y BXOAWUT B Pa3JloKEHME MaKCUMAaJbLHOTO KOPHA.
O6beanuenne Beex X,(h), h > k, 6yner obosHavyaTbCA Yepes ir(k),
IIpU 9TOM ir(l) = X,. Homowum U,(h) = [] Xa, rae npomssesme-
HUe GepeTcs 1Mo BCeM KOPHAM o € i«(h) B NIPOM3BOJLHOM IIOPAIKE.
N3 rommyrammonnoit gpopmyisl lesaiie Botekaer, uro Uy (k) moa-
rpymmna B U,, npuuem U, (1) = U,. Ha camom meie U,(h) mourn Bce-
rja COBMNaaaeT ¢ f-M UJIEHOM HUAKHETO IMEHTPAJBLHOTO psaa T'pyIIIbl
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Uy, Ho Mbl onipegenunn Uy (h) Kak Tpou3BeAeHIe BCeX KOPHEBBIX 10 I-
TPYII, OTBEYAIONAX KOPHAM YPOBHA > h, UMEHHO JJIA TOTO, UYTOOHI
n3bexaTh 006CYRASHUA MAJEHBKAX UCKIIOUEHNHA.

Crpyrrypa nocienoareibiblx parropos U.(h)/Uy(h+1) kak L.-
MoJyJlell XOopollo uU3BecTHA, ¢M., Hamnpumep, [36, 132]. A wumenHo,
ans mobeix r, 1 < r <, uh, h <hy, pakrop-rpynna

Upr(R)/U(h+ 1) = &X,, a € X, (h)

apasgerca L.-moaymem Befing co crapimmm BecoM w, TJEe w — »ie-
MeHT Y,(h) HanbGonbireil BricOTE. [TOACHUM, UTO 37€CH peyb WIET
0 MpAMON cymMme abefeBBIX I'DYIII, B TO BpeMA KaK B ONpeleeHUN
U, (h) ¢purypupoBaiio npomsBeAeHre TOANPY T GUKCHPOBAHHON IpyTI-
nbl. CpopMynmpoBaHHOe BBIIE YTBePsKIEHUE IIpeacTaBisger coboi
TPUBUAJIBHBIA YaCTHBIA caydail pesyabTaTtoB paborsl [36], ¢ 3ame-
HOW HEMPWBOAMMBIX MOZyJied Ha Momaymnu Beiings, 4rober u3bexarh
YIIOMUHAHUA 00 OYEHb IJIOXUX MPOCTHIX YKUCIIAX.

B mefictBuTenbHOCTH Uallle HAC MHTEPECYET HE caMa IO PYIIa
Jesu L, a ee kommyrant! G, = [L,, L,;]. Ecam r ¢urcupoBaHo, To
MBI TiineM pocto %, N(h) Bmecto X, X, (h) u 1.4, Tarnm o6pasom,
$® =AUXU(-X). CambM 60JbIMM 1, KaK IpaBuiio, Haubolee WH-
TepecHBIM ABiderca Garrop %/X(2). OcobeHHO BasKHBI CleAyIONITE
OBa CIy4das:

® YHUNOTEHTHBIH paankan U, abenes, U,.(2) = 1,

® YHUIOTEHTHbINA painkai U, skcTpa-cruermadet, U,(2) = X, rae
6 — MaKCUMaJbHBIA KopeHb .

IIpumepom abeseBa caydas ABideTcA 27-MepHBIA MOAYIb AJA
E¢, roTOpEIT peammsyetrca kak Uy B rpymnme tumna Er, a mpuMmepom
BKCTpa-CIeNNadbHOTO Ccay4dasd ABAAeTCA HO-MepHBIT MoaAy b 1A Ky,
KOTODBINA peanusyerca kak Us/Us(2) B rpynme tnna Eg. B mefictBu-
TENBHOCTHU OCHOBHAA YaCTh BHIUKUCIEHUA B HACTOAIIEN paboTe TpoBo-
AUITACH — UIW Ay GIUpoBaiach! — IMEHHO B TaKOl peau3aliu IpyTi-
el HleBanne tuna G(Eg, R), u MBI AeTaiibHO 06CyauM ee B §5.

§4. CUCTEMBI KOPHEW TUlA E;
B wuacrosmeii pabore, kak u B pabore [163], MBI ucnoabzyem
1Kak Bcerza, roBops 0 HOpMalIM3aTopaX, KOMMYTaHTaX, HeHTPadbHEIX pi-

Aax u np. noarpynn B (G MBI MMeeM B BUAY KOMMYTAHT L, e cmuicae meopuu
anzebpauteckur epynn, a He KOMMYTAHT €€ IPYNNBI TOUEK!
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rUMepGOIMUECKYI0 pealinsalnio cucTeM Kopeeid twna E; B (I 4+ 1)-
MepHOM MpocTpancTBe Munkosckoro [16], 240 = 2(2) + 2(2) + 2(2) +
2(?). Dra peasmszanua zMavumessno ymaobHee JUIA BBIUMCIEHUNA, deM
0OBIYHBIE DEAU3AINAN B ®BKIMUIOBOM IIPOCTPAHCTBE.

e Peammzammsa E; Kak s71eMeHTOB MUHMMAJLHON HOPMBI B KOJIbIIE
mmeJdbIx okTaB Kaam, 240 = 2(?) +24. 7427, rne 7=224+24+1 ectn
KOJIMYECTBO TPAMEBEIX — M JOMOJHEHUA K HUM — Ha mirockoctn Pano,
KOTOPYIO MCIOMab30Bain Kokcerep n Ppeitgentans.

e lznaraemas B 6ONBIIMHCTBE CTAHAAPTHLIX y4e6HUKOB 10 TPYII-

maMm u airebpam JIm peammzanusa Kaprana, 240 = 4(2) +27.
Ilemo B ToM, uTo B TUHEpHOAMUECKON peanmuszanuy BCE KOD®dUIN-
EHTBHI KOPHE# IO OTHOWIEHWIO K OPTOHOPMMWPOBAHHOMY BA3UCY
ABJATCA IEJBIMU. B To ke Bpems MBI coXpaHAeM 0OBIYHYIO HyMe-
panuio npocThix KopHeid u3 [3]. Tak Kak Bce BBIYUCIEHUA HACTOAIIEH
CTaThbM CaMBLIM CYIIECTBEHHBIM 006pa3oM 3aBUCAT OT 9TOW peasn3a-
i cucteM KopHel tura Eg m E7, To ceifuac MBI coBceM KOPOTKO
ee HamoMHnM, B [91] nin [163] MosKHO HaWTH MHOTO JajbHERANIX g6~
Taneii. Paszymeercs, B HefCTBUTENBHOCTH 5Ta Peaju3ali dKBUBa-
JleHTHa obObIuHOl peasm3aimu Eg B TepMmHax KoMnakTHLIX okTaB (),
n3oMop(Pu3M ycraHapiauBaeTca nocpeacteoM SL(2,0) = Spin(9, 1, R),
cM. [37]. MockoubKy B HacToOsAIIEH cTaThe HAC UHTEPECYIOT BEIYUCIIE-
HUsA, a He AudepeHnmalbHasd FeOMeTPUA WU FeOMETPUA YUCEI, MbI
He GyneM pa3BUBATh 3Ty TEMY.

PaceMOTpUM BelllecTBeHHOe BeKTopHoe mpoctpanctBo U = Rb!
pasmepHoctrt | + 1 ¢ HEBEIPOMKAEHHEIM CUMMETPUUYECKUM CKAJADP-
HBIM TipousBenenuneM ( , ): U X U — R curnaryps (I,1). 3aduk-
CUPyeM B HEM OPTOHOPMMWPOBAHHEIA 6a3uUC €g, €1, ..., €6 TAKOM, UTO
(eg,e0) = —1 u (e;,¢;) = 1 mma Becex 1 < ¢ < {. B mepBywo odepens
Hac 6ymeT uHTepecoBaTh ciaydait [ = 8. O6o3maunm uepes [ < R®!
pellleTKy, COCTOSAINIYIO U3 BCeX BeKTopoB v € R™! Bce KoopauHATEL
KOTOPBIX A, fi1, ..., jfis B PA3IOKEHUN 10 Ba3UCy €q, €1, ... ,Es MEITBIE,

v = Xeg + prer + ...+ uses, A p1y .., s € Z.

O6osmHaunm Temneph yepes $ MHOKECTBO BceX BEKTOpoB v € L,
KOODAWHATHI KOTOPBIX YIOBIETBOPAIOT CHeAyIONell cucTeMe ypaB-
HeHUI:

{3/\—(N1—|—...—|—ﬂs)=0,
N it pi=2
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Bce pemenus sToil cucTeMbl ypaBHEHMH, yI0BIETBOPSAIONIME HEPa-
BEHCTBaM
0<A<3a ﬂl}"'}/’tSa

IIepeydYncJI€HbBI B CJ'IeﬂyIOH_[eﬁ Ta6J'H/IL[e.

A g | p2 | e | pa | ps | pe | p7 | ps
0 1 0 0 0 0 0 0 -1
1 1 1 1 0 0 0 0 0
2 1 1 1 1 1 1 0 0
3 2 1 1 1 1 1 1 1

Jlerko IIPOBEPUTH, YTO BCE€ OCTAJIBLHBIC HMEJOUNCJJECHHBIC DEIICHUA
ITOJIYUAKTCA U3 9TUX TIPU ITOMOIIU CJHECAYIOMUX ABYX TUITOB Hpeo6pa—

30BAaHUMN.
e [TponsBonbHAA TIepPECTAHOBKA fi1, . .. , {ig.
e OHoBpeMeHHaA cMeHa 3HaKa BCEX KOOPAUHAT.

Takum 06paszomM, ¢ TOYHOCTHIO [0 3HAKA KaKABIA siaeMeHT © umeer
cilely1omyio Gpopmy:
Bij =€ — €5, 1>],
Yijh = €0+ & + €5 +ep,
N =2e04+e1 4+ .. 4+ e+ tes,
G=3ep+ter+...4+2¢+ ...+ es,
rje MHIEKCH 4, j,h = 1,...,8 monmapHo paziaWYHBl, a NUIATKA — HaJ
WHIEKCOM O3HAYAaET, YTO BTOT WMHIEKC CJIEAYET IMIPOMYCTUTH.
Jlerko mpoBepUTH, YTO OTpaHWUUYEHWE CKAJAPHOTO IMPOU3BEMEHUA
Ha TUIEPIIIOCKOCTE V' OPTOrOHAJBHYIO K BEKTODPY 3eg + €1 + ...+ es,
MTOJIOKUTENBHO omnpeaeiieHo u uto ® mpencrtaBiaseT coboil cucTeMy

kopHeit Tuna Eg B V', cm. [16], [163]. Badurcupyem B & cienyroniyo
CUCTEMY TIOJIOKUTENLHBIX KopHeld 1T = {aq,... asg}:

] = €3 —€1, Qog=egt+er+ez+e3, Q3=€3—€3, Q4 =e4— €3,

Q5 = €5 — €4, g =¢€ — €5, Q7 =¢€7—¢€ Ag=~€3—E€7.
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Hymepanusa oTux KopHeli caeayer [3] v npuBeneHa Ha clleayIoliei
Juarpamme:

1 3 4 5 6 7 8

O

2

[Tepeuncnennrle BeIe KOPHA 5, Vijh, Wi W (; TPeACTAaBIAAIOT coboit
MHOkecTBO DT MONOKUTENBHEIX KOpHE OTHOCHTENBHO (yHIaMEH-
TaJbHON cucTeMbl KopHeit 1I.

UTo6EI MOAYYNUTHL OTCIOHA cUCTeMy KopHe#t twna E7, mocraTtou-
HO B3ATH Te KopHu u3 Eg, mma xotopeix ug = 0 — wam, 4To TO Ke
caMoe, AJA KOTOPBHIX (g He MOABJIAETCA B UX pa3JoKeHHHM ITo (QyH-
JaMeHTaJbHBIM KopHAM. TouHo Tak ke, IJIA TOTo, YTOOBI MOJTYYUTH
cucTeMy KopHell Tuma kg mocraTouHo B3ATH Te KopHM u3 Eg, misa
KOTOPBIX p7 = pg = 0 — mam, 4To To e camoe, NJIA KOTOPHIX KakK a7,
TaK U g He MOABIAIOTCA B WX PAa3JI0oKeHMM o (QyHAaMeHTaJIbHBIM
KOPHAM.

B nanbmeiimeM MBI UCToNb3yeM AJA KOpHel cucTeMy obo3Hade-
Huit, n3BeCcTHYIO Kak 3anmuch JlbrakmHaA = Dynkin notation, wHLIMU
cjaoBaMU, AMArpaMMbl JIBHKWMHA ¢ KOOPAWHATHBIMUA MeTKaMu. [lpu
»ToM Kopenb o € ®1, ama koToporo

o = pay + qag + rag + say + tas + uas + var + was

JJ1A HEKOTOPHIX P, q,7, 5,1, u, v, w € Ny, obo3HavaeTcA depes

_ prstuvw
=" .

TakuM e 06pa3oM, eCTeCTBEHHO, ONUCHIBAIOTCA U KOPHU CHCTEM
E7 n E¢. Cymma kos¢ppunmenToB

ht(ao) =p+qg+r+s+i+utv+w

Ha3bIBaEeTCA BBICOTOMN KOPHA «. B KasKI0M cucTeMe KOpHeﬁ OTHO-
CHUTEJBbHO (i)I/IKCI/IpOBaHHOFO IIopsAdKa NMMeeTCs e IMHCTBEHHBIN KOp€EHb
MaKCUMaJdbHON BLICOTEHI, Ha3bIBaeMbII MaKCHUMaJbHBLIM WU CTapHIIrM
KOPpHEM. B sammcu [dninkuba MakcuMaJIbHBIE KOPHMN CUCTEM E6 n E7
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NMEIT BUA

260—1—61—|—...—|—662(2,1,1,1,1,1,1)212%21,

2e0+es+ ... +er = (2’0’1’1’1’1’1’1): 23421321.

BricoThl a1ux KopHe#h paBabI 11 =12 -1 1 17 = 18 — 1, cooTBeT-
crBenHo. Jliusa skoHOMUM MecTa B Tabiauiax BMecTo 3armcu JIbIHKU-
Ha MbI Oy/1eM MCIIOIH30BAThH CTPOYHYIO 3anuch JIbIHKMHA = string
Dynkin notation, B KOTopoii KopeHb v 3aIICHIBAETCA CTPOKOH Koo d-
duimenToB pgrstuvw. B 2Toil 3anmcu MakcuMaJbHbIE KOPHU CUCTEM
E¢ n E7 umeror Bun 122321 n 2234321, coorBeTcTBEHHO.

Hns kopHelt Bce KOaPPUIMEHTH B PA3JIOKEHUN 110 IPOCTHIM KOP-
HAM UMEIOT OJMHAKOBBIA 3HAK, HO €CJU HYKHO 0003HAYUTH I[€JT0YUM-
CJIEHHYIO JUHERHYIO KOMOWHAIIMIO MPOCTHIX KOPHEW C pa3sHBIMU 3Ha-
KaMM, To MUHYCHI B dopMe [IBIHKMHA NIPUHATO CTABUTHL He Mepeln Ko-
s urenramu, a nad aumu. Hanpumep, oy — as B popme JlbiHkruHA
3aIMChIBAETCA KaK 10%00.

B manbmeiinieM MBI BCerjia yrmopsamgodnMBaeM IMOJOKATETbHBIE KOP-
HU B COOTBETCTBUM C IOPSAKOM, HA3bIBAEMBIM [MO-aHIJINCKU height
lexicographic. ©TOT NOPAMOK Pe2yadprbiil, B TOM CMBICIE, YTO KOP-
HU MEHBINER BBICOTHI BCerja MPEANIECTBYIOT KOPHAM OOJBINER BhI-
COTBHI, U aekcukozpaduveckut! Ha KOPHAX MTaHHOU BBHICOTHL. MEI M-
meM « < 3, ecid « TpemmmecTByeT [ OTHOCUTEJNBHO DTOrO TIOPA-
ka. ITo ompenenenuio s»to 3Haumt, 4ro aubo ht(a) < ht(F), nwm-
6o ht(a) = ht(f) m menoe umcito, npeacTaBiIeHHOE CTPOYHON (Hop-
Mol JIbIHKMHA KOPHA «, 60abue, 9EM TI€JI0€ YUCIO, MPeACTaBIeHHOE
cTpouHoii popmoii JrHKMHA KOpHSA .

B pa6ore [163] npuBesen Ko, KOTOPHIA HOpOKAAET TabIUIBI KO P-
Helt cuctem E; B runiepbonuveckoM 6a3uce 1 B 6a3uce IpoCTHIX KO-
Heii. Mb1 He GymeM BOCIPOM3BOIUTH 9TOT KOA, KOTOPBIA IIPOCTO TIe-
PEBOAUT TIPUBEEHHOE BHIE OMpeelieHne Ha A3bIK Mathematica, a
OrPAHUYUMCAH OTBETOM, TeM Boiiee, uyro B [163] mosnomurenbHbie Ko p-
HU TepeuncyeHbl ToJIbKO B 3ammcu [IBIHKMHA, HO He B TUllepboande-
ckoii zamucu. B melicTBUTEAbHOCTH, BLIYKUCIIEHUA TIPOU3BO AUITUCH KaK
pa3 B rurepbonndeckoit popMe, Tak UTO OCHOBHBIM 06HEKTOM SABJIA-
eTcA CIeNyIoIMUi CIUCOK positiveE6:

{{0,-1,1,0,0,0,0},{1,1,1,1,0,0,0},{0,0,-1,1,0,0,0},
{0,0,0,-1,1,0,0},{0,0,0,0,-1,1,0},{0,0,0,0,0,-1,1},
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{0,-1,0,1,0,0,0},{1,1,1,0,1,0,0},{0,0,-1,0,1,0,0},
{0,0,0,-1,0,1,0},{0,0,0,0,-1,0,1},{0,-1,0,0,1,0,0},
{1,1,0,1,1,0,0},{1,1,1,0,0,1,0},{0,0,-1,0,0,1,0},
{0,0,0,-1,0,0,1},{1,0,1,1,1,0,0},{0,-1,0,0,0,1,0},
{1,1,0,1,0,1,0},{1,1,1,0,0,0,1},{0,0,-1,0,0,0,1},
{1,0,1,1,0,1,0},{0,-1,0,0,0,0,1},{1,1,0,0,1,1,0},
{1,1,0,1,0,0,1},{1,0,1,0,1,1,0},{1,0,1,1,0,0,1},
1,0,0,1,0
0,0,0

{1,1,0,0,1,0,1},{1,0,0,1,1,1,0},{1,0,1,0,1,0,1},
{1,1,0,0,0,1,1},{1,0,0,1,1,0,1},{1,0,1,0,0,1,1},
{1,0,0,1,0,1,1},{1,0,0,0,1,1,1},{2,1,1,1,1,1,1}}
ITocme Toro, Kak »TOT CHIMCOK OMHAKILI BLIUMCIIEH, yKe He WMeeT
3HaUeHUsA, OTKyla OH B3aAicA. HavaiabHBEI ¢parMeHT »TOrO CINCKA
JUIVHBI I1€CTh
{{0,-1,1,0,0,0,0},{1,1,1,1,0,0,0},{0,0,-1,1,0,0,0},
{0,0,0,-1,1,0,0},{0,0,0,0,-1,1,0},{0,0,0,0,0,-1,1}}
BLIOMpAJICA B KadeCTBe CHCTEMEI MMPOCTHIX KopHell rootbaseE6, mo-
cile Yero JJis BCeX OCTaJbHBIX KOPDHEN pellaeTCs CUCTeMa JIMHEHHbIX
ypaBHEHUH, BbIpaskaomasa UX 4depe3 rootbaseE6, uro maeT cTpou-
Hyto ¢opMmy [bmHkuHA. MEI He NpUBOAMM aHaJOTWUYHBIE CIIUCKHA POS—
itiveE7 m rootbaseE7, KoOTOpHhIE MOPOXKAAITCA COBEPIIEHHO aHAJO-
TUYHO, HO IJA yA0o6CTBa TONL30BAHUA IMOCIeAYIONUAMU TabIuaMu
B Tabauiax 1 1 2 BOCTIPOM3BOAATCA CIMCKA MOJOKUTETLHBIX KOpHel
cucteM L m E; oTHocuTensHOo height lexicographic order.

§5. BECcA kg

ITo ompenenenmio Gasuc QpyHIaMeHTAIBLHEIX BecoB WeightbaseE6
ABoiicTBEHEH K 0a3MCcy IPOCTHIX KOopHell rootbaseE6. EauHcTBeHHEIH
HIOQHC, KOTODEIA He0O0X0AUMO DU 3TOM YUUTHIBATH, COCTOUT B TOM,
4yTo B rumepboamdeckoil peanmsanmu KOopHU Eg xMBYT B ceMmMep-
HOM, & He B IIeCTUMEPHOM IpocTpaHcTBe. UToObl y6paTh JIWIIHIOIO
Pa3MepHOCTh IIpU MOCTPOCHUM BeCOB HeoOXOIMMO IPOBEPATH ellle
OPTOrOHAJIBHOCTD — B CMBICTIE 98KAU0084 CKAJAPHOrO IpOU3BeaeHMs!
— IOJIy4YalOUXCA BEKTOPOB CJIEAYIOIIEMY BEKTOPY

testvectorE6={3,-1,-1,-1,-1,-1,-1};
Takum o6pazoM (yHIZaMeHTaJbHLIE BECA W1,. .., Ws ABIAIOTCA pe-
HIeHUAMY CJIeAYIONUX CUCTEeM JUHEHHLIX ypaBHeHUil:

omegaE6[i_]:=LinearSolvel[
Append[rootbasebisE6,testvectorEs],
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Table[If[j==1,1,0],{j,1,7}1]1 /; 1<=i<=6

Cnucok rootbasebisE6 orTamuaercda oT chucka rootbaseE6 pos-
HO B OJHOH IIO3MIMW, & WUMEHHO, ero BTOPOW »JeMeHT MMeeT BUI
{—1,1,1,1,0,0,0}. DTo cpemaHO MIA TOro, YTOOLI pelleHne Obl-
JIO OPTOTOHAINBHO vy B CMBICJIE 2UNEPOHOAULECKOZ0 CKAIAPHOTO MPO-
u3Benennda. Tak Kak ocTajbHble «; He CONepPXKAT eg, MAIA HAX
6e3pa3nuuHo, GepeTcA JM BKIUIOBO WM TUMepPOOIMUYECKOoe CKa-
JApHOEe TpOW3BeleHMWe, TMOZTOMY WX MeHATHL He Hy:KHO. Paszyme-
eTcA, ¢ TaKUM e YCIeXOM MBI MOIJIM JOMHOMKUTHL MaTpuily Ap-
pend[rootbasebisE6,testvectorbisE6], rae

testvectorbisE6={3,1,1,1,1,1,1};
cnpaBa Ha MaTpuly I'pama DiagonalMatrix [{—1 ,1,1,1,1,1, 1}] . Te-
Iepb BBIYUCIIEHUE
weightbaseE6=Table[omegaE6[i], {i,6}]
BO3BpalaeT KoopaMHaThl (yHIaMeHTAIbLHBIX BECOB B OPTOHOPMUPO-
BaHHOM Gasuce npocTpaHcTBa [R5
{{1,-1/3,2/3,2/3,2/3,2/3,2/3} ,{2,1,1,1,1,1,1},
{2,1/3,1/3,4/3,4/3,4/3,4/3},{3,1,1,1,2,2,2},
{2,2/3,2/3,2/3,2/3,5/3,5/3},{1,1/3,1/3,1/3,1/3,1/3,4/3}}
JJoMUHAHTHEIA ([eJblii) BeC — 970 B TOYHOCTH JIMHEHHAA KOMOU-
HalmsA QyHIaMeHTAJIbHBIX BECOB C HEOTPUIATENLHBIMU EJBIMU KO (-
GUIMEHTAMU UJIU, YTO TO Ke caMoe, BeC, CKaJApHbIe IPOU3BeIeHUA
KOTOPOTO €O BCEMU TPOCTBIMU KOPHAMU HEOTPUIIATENBHBIE IEJbIE.
Cuenyromas GyHKINA ABIAETCA TECTOM AOMUHAHTHOCTU!
dominantE6Q[u_] :=And@@Table[Block[
{xxx=hip[u,rootbaseE6[[i]]},
xxx>=08&&IntegerQ [xxx]1],{i,6}1]
UYepes hip 3mech obo3HauveHo rurepboIndecKkoe CKaJAPHOE TIPOU3-
Benenne B RY1 KoTopoe BBoAMTCA CileAyIONMM 06 pasoM:
hiplu_,v1:=—ul[1]T*v[[1]]+Sum[ul[il]*v[[i]1],
{i,2,Length[ul}] /; Length[ul==Lengthl[v]
hip[ul:=hip[u,ul

Cremyromuii TPUMUTUBHBIA KO CJIYWAJI HaM, 4TOOBI MOPOIUTH
MHOYKECTBO BECOB K(w) pe/NCTaBIEHUA CO CTAPIITAM BeCOM w. UTOORI
n36exaTh 6eCKOHEYHOTO BLIUMCIEHUA, HYKHO, KOHEUHO, TPOBEPATH
JOMUHAHTHOCTD W:

weightsE6[ul:=Block[{i,j,list={u},len=hip[ul,we},
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For[j=1, j<=Length[list],j++,
For[i=1,i<=6,i++,we=1list[[j]]-rootbaseE6[[i]];
If[hip[wel<=len&&!MemberQ[list,we],
list=Append[list,welll];

Return[list]] /; dominantE6Q[u]

DToT TeKCT wydosuuro HedpGPEeKTUBEH, TaK KaK, HAIIPUMED, YiKe TO-
PO IEeHUE TTPU TIOMOIIK Hero 27 BeCoB NpeacTaBieHns V(wy ) 3aHnMa-
eT okoiio 0.02 cekynnbl. BepoATHO, B JaHHOM ciy4dae Aaske TMIPOCTasA
pekypcus Obiia 6wl sgyurie. OaHAKO, MOCKOJIBKY Pa3MePHOCTH BCEX
paccMaTpUBaeMbIX HaMU TIpeJCTaBIIeHU He MPeBOCXOAUT 248, MBI
He TBITAINCH OMTUMU3NPOBATH KOII.

§6. 27-MEPHBIA MOAYJdb A4S Eg

Teneps BoIYUCIEHNE
minimalE6=weightsE6 [omegaE6[1]]

BO3BpAIllaeT CIMUCOK U3 27 BECOB MUHUMAJLHOTO MOAYJIA. DTU Beca
IpUBecHBI B Tabauile 3, BMecTe ¢ UX BbIpaskeHUAMU B popme [lBIH-
KMHa B 6a3mce W3 ONPOCTHIX KOpHe#l m B 6asmce (yHIaMeHTAJbHBIX
BECOB, COOTBETCTBEHHO. DTHU BhIPAKEHUA MOy YEHBI KAK PEIeHUA Ch-
CcTeM JUWHEWHBIX ypaBHEHWIA:

rootformE6[u_]:=LinearSolve[Transpose[rootbaseE6] ,ul
weightformE6[u_]:=LinearSolve[Transpose[weightbaseE6] ,ul

O6paTuTe BHUMaHWe, YTO B OTJIMYME OT IIOJOAKUTENbHEIX KOpHE
Beca Moy A V() pacioiloskeHBl B 9T0# Tabiuile He B TIOPAAKE pac-
MTOJIOKEHNA BECOB, & B MOPAAKE UX yObaanus, HAUMHASA CO CTapIIero
Beca ), MMEIOIETO BLICOTY &, A0 MJIAJIIEro Beca —wg, UMEIOIIero
BHICOTY —8.

Onanako, B 1efiCTBUTENLHOCTU YacTo yAobGHEee MCI0JAb30BaTh I
BHIUMCJIEHWIA peanm3anuio V(w; ) kak BHyTpeHHero Moayis [epanne
B rpymne G(E7, R). A uMeHHO, pacCMOTPUM CTaHJapTHYIO mapabo-
mrgeckyo noarpynny Pr < G(Erz, R). Kommyranr G7 = [L7, L7] ee
noarpynnsl Jlesu sBasercsa omHocBsasHol rpymmoii [lesamme Twma
E¢, mpuuem mefictBue (G7 conpsskeHneM Ha abeleBoM YHUITOTEHTHOM
pamukane Uz upespamaer U; B G(Eg, R) moayae V(w;). Kak cite-
ayeT u3 TeopeMbl 1 paBorhl [162], cucrema z4(1), @ € & = X7, o1-
Bevalomasa mojoxknTenbHoMy baszucy IlleBasie, sBageTcs KpucTad-
mrgecknM GasrcoM MoayiA V(wy). [TosToMy MBI MOMKEM MPOYNTATH
KOHCTAHTHI JeficTBUA, BLIOpaB M3 TabJauIEl CTPYKTYPHBEIX KOHCTAHT
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s anarebpul JIlu tuna E; crpokm, oTBeuawlnue KopHAM U3 KEg, n
CTOJIBIBI, OTBEYAIONME KOPHAM U3 2.

KommenTapuit. /Insa BOCCTAHOBIEHUA MCTOPUYECKOW IMEPCIEKTHUBE
3aMeTHUM, YTO B AeHCTBUTENBHOCTU XOH COOBITUH OBII IPAMO HPO-
TuBOMoJIokKeH. BHauase EBrenwmii IlnoTkwH, monk3ydch TabianiiaMu
TMona Tunru u Dapu 3efitia n3 [86] W AOMOTHUTENBLHEIMU HEOITY-
6IMKOBAHHBIMU TabJIAIAMU, KOTOPEIE OHM HaM MPUCIAIN, YaCTUIHO
BPYUHYIO, YACTUUYHO MDY IIOMOIIN KOMIBIOTEPA HAPUCOBAJ Tab IUIBL
KOHCTAHT IeMCcTBUA Kak MJIA TOr0, TaK KU IJIA HEKOTODBIX IPYTUX
IpeICcTaBIeHUM, KOTOPEIME MBI [I0Jb30BAJKUCh DU IIpOBEpKe COBIIA-
IeHUA 3HAKOB B IIepBOM BepcuM pasiokeHusa yHMIoTeHToB. Ilocie
®TOr'0 MEePBBIM aBTOp ellle pa3 BLIYUCJIWI 9TH TaOIMIBI HA KOMIIBIO-
Tepe, o6paTWl BHUMaHMEe Ha CBOMCTBA IOJIOMKUTEIBHOCTH M 3aMe-
THJI, KaK Ha OCHOBE ®TUX CBOMCTB IpodecTh BCe CTPYKTYPHBIC KOH-
CTaHTbl HEIIOCPEACTBEHHO IO BeCOBOM AMarpaMme, Ha OCHOBE Uero
OKa3aJl0Ch BO3MOMKHBIM JaTb anpuopHble NOKA3aTEJIbCTBA DPa3JIoke-
HUA YHUIIOTEHTOB B MHEPOBECOBBIX IpeacTaBileHUaAX. Ilocie aToro
Pomxep KapTep mcTolKoBaX 5TH CBOMCTBA KaK CJIEACTBUA IIOJIOXKU-
TeTBbHOCTH KPUCTAJINIeCKOTo 6a3nca, X UMEHHO B TaKOM BUJE BTO
nsioskero B [162].

Bribepewm cpeau moloKUTeNLHBIX KOpHEN K7 Te, KoTophle TpUHAI-
nexaT kg, m Te, KoTopble IpUHALIEKAT X

positiveE6insideE7=Select [positiveE7,
Last [rootformE7 [#]]1==0&]
minimalE6insideE7=Select [positiveE7,
Last[rootformE7 [#]]==1&]

Bupouewm, kopuu Eg BuyTpu E7 6 moam xce nopsdxe monydarorca u
mpocTo nopucoBbiBanueM 0 K KOPHAM Fg B 06BIYHOM TOpAIKE:

positiveE6insideE7=Map [Append[#,0]&,positiveE6]

Beca moayns V(w;) kak KopHu E; MepednciieHEl B MOPAIKE BO3pa-
cTaHUA BBICOTHI B Tabauile 4. Buano, yTto moab3oBaThcA »Toif Ta-
6mmiieli Topazmo ynobHee, UeM TpenbIAYINENl, Tak KaK Telleph BCE
KO9®®UIEHTHI B PA3JIOKEHMNW BECOB KakK IIO IIPpOCTBIM KODHAIM E7,
TaK ¥ TI0 COOTBETCTBYIOMEeMY TuniepbomudeckoMy 6asucy ABISAIOTCA
HEOTPUIATEJBHBIMY HEJBIMYA YMCJTAMU.

ParTUUeCKd MBI TPOBOAMIIN BHIUMCIEHNA UMEHHO B TaKOW peasu-
zaimn. B gacTHoOCTW, Temeph A TMOCTPOeHUA TabaUIbl KOHCTAHT
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JAeficTBHA ocTaeTcA JWIb BEIGpaTh M3 mocTpoenHoi B [163] Tabnn-
Bl CTPYKTYPHBIX KOHCTAHT AaA Ky cTpokW ¢ HOMepaMH, COOTBET-
CTBYIOIIUMMU TTO3UITHAAM 3JIeMeHTOB positiveE6insideE7, 1 cTONOIH C
HOMepaMU, COOTBETCTBYIONIMMU MTO3UITAAM 3JIe€MeHTOB minimalE6in-
sideE7, B ciicke positiveE7. PesyabTaT BomponsBeneH B Tabauiie 6.

W3 uucroro mo6ONEITCTBA MBI MOBTOPUIN BEIYUCIeHNAA 13 [163],
HY:KHBIe JIJIA MOCTpOoeHWA »To# Tabmuibl. [Ipm »ToM MBI TONXy4Yman
odepenHoe GilecTAllee MOATBEPKIAEHNE MBICTU KHyTa, YTO KOMIIHIO-
Tepbl CTAHOBATCA BCe Jydllle W Jydllle, B TO BpeMsA KaK BCe OCTANb-
HOoe CTAHOBUTCA BCe Xy:Ke U Xyske. Ha camMom mere, naske TIpu MOMO-
A peKyPPEHTHOTO aJiT0PUTMA BEIYMCIeHWe BTOU TabAuIlbl 3aHUMAEeT
MeHBITle eCATA CEKYHZ, T.e. MeHbIe, yeM B 1990-e roanr 3anmmaio
BBIUMCJIEHUE OJHOUW ee CTPOKM!

BBuny cieayiomiero o4eBHIHOTO (akTa (110 MOBOLY €ro JoKa3a-
TeNbCTBA CM., HalpuMep, [162, memma 4]) KOHCTAHTE! AeWCTBUA 1A
OTPUIATETbHBIX KOPHEN TakKkKe UMTAIOTCA MO 3TOM Tabiuiie.

Jlemma. Jag awbozo o € ®F u awbozo A € A umeem mecmo pasen-
cmeo

Cata,—a = Cx a-

B meficTBUTeIbHOCTY B TIPAKTUYECKUX BBIUMCIEHUAX YaCTO yA06-
Hee T0/b30BaThCA He Tabauieidi KOHCTaHT MeHCTBUA, a MaTpUIen
3HAKOB TpeacTaBiieHna V(wy), CTPOKM M CTOJIBIBI KOTODOW 3aHy-
MepOBaHBEl BECAMH ®TOTO IMPEJACTABIEHNA, & B MO3UIWN (A, (1) CTOUT
KO (Q(UIMEHT ¢y 4_x, ¢ KOTOPHIM KOPHEeBOR »ieMeHT #,_ (1) mpuba-
A 6o 0, ecam p — A He ABaAeTcA KopHeM. MaTpuna
3HAKOB TpejcTaBieHnsa V() AnA HyMepalmy BeCoB Kak KopHel Er
puBeieHa B Tabauiie 7.

BiIsieT v* K v

§7. BECOBASL IMATPAMMA V(@)

BakHBIM MHCTPYMEHTOM TpPU WM3YYEHUM W WCIOJb30BAHUW IPeE-
CTABIIEHUA UCKIIOUUTENBHBIX TPYII ABIAIOTCA 8€C08ble QUAZPAMMDL.
BecoBrle amarpaMMbl 66171 onipenedieHbl JpHEUMABIM B 1951 roay u
KCITOIb30BAJUCH €M0 YYEHUKAMU, B TIEPBYIO ouepenb Buubeprom, oa-
HAKO HUKOrZa He MOABJAJNCH B UX ONyOJIMKOBAHHBIX paboTax, Kak
cka3aiyl aBTopaM caM EBrenuii BopucoBudY, riaBHBIM 06pa3oM M3-3a
YMCTO TEXHUUECKAX TPYAHOCTEN BKIIOUEHUA KAPTUHOK B MaTeMaTH-
YecKUil TEKCT B AOKOMILIOTepHYI0 ooxXy! OHU BU3yadusupyoT mefi-
CTBUE 9JIIEMEHTOB M3 I'PYIILI HA JaHHOM MOAYJ€ U, B MU3BECTHOM CMBI-
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clle, CAYKAT 3aMeHOW OOBIUYHBIX MAaTPUYHBIX BhIuncieHuii. B caydae
MUWKPOBECOBBIX TIPECTABIEHNIA OHU COBMAAAIOT C KPUCTNAAAUYECKUMY
epagpamu Kammpapa. [logpo6Hoe o6cykAeHNe BECOBLIX AUArpaMM U
MHOMKECTBO JaJbHEMIIMX CCBIIIOK MOMKHO HaliTu B paborax [158, 130,

162].

[MepBoHadambHO BeCOBBIE AMArpaMMbl BO3HUKIN B TEOPUHU IMpPE-
CTaBJIEHUH KaK YMCTO KOMOWHATOPHBINA 06 bEeKT, ONMUCHIBAIOMIMUHA 1O PS-
nok Bproa Ha dakTopax rpynnel Beitna — nepsbili Barnaj, cM. 6ubanmo-
rpaduio B [158, 130]. Bekope mociie 8Toro 6b130 0CO3HAHO, UTO [pU
[OMOIIM HUX OUeHb yA0OHO ONMUCHIBATL AelicTBUE I'PYIIIbI/aired pol
Ju ¢ mounocmeio do swaxoe — sTopoh B3rasg, cm. [123, 146, 158,
130]. Hakomell, cpaBHUTEINbHO HEAABHO BBIACHUIIOCEH, YTO B AeHCTBU-
TENBHOCTH BECOBBIE AWATPAMMBI TTONHOCTHIO OTMCHIBAIOT AeHCTBUE,
BKAIONAT 3HAKU — TPETUA BIrNAL.

BecoBaa muarpaMma IpeACcTaBIeHUA T 9TO TTOMeYeHHbI — WX, B
TepMmuHoJIoTMK KammBapa, okpawenusd — opMeHTUPOBAHHEIA Tpad,

® BepIUHBLI KOTOPOT'O OTBEYAIOT BeCaM MpeACTaBIeHUA T, 0OBIIHO
C KpaTHOCTAMMU,

e /IBe BEPIIMHLI A W { COEIUHAIOTCA CTPENKOA C MEeTKOM i — mBeTa
¢, HATIPDABJIEHHOW OT it K A, €CIIM A — jt = «; ABJAETCH ¢-M MPOCTHIM
KOPHEM.

IIpu oTOM cTpedakn 0BBIYHO HE CTABATCA, W MOMOKNATEILHBIMI HAIIPa-
BIEGHUAMM CUMTAIOTCSA HaIllpaBIEHWA CIIpaBa HAJeBO W CHU3Y BBEPX.
Pasymeetrcs, ecam Beca A u/uau pu KpaTHbIe, HY}KHO ellle YTOYHUTh,
YTO MMEHHO MOAPAa3yMeBAETCA 01 9TUM paBeHCTBOM. B obIem ciry-
Yae pelleHre MpobaeMbl KpaTHOCTER co8epuerHo HeMPUBUaAAbHO W
OBIJIO TIOJIYUYEHO TOJBLKO B 3HaAMeHUTHIX paborax Jlwoctura m Kamm-
Bapa B KOHTEKCTE TEOPWM KBAHTOBBIX I'pymmd. Bckope mociae sToro
JInTTenbMaHH TP eIIOKNAI ITOPA3UTENBLHO KPACUBLIA 9iIeMeHTaPHBIHA,
HO BeCbMa XMTPOYMHBIN 1TOJXO0/ K TOCTPOEHUIO 9TUX T'padoB — MO-
deav nymeti. OaHaKo, A1 MUKPOBECOBEIX IIPEACTABIEHUA KPaTHOCTU
BCeX BECOB paBHBI 1, Tak UTO HMKAKUX MIpobHieM He BO3HUKAET.
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BecoBas auarpaMma 4acTo MCIIONb3yeTCA Takke Kak cTeHorpadu-
JecKasd 3alMCh COOTBETCTBYIONIEr0 BecoBOro rpada. Bepummnamu Be-
coBoro rpada CHOBa ABJAIOTCH BCe Beca IIPeJICTaBIEHNA T, HO Tellephb
pefpa OTBEYAIOT &ceM MOJIOMKUTENBLHBIM KOPHAM (a He TOJBKO Mpo-
CTBIM KODHAM, KaK B cllydae BECOBOM AnarpamMme!). VHBIMY ClToBaMM,
Beca A M [ COeAMHAIOTCA CTPeNKoil ¢ MeTkoil o € ®T | mampasienmnoii
U3 f B A, eciii A — i = «. BecoBble rpadbl 4yacTo yA0BIETBOPAIOT
OY€eHb CUJIBHBIM CBOMCTBAM PErYIAPHOCTU U BCTPEYAIOTCA B IPOMA-
HOM KOJIM4ecTBe paboT Mo KOMOWHATOPUKE, KOHEYHBIM NeOMETPUAM
U ynakoBke chep, cMm. [42] u comepsrammecs TaM ccbliku. Becopoii
rpad tuna (Ee,tw;) — mam ero gormosHeHWe! — Ha3bIBAETCA OOBIUHO
rpajpom Ilmedsm. O BuepBble BO3HUK B TeOpUM ajrebpamdecKnx
MMOBepXHOCTENW. A MMEHHO, PACCMOTPUM MOBEPXHOCTH, TOJYYAIONIY-
IocA M3 KOMILIEKCHO TpoekTuBHOM miockoctu P? pasayTuem | Touek
B obmem nonoxeHun. I'pad lnedpnu onuckBaer KorPUrypanmio 27
MIPAMBIX, BO3HUKAIOIIUX Ha »TOW moBepxHocTH Tipu [ = 6.

Toutee, mycts P3 = ]PB(K) — TpexMepHOe TIPOEKTUBHOE TIPOCTPaH-
crBo Han C. Mel ucmonb3yem BhIpaskeHWe KyBuueckas runeprnoBepx-
HOCTb KaK COKpallleHHe s eaadkot nosepriwocmu X C P3 cmenenu
3. Oycrb (xg,21,22,23) — oaHOpoHble KoopauHatel B P3. Torga X
ABIIAETCA MHOMKECTBOM DEIIEHUN KYOUUECKOTO ypaBHEHUA

Zaijklxéx{xgxé =0, i+j+k+1=3.

ITouru nr060ii BeI6op 20 KO®QPUIMEHTOB @jj5; HPUBOAUT K TIaAKOM
MMOBEPXHOCTU: AOIYCTUMBIE BEIGOPHI 06 pas3yroT OTKPBITOE 0 AMHOMKE-
ctBo B P19,

3HaMeHnTaA KilacChudecKasa TeopeMa aarebpamdeckoit TeoMeTpun
YTBEep:KIAET, UTO Ha Kaxk oM KyOndecKoii TUIepIoBepXHOCT X MMe-
eTca 27 UPAMBIX, IpUYeM KOHQUIYpaIiaA »TUX NPAMEIX He 3aBUCHUT
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OT paccMaTprBaeMo#l moBepxHOCTU. A MMeHHO, ecium Y u 7 — OBe
Takue IpAMble Ha X, To aubo Y N Z = (, mubo Y u Z TpaHcBep-
CcaJIbHO TIEPECEKAIOTCA B €JIMHCTBEHHOW Touke. B aarebpawdeckoit
reoMeTpur 5Ty KapTUHKY IIPUHATO M300parkaTh Kak rpad, BepIIUHEI
KOTOPOTO COOTBETCTBYIOT HPAMBIM, IPUYEM JIBE BEPIIAHBI B TOM U
TOJBKO TOM CIJIy4yae COeAUHAIOTCA pebpoM, KOrjaa COOTBETCTBYIOIINE
IPAMBIE TTEPECEKAIOTCA.

TosbKo UTO YIIOMAHYTAA TeOPeMa YTBEDKIAET, YTO MOy YOI~
carpa¢ He 3aBUCUT oT BeIGopa X . [losToMy MBI MOkeM BEIOpaTh A
BBIVKCJIEHNI 0COBEHHO POCTYIO Moaeib. CaMasa nW3BecTHad Ky Orude-
CKas TUIEPIOBEPXHOCTD, 9TO, PA3YMEEETCH, KYOUNECKAT NOBEPTHOCTID
Depma, 3agaBaeMas ypaBHEHUEM

3, 3, 3, 3
zo+x] + x5 +23=0.

Ilycte n = e2™i/3 — mepBoobpasHbi Kopenb u3 1 cremenm 3. Toraa

27 TpAMBIX MOKHO ONUCATL CIEeAYIONNM 06pa3oM:

1 . .
[ij] = {(wo, 21,22, 23) €P? | 2o+ n'w1 =0, w2 + a5 = 0},

9 : :
_ 3 7 _ _
[ij] ={(wo, 21,02, 23) EP” [0+ n'w2 =0, w1 + 7' ws =0},
5 = p? ‘r3=0 Ty =0

il = {(wo, w1, 02, 23) €EP” [0+ n'ws =0, w1 + 7/ =0},

rae B kawkgoM caydae 0 < ¢, 7 < 2. ToT dakT, uTo IpAMBIe BOSHUKAIOT
rpymmaMu 1Mo 3, cpa3y BBI3BIBAET B MaMATH KOHCTPykumio Ppeiinen-
tans Eg. EcrecTtBenHo, 10 He mpocTo coBlianeHue. PenB HECKOIb-

KO CUCTEM anre6paneCKMX ypaBHeHI/Iﬁ, JIETKO MMOJIYHUYUTL CJIeAyIolne
IIpaBUJIA:

r . .
° [ ] nepecexkaeT [ , €CJIM U TOJbKO ecam ¢ = k wnm j = [;
)

1
. [ ] mepecekaer [ ] , €CIIM 1 TOIBKO ecau i—j = k—1{ (mod 3);
ij

1
. [ ] mepecekaer [ , €CIM 1 TOIBKO ecau i+ j = k—1{ (mod 3);
)

2
. [ ] mepecekaer [ ] , €CIM 1 TOIBKO ecau i+ j = k+{ (mod 3).
)

kl

Hapucosas Temepb cooTBeTcTBYIOMMH rpad, Jerko ybemnTbed,
YTO 9TO B TOYHOCTH (ONOAHEHUE BECOBOTO Tpada MpencTaBIcHUA
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(Es,701). A MMeHHO, B BECOBOM rpade KaXIbI Bec COEIMHEH POB-
HO ¢ 16 ApyrumMu Becamu, B TO BpeMs Kak B Ipade, ONUCHIBAIOIIEM
KOHQUIYyparmio 27 MPAMbIX, KaskAasd NpAMad [epeceKaeTca poBHO ¢
10 apyruMu npAMBIMUA.

Tonbko uTO onmMcaHHad KOHCTPYKIMA 27 MPAMBIX JeMOHCTPUPOBa-
aa cumMeTpuio Tha 3 As. MoskHo maTh Apyrye oMMCaHns, B KOTOPHIX
OTUYETIMBO BUAHEI ApyTve cMMMeTpun. Hampumep, B KOHTEKCTe pas-
IyTHUA MIeCTUA TOUeK pi,...,ps € P? Xopolllo BUAHA CUMMeTDPUS THIA
As. A wmMenHo, B ToM caydae 27 NpAMBIX MOMKHO ONMCATHL CJIEMyIO-
mwM o6paszom, cMm. [24, Teopema 4.9]:

o 6 MCKIIOUATENbHEIX KPUBLIX pasiyTus 7 : X —s PZ

e cobcrBeHHEIe TPooOpaskl = strict transforms 15 npAMBIX p;p;,
i #J;

e cobcTBenHbIe TIpoo6pa3bl = strict transforms 6 KoHUMEK, MTpoXo-
JAMNAX Y€Pe3 p1, ..., P ... ,P6, 1 <1 < 6.

B raumre [18] Ta ske KOHQWIYpalWa ONMKWCaHA B TEPMWHAX CHMMe-
Tpum tuma Ds.

§8. OrPAHMYEHUE HA As U Dsy

[Tpu norkasarenabcTBe pesyabraToB o rpynmnax lesanme nan koab-
1aMu OOBIYHO TIPOUCXOAUT MO0 MHAYKIMA MO PA3ZMEPHOCTU KOJIBIIA
— TaKre JI0Ka3aTelbCTBA HA3hIBAIOTCA apupMeTUUeCKUMU, — Au6o 10
PaHry TPYNOIBI — TaKWe M0KA3aTeJIbCTBA HA3BIBAIOTCA NEOMETpPUYe-
cKuMU, — aubo 1 To U Apyroe. na rpynnsl tuna Eg GoabmmmHcTBO
O0BBIYHBIX T€OMETPUYECKUX JOKA3ATETbCTB OCHOBAHBI HA PENYKIUU K
rpymme tuna Ds Tpy MoMoIlu BEMYUCIEHWA C 9IeMEHTAMU, JeKalln-
MU B Tpymne tura As, mubo K rpymmne Tuna As TIpU TOMOIIM BBIYH-
CIEHUI C DIiIEMEHTaMU, JeKAIUMU B TpyIne Tuna Ds. DTu rpyIms
¢ HeoOXOIMMOCTHIO BO3HUKAIOT 110 TOW MPOCTOW MPUYMHE, UTO TIPHU
PEAYKIMK K MEHBIIEMY PAHI'y OOBIYHO yAAJIAETCA OQHA U3 KPaWHUX
BepIuH auarpaMmbl JIbIHKMHA. Y galleHre oy WU g B cucTeMe kg
maet Ds, a ynanenue oy maet As. Tak 4To 9T0 B TOYHOCTH TOATPYII-
bl JIeBU MakcUMaJIbHBIX TTapaboaudeckux noarpynn Py u P uwinn Ps,
coorBeTcTBeHHO. Cayuaii E7 HeCKOABKO ciloskHEE B YACTHOCTH U TIO-
TOMY, 9TO IJIA HETO MPU PEAYKIUU K MEHBITEMY PaHI'y €CTECTBEHHO
BO3HUKAIOT MpU pasziuyHble moarpymnnsl TuroB Eg, Dg u Ag.

[MosToMy miiA MHOTMX BBIUYMCIEHWA HEOOXOAMMO XOPOIIO MOHU-
MaTh, KakK 27-MepHbIl Eg-Mony b YCTPOEH ¢ TOUKU 3peHUsA oT paHude-
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HIA Ha nogcucTeMbl As n Ds. Kak orparndenns V(wo1) Ha [0 AT pYIIIEL
®THUX THUIIOB PacKIaIbIBAIOTCA Ha HEIPUBOANMEIE KOMIIOHEHTHI, X0PO-
10 M3BECTHO W JIETKO MocdnTaTh. Kak o6bAcHeno B [130], ana sToro
AOCTATOYHO MPOCTO 3a4YepKHYTEH peGpa ¢ MeTkoM 2 uau 1 B BecoBoi
AuarpaMMe.

Takum o6pazom,

V(Es, @1) | As = V(As,@1) @ V(As,@4) © V(As, 1),
V(E6, wl) l D5 = V(D5, 0) @ V(D5, W4) @ V(D5, wl).

O6paruTe BHMMAaHWE, YTO HYMepaIlMfA MPOCTHIX KOPHEW M BECOB B
mpaBoil yacTu — 910 oObIuHasd HyMepamusa B As u Dy, coorBercTBeH-
HO, a BOBCE He MX HyMepals KakK IpoCThIX KopHeii FKg. [ToBopsa mo-
MpoCTOMY, IpW orpaHuueHnn Ha As 27-MepHBIH Moaynb V(wp) pac-
KJIaLIBAEeTCA HA JIBA €CTECTBEHHBIX G6-MepHBIX MOIyid U 15-MepHBIH
MOy JIb, ABIAIONIUACA YeTBEPTOUM BHEINTHEN CTEMEHBIO €CTECTBEHHOTO.
[Mpu orpanudenunm uHa Dy 0oH Toxke packianbiBaeTcs Ha TPU Cjara-
€MBIX: OJAHOMEPHBIA MOIAYJIb, TOIYCIUHOPHBIA MOAY L Pa3MepPHOCTH
16 1 10-MepHBINT eCcTeCTBEHHBI MOIY .

IIpu paccmorpennn V(w;) kKak BHyTpeHHero Moayns [llepanne B
rpymnme tuna K7 9Tu pa3iokeHUA cpas3y yCMaTpPUBAIOTCA CJeLyIo-
mmM obpasom. Tak kKak U3 Bcex MPOCTHIX KOPHER TOJABKO vz MMEET
HeHYJIeBOUW Koa(pPuumeHT Npu ey, TO As-KOMIIOHEHTHI Pa3iaMYaloTCA
[0 3HAYEHWIO Kod(pPUIMEHTA IPU €, KOTOPHIA 17 BecoB V(wy) Mo-
skeT mpuHMMaTh 3Havenusa 0,1 m 2. Tarkum obpazom, AadA Toryde-
HUSA BECOB B MOPSAAKE, COTIACOBAHHOM C Ag-BEeTBIIEHWEM, H0CTATOYHO
BbIOpATH M3 CIKMCKA BECA C COOTBETCTBYIOMMUMU 3HAYEHUAMU NEPE Ol
KOMITOHEHTHI U IOTOM CHOBA COEIWHUTDH OJYUYUBINUECH CIIACKU:

minimalE6branchA5=Apply[Join,Table[
Select[minimalE6insideE7 ,First [#]1==1&],
{i,0,2}1]

C napyroi#i croponbl, Ds-KOMITOHEHTHI ymo6HO pa3imyaTh HEMO-
CPEJ/CTBEHHO 110 3HAYEHNIO KOG GUIMEHTA IPU (1, B PA3JIOKEHNN 110
fasncy MPOCTHIX KOPHEH, KOTOPBIA i BecoB V(o)) Takske NpUHIMAa-
et Tpu 30avenua 0,1 u 2. Takum o6pazom, Tpolile BCero TPUMeEHUTH
K Becy rootformE7, a MoTOM HPOAENATh OYKEEAALKO TO ¥KE CAMOE, UTO
B IIPEABIAYIIEM CIIyYae:

minimalE6branchD5=Apply[Join,Table[

Select[minimalE6insideE7,
First[rootformE7 [#]1]1==i&], {i,0,2}]1]
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§9. MATPUIIA 3HAKOB

Temepb y Hac Bce TOTOBO JAJA TOTO, YTO6BI ABHO BBIUMCIUTEH Ta-
GWIBl 3HAKOB TpeacTaBiienna V(w)) U KOPHEBHIE 8eMeHTH. B pa-
Bore [163] Mbl ABYyMs CIIOCOBAMU BBIYMCIIAIM CTPYKTY PHbIE KOHCTAH-
161 anrebper Jlu tuna E;: mpu momMomnu peKkyppeHTHOTO ajropUTMa,
mu[l,i,j], u npu momormu kormkia Ppenkens—Kamna, kacl[l,i,j].
Hoay4garomasca Tabauita cTpYKTYpHBIX KoHcTaHT Eg BocmpounsBeme-
Ha Kak Tabauia 5. A m3 Tabawuier 18 K7 MBI BEIGepeM HYKHYIO HaM
94acTh:

minimalE6insideE7sign=Table[
nul7,positiveE6insideE7 [[i]],
minimalE6insideE7[[j11], {i,1,36},{j,1,27}1]

Onpenenennas B [163] ¢ynruma nul7,x,y] kak pas u BbIpamkaer
CTPYKTYPpHBle KoHCTaHThl juisi E7. Ee oramuve or ¢yHEKuMM mu co-
CTOUT B TOM, UTO apryMeHTaMU ABJAITCA CAMU KODHU, & He UX HO-
Mepa. Ha camom mene, Mbl He obpamanuck K IeKTPOHHOW BepCcuun
[163], a 3aHOBO MepecYUTANM BCe HYSKHBIE HAM 3HAKU. [Ipu 9TOM MbI
C YIOBIIETBOPEHMEM OTMETHUJIM POCT MPOU3BOAUTEIBHOCTH KOMITBHIO-
TepoB 1o cpaBHeHuio ¢ 1990-mu romamMu: naske Mo pPeKyppPeHTHOMY
aJTOPUTMY BBIUKCJIEHWE BCEX HYKHBIX HAM CTPYKTYPHBIX KOHCTAHT
nelicTBUA 3aHAM0 MeHbIle 10 cekyna. [lomyuatomasaca Tabauiia Boc-
mpousBeneHa Kak Tabaurna 6.

Yacro ynobHee monb30BaThCcA Tabiuilell 3HAKOB B JIPYTOM BUIIE,
He Kak Tabiuiell cCTpyKTYPHBIX KOHCTAHT NeMCTBUA, a KaK Mampuy el
amaxoe:

signtable=Table[
nul7,minimalE6insideE7 [[j]1]-minimalE6insideE7 [[i]],
minimalE6insideE7[[i]11], {i,1,27},{j,1,27}]1]

B oramume oT MaTpuIbl CTPYKTYPHBIX KOHCTAHT OeHCTBUA, CTPOKN
KOTOPO# 3aHyMepOBaHBI KOPHAMM, a CTOJOIBI — BECaMU, B MaTpHIlE
3HAKOB KaK CTPOKM, TaK M CTOJOIGLI 3aHyMepOBaHbI BeCaMU MOIY IS
V(). B mosumium (A, ¢t) cTouT Koo GOUITMEHT, ¢ KOTOPBIM KOPHEBOA
BIEMEHT €, TJe « = i — A, npubaBisgeT HoMep cToabIla K HOMEDPY
cTpokm. MaTpuila 3HaKOB BOCIHpoM3BedeHa B Tabauile 7, Bce Hailb-
Helimme TabanUIlbl BEIYUCIAINCDL Ha €€ OCHOBE.

Hike MBI BOCIPOM3BOONMM pe3yAbTATHl B TpeX HyMepaluAx Be-
COB: ecmecmeenHodl, CBA3AHHON ¢ orpaHUYeHeM Ha As M CBA3aHHON’
¢ orpannyenueMm Ha Dg. Tabauia 8 moKa3pIBaeT COOTBETCTBUE DTUX



28 H. A. BABUJIOB, A. 10. JIY3l'APEB, M. M. [IEB3HEP

uymeparwmii. [Ipu »ToM B corsiacuu ¢ TpaaWiiMell MBI HYMEPYEM Be-
ca He HaYWHAA C MJIAJINEro, Kak »To MpUHATO B Computer Science,
a HauYMHAA CO CTapIlero, Kak MPUHATO B ajrebpe. DTo 3HAUMT, UTO
— KpoMe HOMEPOB CTPOK M CTOJOIOB! — BoclpousBeaeHHas B Ta6au-
e 9 MaTpuIla 3HAKOB MOJIyYaeTCA M3 MATPUITLI B TabauIle 7 TpaHCIo-
HUPOBAHUEM OTHOCHUTENBHO MOGOUHON muaroHasu. Takum obpasowm,
38 UCKIIOUEHUEM TUIOIPAQCKUX U3BICKOB — BCEBO3MOMKHBIX \vrule,
\tablerule, etc. — Tabauia 9 npejgcraiger coboii Tabauunyo Gop-
MY CIenyIoNell MaTpUIThL:

minimalE6insideE7signtable=
Reverse[Transpose[Reverse[signtable]]]

Tabaumer 12 n 15 moayyaroTca U3 Hee TepeyNoPpAAOUNBAHNEM Be-
COB B CcooTBeTCTBUU ¢ As-Hymeparwmeinn u Ds-Hymepanmeii, cooTBeT-
CTBEHHO. DTO MOKHO CJejlaTh MHOTUMU CIIOCOOaMu, HAITPUMED, BhI-
YMCJIMB COOTBETCTBYIONMIME TepecTaHOBKU. OAHAKO, MOCKOJIBKY MBI
paBoTaeM C KpOIIEYHBIMA CITUCKAMY, BEIYUCIEHNE ¢ KOTOPBIMU 3aHU-
MaeT JOJU CEKYHAbI, 60poThecsA 3a 2(PPeKTUBHOCTD He UMeeT CMBICIIA.
Cuenyrommas GyHKIMA BO3BPAIIAET HOMEP DIEMEHTA Y B CIUCKE &

search[x_,y_]:=Nest[First,Position[x,y],2]

— HAIIOMHWM, UTO BHYTpeHHAA yHKIMA Position Bo3BpalaeT cnucok
mo3unuit, opopMIIEHHBIX B BUJe CINCKA, I05TOMY HaM HYKHO y6paTh
dee mapbl ckobok. Termepb mepeifiTu 0T ecTeCTBEHHOU HyMepalvu K
As-HyMepaluy MOYKHO, HAIIPUMED, Tak:

minimalE6branchAbsigntable=Table[
minimalE6insideE7signtable
[search[minimalE6insideE7 ,minimalE6branchA5[[i]]],
search[minimalE6insideE7 ,minimalE6branchA5[[j1]111],
{1,1,27},{j,1,27}]
lnsa Ds-aymeparuy mejaeTcss POBHO TO e caMoe, HO Beca, ecTe-
CTBEHHO, BBIOMpAaIOTCA U3 clucKka minimalE6branchD5.

Mgl pa3buiu 1moryvaromuecsa MaTPUIBI Ha OJIOKA B COOTBETCTBUU
¢ As-BerBienueM u Ds-BeTBiieHWEM, COOTBETCTBEHHO, UTOOHI GBI
Jydllie BUAHA WX CTPYKTYypa.

Hanpumep, B Tabauiie 12 B ceBepo-3amagHoM U IOT0O-BOCTOYHOM
yrjax XOpOINo BWUAHBI JBA €CTECTBEHHBIX G-MePHBIX MpeACTABIEHUA
rpymier SL(6, R), cooTBeTcTByIOMEl MoacncTeMe (o, g, og, s, X))
a B CEBEPO-BOCTOYHOM W IOT0-3AMaJHOM yriaX — CKIEUBAIOIEe UX
neiictre Tpymnbl SL(2, R), oTBevaroleii crapiiueMy KOpHIO §.
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C mpyroii croponbl, B Tabauite 15 xopormmo BuaHo, 4ro mpu Dsg-
HyMepalmn s adoboro siiemenTa U3 aarebpol Jlu L tuna Eg mo-
caenuve 10 »i1eMeHTOB TepBOTO CTOJOIA paBHBI () — MMeHHO 2TOT
(pakr deRNT B 0CHOBE MpoBemeHHOTO B [7], [8] JIOKABATEIBCTBA M3
KHUTU nns oToro ciaydad.

§10. DIEMEHTAPHBIE KOPHEBBLIE ®JIEMEHTEI

Tenepb y HacC BCe TOTOBO, YTOOHI BEIYUCIAUTL KOPHEBBIE 2JeMeHTHI
JJI51 BCEX TPEX MePEeYNCIeHHbIX HyMePaIllii KOpHe#. 3a/1a amM Ip ek e
BCEr'0 ®JEMEHTHI €4 :

rooteE6insideE7 [h_] :=Tablel
If[minimalE6insideE7 [[i]]-minimalE6insideE7[[j1]==
positiveE6insideE7[[h]],
minimalE6insideE7sign[[h,j]1],0],
{i,1,27},{j,1,27}]

i ecTecTBEHHOW HyMepaIUW MOMYJAIONIUECA DITEMEHTHI €, TPUBE-
nenbl B Tabauite 10. [Tomueprrem, uto 3mechk 1 < h < 36 ecth HOMED
noaomcumensnozo kopua. M3 §7 MblI 3HaeM, 4TO KOPHEBOW ®JeMEHT
€_q, OTBEYAIONNIi OTpUIlATEILHOMY KOPHIO, paBeH e, Takum o6pa-
30M, OCTaJibHbIe 36 KOPHEBBIX BIEMEHTOB ABJAIOTCA MIPOCTO TPAHCITIO-
HUPOBAHHBIMU K TeM 30 seMeHTaM, KOTOPbIE IPUBEIEHBI B TabiuIle.

Matpuisl rooteE6branchA5[h ] u rooteE6branchD5[h] 3amaror-
CcA AaHAJOTWYHO, HO TIPA HTOM B TIpaBoii yacTu BMecTo h yKa-
3BIBAETCA, €CTECTBEHHO, MeCcTO Beca minimalE6branchAS5[[h]] wmm,
COOTBETCTBeHHO, minimalE6branchD5[[h]] B cmmcke BecoB mini-
malE6insideE7, BHIUMCIEHHOE C MCIOJb30BaHMEM (QYHKIUN search.
ITonyuatomuecsa pe3yabTaThl IpUBeAeHnl B Tabaumax 13 n 16.

Termepb MBI MOX¥KEM JIETKO 3aaTh OCTAJbHBIE KOPHEBBIE 9IIEMEHTHI
Kak MarTpuipl. HampuMep, Tak Kak IpeacTaBieHre V(w)) MUKPOBe-
coBoe, To B HeM €2 = 0 u, 3HAUUT, T,(E) = e+Ee,. [l0DTOMY KOpHEBLIE
BIEMEHTHI 3aJaI0TCA CIIeAYIONUM 06pa3oM.

rootxE6insideE7 [h_,x ] :=IdentityMatrix[27]+
x*rooteE6insideE7 [h]

EctecTBento, mpu omnpeneaeHNN 3I€MEHTOB
rootxE6branchAb[h_,x. ] u rootxE6branchD5[h_,x_]
BMecTo rooteE6insideE7 [h] HyRHO MOIB30BAThLCA

rooteE6branchA5[h] m rooteE6branchD5[h],
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COOTBETCTBEHHO.

Kak 06b1uno, MBI ostaraeM wy(€) = 24()x_o(—cHay(€), rae e €
R*. TakuM oGpasoM, Mbl MOJKEM TellePh 3a/aTh DIEMEHT Wy (€) Kak
MaTpuILy:

rootwE6insideE7[h_,x_] :=rootxE6insideE7[h,x].
Transpose[rootxE6insideE7 [h,-Power[x,-1]].
rootxE6insideE7 [h,x]
1

HakoHer, noaynpocmotl kKopHEBOW sileMeHT ho(g) = we(e)we(1)™1,

rie € € R* MOXHO BBIDA3UTh Yepes Wq(e),

roothE6insideE7[h_,x_] :=rootwE6insideE7[h,x].
rootwE6insideE7 [h,-1]

mi6o, TIPY sKeNTaHni, HETTOCPEJACTBEHHO Yepes pIleMEHTH Z4(&).

BrpodeMm, B Tex BBIYMCIEHUAX, B KOTOPHIX yUaCTBYET HEBOIBINOE
KOJIMYECTBO KOPHEBBIX 9JEMEHTOB, MBI IIPEAMOYNTaeM XPAHUTD U MC-
MOJTb30BATH SIEMEHTHI €4 1 #4(£) KaK paspexcennble MATPUIBI — WHEI-
MU cioBamu, B ¢opmare Sparselrray — u obpamaTbcia K MaTpriaM
27 x 27 ToMBbKO HA CaMOM IMOCJIeHEM BTalle U TOJNBKO B TeX CIAYyYadx,
KoTJa ®TO AEMCTBUTEILHO HYyKHO. MBI He TPUBOAMM COOTBETCTBY-
IomMre KOoAbl. 3HadA TabJWibl KOpHEHR, BeCOB M 3HAKOB, KaKIbIH, KTO
3HaAKOM C OCHOBaMM HporpaMMupoBanua B Mathematica, merko Ha-
HUIIET UX CaM.

§11. UHBAPMAHTHASA KYBUUYECKASL ®OPMA

Fime onvuM BasKHEWIIMM WHCTPYMEHTOM IIPU W3yYeHWUH T PYIIIHI
Meanme tuna E¢ B 27-MepHOM TpeACTaBIeHUN ABIAETCA WHBADU-
aHTHadA Kybudeckas dopma @, ee mosHad noaspuzammsa F u ee 27
YaCTHBIX TPOU3BOIHBIX f1, ..., fo7, omMCHIBaIOIMe ypaBHEHUA HA OP-
6UTy BEKTOpa CTapIIero Beca.

D1y dopmy Buepsble nocrpousn Jleonapa duxkcon B 1905 roay,
a caMble »JeMeHTapHble ee KOHCTPYKIIMU Npetoknan B 1951-1952
roaax Kaonx [epanne u Tanc $peiinentans [48, 49], [T7-82]. ®peii-
HeHTadb paboTall Hal MOJeM XapakTepucTuky (), 11 XapaKTePUCTUK
# 2,3 o1y popmy ucmonbzopaau Toun Crnpunrep, fKak Turc, Txop-
mk Cemurman, Haran [Iixexkobcon, ®epmunann Pensbakami, Apbe
Koonu, Bproc Kynepcreiin u apyrue, cMm., Hanpumep, [100, 101], [139-
141], [143, 144, 153, 154], [165-167], [68-T1], [52] u comep:xammecs
taM ccelnkn. B [140] Toru Crpunrep nai akCMOMaTHYECKO€e OIMCA-
Hre Gopmbl (). EcTecTBEHHO, 2T0 B TOUHOCTU (POpMa HOPMBI MCKIIO-
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4YuTeNbHOW 27-MepHOU WopaaHoBoU anrebpbl. Anpuopu xapakTepu-
CTUEA 2 M 3 MOTYyT co3iaBaTh 37ech npobieMbl. B neficTBUTeND-
HOCTH, KakK OoOHapy:KWJI, Ha 4YyTh Apyrom sAsvike, Maiika Ambaxep
[31-33], »roro He mpoucxoaut. OGLIYHEIE H0KA3aTENHCTBA WIEHTH-
¢UKAIINN NCIOAb3YIOT TPYAHBIE TeoMeTpUUIecKre pe3ylbTaThl: Kiac-
CUQUKAITNIO TPOCTHIX aarebpandecKUX IPYNN WX NPUHAAICKAIYIO
Tutcy moKaIbHYIO XapaKTepU3alnio OUIANHTOB.

o Koncrpyknua B repmuaax 3 As. 3aMedaTedbHad KOHCTPYKIUA
PpeiinenTaisa BCKPEIBAET CUMMETPUIO TI0 OTHOIIEHUIO K 3 As. IlycTh
M (3, R) — mofHOE MaTpUYHOE KOJBIIO CTEMEHN 3 Ha L KOMMY TATHBHBEIM
KoJbIOM IR, a

V={(z,y,2z) | #,y,2 € M(3,K)}

— cBoGoublii M (3, R)-Monynb paHra 3, paccMaTpHUBAEMBIA Kak CBO-
Goanblit R-monynb panra 27. Onpexnenvm Ha V kybudeckyio Gpopmy
I’ cnenytomeit popmymoii:

F((z,y,2)) = det(x) + det(y) + det(z) — tr(zyz).

Torna Gec(Es, K) MoHO oTokAeCTBUTE ¢ rpymmoi Isom(F, K), co-
crofAmeil u3 Bcex mpeobpasopannii ¢ € GL(V) = GL(27, K), Takux,
aro F(g(x,y,2)) = F(e,y, z).

Ha caeamyromem pucyHke MBI BUAMM 3 X 3-MaTpUILI Ha BECOBOWM
auarpamMme 27-MepHOTO TIpeACTaBIeHNA. DTO OrpaHUYeHre T Ha, 110 JI-
cuctemy Thmna 3 Ay, IOPOMKAEHHYIO (rg M BCEMU MPOCTHIMU KO PHAMU,
KpOMe arg:

3 Ay = (a1, as) + (a5, as) + (2, @0).

[Mpu sToMm aumarpamMma paspesaeTcd Mo pebpam, MOMEUYEHHBIM 4, u
BBOJIATCA JOTOJHATEbHBIE pebpa ¢ MeTKoM 0, Coe AMHAIONINE BEPIITH-
HBI, PA3HOCTh KOTODBIX paBHa «p. CaMblil IpoCToli cmocob caenaTh
®TO COCTOUT B TOM, UTOGEI paCCMOTPETh HOpsALoK bploa Ha afdunnod
rpymne Beiina W = W(q)) Torma MHAYIMpOBaHHLIA TopAnok Bpioa
wa W (Eg)/W(Ds) MosHO M306pasuth B Bujie HeCKOHEUHOl MOIOCH,
cocToAIel 13 BecoBhIX anarpamm tuma (Eg, 1), CKileeHHBIX pebpa-
mu ¢ Metkoii 0. IlTocie »Toro HYKHO pa3pes3aTh 3Ty OECKOHEUHYIO
KapTUHKY 1o pebpaM ¢ MeTKol 4 U B3ATh TPU COCEIHUE CBA3HBIE
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KOMIIOHEHTEI:

Ha moayuarormeiica kKapTUHKe OTUETIWBO BUJAHBEI TPU 3 X 3-MaTpUIIHI
n pefictBue Ha HMX Tpex kommid rpymmel SL(3, K). Kaxmaa 9-
MepHasd KOMIIOHEHTA U30MOP(HA TEH30 PHOMY IIPOU3BENEHUIO 8EKMOP-
Ho20 TIpeACTaBieHnA oaHOK Ko rpymiel SL(3, K) u xoeexmopnozo
npencraBienua apyroi kommm SL(3, K). Tlpu sToM Bce Tpu Kommm
SL(3, K) IMEAMYECKNA EPECTABIAIOTCA, TAK YTO KayKAad U3 HUX OIAH
pa3 MoABAAETCA B KayKI0M POJIHU, YTO ABJAETCA 3PUMBIM BBIpAKEHUEM
TPOMCTBEHHOCTH.

e Korncrpyknua B Tepmunax As. [lepBoHavasbHas KOHCTPYKIWA
lurcona obnanana cummerpueir Tuma As. B 1951 roay cmbica stoit
koHCTpYKRImU 06bacHusa Ulepane [48]. AHasoruudble KOHCTPYKIMAK
nozke gasau Ulyaet m Ambaxep [31].

PaccmoTpuM orpanmyenve T Ha TOATPYNITYy Twma As. DTo dKBU-
BaJIEHTHO cllefyIolnieMy pasioskenuto V = U @ /\2(U*) U, rme U —
ecrecTBeHHOe B-MepHOe npencrabienne SL(6, R) = G(As, R). Jomou-
HUTEITLHYIO CUMMeTpuio 1o oTHomenuio & A; = (As)t mMoxuo orm-
caTh CJeayIommM obpa3oM. DTa Komua A1 MOPOKAAETCA g, U COOT-
BeTcTBYIoMmasA noarpymma G(A;, K) = SL(2, K) ocTraBiideT Ha MecTe
/\Z(U*), HO TIpu 9ToM ckilemBaeT ase komwu U . Ilonyuatomeecs 12-
MepHOe TpeAcTaBleHre ABIAECTCA TEH30PHBIM ITPOU3BEIEHNEM €CTe-
cTBeHHBIX npeacrabiennii SL(6, K) n SL(2, K).

B TepMmHAX OMMCAHHOTO BEINIE Pa3iloAKEHUS BHEIIHEE TTPOU3BEIe-
HUe 3ajaeT Ha V ABe TpuiuHeltbie opMBI. A UMEHHO, IPOU3BE AeHUE
ABYX BEKTOPOB M 0JHOT0 GMBEKTOPa Ha ABOMCTBEHHOM ITPOCTPAHCTBE
ABJIAETCA CKAJAPOM, KaK M MpoM3BeseHne Tpex buBekTopoB. McKo-
Mas TpuiuHelHas GpopMa Ha V modydaercs Kak CyMMa 9THUX JABYX.
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Honpobuoe ommucanne GopMEl F' B To#l peanusanuy 1 ABHYIO Tabiin-
Iy 3HaKOB MOMKHO Haiitu B [31].

e Koucrpyknusa B repmunax Dy. B smreparype mo aarebpaunye-
CKMM TPYIIIIaM Yallle BCEr0 MCIIO0Nb3YeTCA KOHCTPYKIUA B TePMUHAX
anrebpol Kenu—/InkcoHa U UCKIIOUUTENbHON 27-MepHOi fiopmaHo-
BOIi airebpbl, KOTOPad BCKPBIBAET CUMMETPHUIO MO OTHOIIEHUIO K Dy
¥ cBsA3b ¢ Fy. DTy KOHCTPYKIMIO MOMKHO OTUCATDH CJIEAYIONIMM 06pa-
3oM. [lycth char K # 2,3 u C' — pacwenumas aszebpa okmMonuono8 Ha
nosiem K| oTBevalomas KBaapaTudHoii opme N. DTo eMHCTBEHHAA
KOMNOZUYUONHAT aszebpa pasMepHocTH 8 Hal mojieM K ¢ mennTens-
mu 0. Unbimu ciaoBamu, N(zy) = N(2)N(y) ana scex z,y € C. B
[70, 37, 144] MOKHO HAWTU MATPUUHYIO PEAJU3AIUIO 9TON ayredpol
¥ MHOTO AaiibHelmux cchiaok. O6o3HaunM depes z — x* KaHOHUYE-
ckylo mHBomIonmio Ha €', a uepes T(x) = x + x* — cien. Bribepem
Tellephb HeHyJIeBble CKaJADHL ¥1, Y2, Y3 € K™ U onpedesIMM MHBOJIIOIUIO
roubita M(3,C):

a— g~ " (a)'y, g = diag(y1,72,73)-

HyCTb J — MHOMXKecTBO 9PMUTOBLIX MaTpUIL 110 OTHOIICHUIO K BTOM
MHBOJJIIINN Nupmim CcJIoBaMMH, J coctout m3 Bcex MaTpuIl BIAa

-1 *
o 3 Y1 Y3L2
_ -1 *
a= 17 71Zs @2 S )
-1 *
T2 Vs V28 a3

rae aj,ag, a3 € K| 21,29, 23 € C. Torna J 3aMKHYTO OTHOCHUTEIBHO
YMHOMKeHU ab = %(wb—i—ba), rae a-b 06bIYHO e MaTPUUHOE YMHOMKEHME
B M(3,C). OTHOCUTENBHO BTOT0 YMHOMEHNUA J CTAHOBUTCA HOpIa-
HOBOW anre6poii, cm. [70, 144]. Ha caenyromeii kapTUHKEe BUAHO, Kak
TPU CKAJAPHBIX U TPU OKTOHMOHHBIX KOMIIOHEHTHI PACIIONIATAIOTCA B
27-MepHOM TIpeCcTaBIeHUN V.
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Temneps o6bIuHaA GopMyna IJA OUpedeaUTeIA
det(a) = ayasasz + T(w12223)—

— o173 7N (21) — vy N (22) — asys v N(xs)

onpenesieT Kyouveckyio ¢popmy Ha J. OnHako o6bIYHO yao0OHee pac-
cMaTpuUBaTh He caMy popmy det, a moaApr30BATH €€ 10 TpUIMHERHON
popmer F' Ha J Takoi, uro F(z,x,z) = det(x).

§12. IHBAPMAHTHASA KYBUUYECKAS $OPMA, CONTINUED

Ete oata KoHCTPYKRIUA GOPMEI, B KOTOPO# OYEBUIHA CUMMETPUA
o OTHoIeHWIO Ko Bceit rpymme Beitna W(Eg), n gorasareibcTBO,
KOTOPOE He UCIIOIb3yeT HUYEro, KpoMe sileMeHTapHOW JTUHENHONH ail-
re6poi, Hameuennl B [158]. Boiee neraibHo »Ta KOHCTpYKIUA 06Cy-
#aaerca B [162], cm. Takke [6].

DTa KOHCTPYKIMA OCHOBAHA Ha TOM M3BECTHOM (paKTe, UTO MOHO-
MBI Ky 6decKoil $opMBI 06pa3yoT odHy OpOUTY OTHOCHUTeJbHO Ieii-
crBudA rpymisl Beiina W (Eg). Hasoem Tpoiiky BecoB (A, p, v) npe-
crapienns V(wy) mpuadotl, ecam A, yu,v — TMOTMAPHO OPTOTOHAIBHBIE
kopuu E7 — wmiaum, 4To TO Ke camMoe, ecid WX TOTapHBIE Pa3HOCTU
A—p, A—v, p—v He ABIAIOTCA KOpHAMU. B TepMmubonorvu Amibaxe-
pa [31] Tpoiira BecoB (A, 4, V) B TOM 1 TOJNBKO TOM ClIydae ABIAETCA
TpUALOii, KOIJa COOTBETCTBYIONIME BECOBLIE BEKTOPEL U7
POKAAIOT CREUUAABHYIO NAOCKOCND.

, vt Y mo-

O6o3nauum uvepes © mHoxecTBO Beex Tpuai, |0 = 27-10. Toraa
TpunuHeiinaa Gopma F TpUHMMAaET CHEAYIONNE 3HAYEHUA:
+1, ecom (A, p,v) € O,
0, uHaYe.

F(vk,v“,v”):{

1 HAM OCTA€eTCA TOJBKO YTOUYHUTH 3HAKU.
Mer 3aduECHpyeM 3HaK TakK, YTOOEI F(v“,v“”,v"”) =1 anda cae-
aytoreii evideaennodd mpuadvt:

1012221 234321
(Ao, po, vo) = (00800 aO 1 323 )

Torma mis M0G0 Apyroi Tpua sl (A, g, V) cymMMa

A+u+u:Ao+uo+uo:24g543
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OpTOroHaJbHA KO BCeM (yHAAMEHTAJbHBIM KOPHAM (..., Q5. DTO
3HAYUT, YTO JUIA KaKAOro (QYHIAMEHTAJIbHOI'O OTPAKEHUS Wo €
W(Ee) nMeeT MecTo cleAyIOMaA ajlbTePHATUBA:

o 6o wo(A, p,v) = (A, p,v),

e 160 B TOUHOCTH ABa Cpeldn BECOB A,/,L, Vv IIepeJBUTa0TCA OTpa-
KEHNEM W, , IPUYEM B PA3JUYHLBIX HallpaBJICHUAX, CKAaKEM,

we(A) = A+ o, we(p) = p —a, we(v) = 1.

[MocMOTpeB Ha 5TO ¢ TOUKU 3peHMA O3HAUEHHOI'o Gasuca +v | Ha Ko-
TOpOM ZJelicTByeT pacwupennas rpynna llesasmge, MBI BUANM, UTO

)\Uu v’

6o MoA AeACcTBUEM wo(l) Tpoiika GasMCcHBIX BEKTOPOB v, vH,

He MeHsercd, aubo oHA TMEPEeXOAUT B Opyzylo TPOUKY W TPU DTOM
MPOUCXOIUT 00Ha cMeHa 3Haka. Takum 06paszoM, MBI ITOJIyUaEeM Cile-
AYIOMMA pesyabTat, chopMyaupoBatibiii B §3 paborn [162] Ha uyTh

JpPYToM sA3BbIKeE.

JlemMma. B uneapuanmunol mpusunednoldl fopme F umeem
F(v*,v", ") = sign(w),

2de w — camndl kopomxutl saemenm epynnw Bedag W(Eg) maxot, wmo
w( Ao, po, o) = (A, p, ).

IIpm npakTUYeCKOM BLIYUCIEHUN 3TOT AJTOPUTM IMPOIIE BCETO pe-
alin30BaTh He TJIALA Ha BCe BIEMEHTHI Tpynnel Befinsa, a mpocto mo-
6aBiiAA Ha KaxKIOM IIare To, UTO MOJYYaeTCA U3 YiKe MMEIOIUXCA
Tpuan mon mAelicTBMeM (QyHIAMEHTaJBHBIX OTpakeHWH, MeHAA IpHU
5TOM 3HaK.

Brauase 3amaamM BbIIeTeHHYIO TPOMKY, 8Mecme €O 3HAKOM:

distriple={Sort[Part[minimalE6insideE7,1,13,27]1]1,1}
Tenepb Mbl A0JKHBI IIpogesiaTh CleAyIOllyIo Ipoledypy: HpoiTuch
MO BCEM MPOCTHIM KOPHAM M BCEM TIepeCTaHOBKAaM TpHaIbl (A, y,v) u
IpOBEPUTh, OJIYYaTCA JU [IPU 5TOM HOBBLIe TpUadbl. Ecau modydat-
cdA, TO NPUMEHUTEL Ty MpoLeAypYy K Kaxaoh us uux. Hanpumep, us
BBIAEJIeHHO TpUaJibl HOIyYaloTCA ABe HOBbLIe

woa(AOa Ho, Vo) = (008001’ 11%221’ 13%321)’

Wae (Ao, fho, vo) = (008011’01%2“’233321),
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IpUYeM OHU, eCTeCTBEHHO, BOMIYT cO 3HAKOM MUHYC, U T.H.

TakuMm 06pazoM, IOPOAUTE CIUCOK TpUa, BMECTE C COOTBETCTBY-
IOIMMMK 3HAKaMU, MOXKHO, HallpuMep, Tak. CHOBa, MOCKOJBKY 9TOT
CIUCOK IOPOX¥AaeTCA POBHO OIWH pa3, MBI COBePIIEHHO He 3a60THM-
cs 06 9P PEeKTUBHOCTH.

triples=Block[{trip={distriple},newtriple},
For[i=1,i<=Length[trip],Outer[
If[MemberQ[minimalE6insideE7,trip[[i,#1[[1]1]1]1]1-#2]a&
MemberQ[minimalE6insideE7,trip[[i,#1[[2]11]1]+#2],
newtriple=Join[Sort[
{trip[[i,#1[[1111]-#2,trip[[i,#1[[2]11]1]1+#2,
trip[[i,#1[[31111}], {-trip[[i,411}];
If[!MemberQ[trip,newtriple],
AppendTo[trip,newtriple]]]&,
Permutations[1,2,3],Most [rootbaseE7],1];i++],
Return[trip]]

Tak Kak MBI Ha KaKIOM IIare copmupyem TPpUAAbl, TO 5Ta QYHK-
A BosBpaimaer ciuucok Og us 45 neynopadovennnz tpuam {A pu,v}.
Uto6b1 monyuuth oTciona crnucok @ Bcex 270 Tpuwaa, HY:KHO MPOCTO
IPUMEHUTH K KayKI0MY BJIEMEHTY CIucKa Oy BCEBO3MOKHBIE TTEPECTa-
HOBKHM TIE€PBHIX TpeX ero 4JacTeil.

Cnucork Oy HeymopsAmAOYEHHBIX TPUAA — BTO B TOYHOCTU TO, UTO
HaM HYHO, 4ToOBlI 3a/aTh Kybudeckyio ¢opmy. IIpm cymmmposa-
HUU TI0 YnopAQouennbzM TPUAAaM BO3ZHUKAET JUITHUA Koo)PUIMEHT
6, KoTophle co3maeT MpobHIeMbl B XapaKTepUCTUKax 2 n 3.

Tabnuna 11 kak pa3 u npeacTaBasgeT coboil CIIUMCOK TpUa, 3alu-
CAaHHBIX KaK MOHOMEI Ky 6udecKoii ¢opMEI IPHW MOMOIIY [TOUCKA COOT-
BETCTBYIOIIMX BECOB B CHMCKe BecoB minimalE6insideE7 m — 4yecTHO
IIoCYWTaHHBIE MPW IMOMOINU onepaTopa D — mpouw3BomHEIE »TOM (op-
MHI.

B tabaummax 14 m 17 npuBemeHB KyOudeckrue GOPMBI U UX IIpO-
u3BoAHble 1A As-mopaaka u Ds-mopsanka. lisa mocTpoeHus sTUX
Tabauil MBI, Kak © B §9, MIPOCTO MpPEBPATUIM CIMCOK HEYIIOPAI0-
YeHHBIX TPUAJ B CIHUCOK MOHOMOB He TIOMCKOM WX HOMepa B mini-
malE6insideE7, a mouckoM MX HoMepoB B minimalE6branchAb wiwm
minimalE6branchD5, cOOTBETCTBEHHO.

Kpome ymoMmMAHYyTHIX B TeKcTe, B 6MOGAMorpaduu MBI IPUBOANM
naiibHelme paboThl, B KOTOPHIX TPOW3BOAATCA BLIYUCIEHUA C WC-
RIIOYNATeNbHBIMU Tpynamu llleBasiige — B TepByIo odyepenb C TPYI-
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mamu TunoB Eg n E7 — B MUHMMANbHBIX MTpeACcTaBlIeHNAX. B yacTHO-
CTH, TUTUPYIOTCA Te MU3BECTHBIE HAM CTaThW, B KOTOPBIX CONEPKATCA
J6HbLE BBIYUCIEHUA — B 0COBEHHOCTH, KOMIBIOTEpPHbIE! — Kakur-mo
CTPYKTYPHBIX KOHCTAaHT, KOPHEBBIX »JEMEHTOB, MHBAPUAHTOB, YpaB-
HeHUW, opb6uT, etc. KpoMme Toro, MBI MIUTUPYEM HEKOTODDLIE 8daXMCHet-
wue paboThl, B KOTOPHIX BTU BLIUUCIEHUA MPUMEHAIOTCA K 3a1aUaM
CTPYKTYPHOU TEOPUM?: OIMMCAHUIO HOATPYIIH, PA3I0KeHMH, KIaCCOB
COTPMKEHHOCTH, TTopokAeHUA, K-Teopum u T.1. Harmm cimcok secvma
CeJIEKTUBEH W 3aBe/IOMO He TIpeTeHayeT Ha MOoMHOTY. Tak, MBI Mpak-
TUYeCKN He IUTUPYeM paboThl, MOCBAIIeHHbIe COOCTBEHHO TeOpUHU
NpeACcTaBIEHUN UCKIIOUUTEIbHBIX T'PYHI, UX IPUMEHEHUAM B aJjre-
Opandeckoii TeoOMeTpUN U TEOPUU YKCeJ, CBA3AHHLIM C HUMHU aBTO-
MOP(HBIM QYHKIUAM, KOMOWHATOPHBIM I'eOMeTPUAM, KOTOMOJIOTHAM,
etc. — a Tarxke paboThl, omy6IMKOBaHHBIE B (PM3WUYECKUX Ky pHaIaX.

?TlepBrIii aBTOp HaudaJs oTy paboTy — Kak U paboTy [163] — B mepBoi# momo-
BuHe 1990-x ronos, raaBHeIM ob6pazom B Musnane u Bunedenbne, uactuuno B
Keomb6pumke nu Bap Unane. fl uckpenHe npusHaTesieH MHOTMUM CBOUM MTAJbsH-
CKAM W HEMENKHUM JAPY3bAM, B nepByto ouepenb Jluno Hu Mapruno u Touu
Baky 3a HeM3MEHHY IO MOAZEPHKKY B TpyAHOe BpeMdA. VIMeHHO coBMecTHBIE pabo-
Tl ¢ Jlu Maprtuno u Erenuem llnoTkuabiM GBLINM Q1A MEHA OCHOBHBIM CTUMY-
JioM pa3paboTaTh ABHBIE AJITOPUTMBL BEIUMCIIEHUN B UCKIIOUNTENBHBIX DPYIIIaX
u 3aTabyIMpoBaTh TO, UTO MAJA BTOr0 HY:HO. I MMen cyacTbe 06CTOATENBHO
06CcyKAaTh ®THU BONPOCHI CO MHOTMMMW JAYUIIMMMK CHENMUAIMUCTAMU HO MCKITIO-
UUTENBHBIM I'pynnaM, B ocobennoctu ¢ Malikmom AmbGaxepom, 'apu 3eliTuem,
Pomskepom Kaprepom, Apbe Kosnom, Bprocom Kynepcrelinom u Mropem ®pen-
kesieM. MHOrMe MOMEHTHI CTaJIM MHE ACHBL UMEHHO B Pe3yJsibTaTe »TUX Gecen. B
nocJjie JHUE TOALI HOBBIA CTUMYJI BEPHYTBHCH K ®TH BONPOCAM M JOBECTU HX 0
KOHIla 6B NaH paboTaMM MOUX YyUEHUKOB, B KOTODHIX HOJYyUeH 3aMeuaTeIbHBIA
Nporpecc B HEKOTOPBIX M3 ®THUX HamnpaBienui: [7-9], [13, 15, 19, 127]. Bcem um
A rayboko Grmaromapen. H.B.
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Tapauna 1. IIon0XKUTEIBHBIE KOPHU Eg

10000 _
0

01000 _
00 =

00010 _
0 0=

11000 _
0

01100 _
0

00011 _
0 =

11100 _
0

00110 _
0=

00111 _
0

11100 _
190=

01110 _
1

01111 _
0 =

11110 _
1 =
01210 _
1 =
11210 _
1 =
01211 _
1=
12210 _
1 =

01221 _
1

12211 _
1=

(0,-1,1,0,0,0,0)
(0,0,-1,1,0,0,0)

(0,0,0,0,-1,1,0)

(0,—1,0,1,0,0,0)
(0,0,-1,0,1,0,0)
(0,0,0,0,-1,0,1)
(0,-1,0,0,1,0,0)
(1,1,1,0,0,1,0)
(0,0,0,—1,0,0,1)
(1,0,1,1,1,0,0)
(1,1,0,1,0,1,0)
(0,0,-1,0,0,0,1)
(1,0,1,1,0,1,0)
(1,1,0,0,1,1,0)
(1,0,1,0,1,1,0)
(1,1,0,0,1,0,1)
(1,0,0,1,1,1,0)
(1,1,0,0,0,1,1)

(1,0,0,1,1,0,1)

00000 _
1

00100 _
o=

00001 _
o=

00100 _
0=

00110 _
0

01100 _
1

01110 _
o=

11110 _
0

00111 _
1

11111 _
0 =
01111 _
1=

11111 _
1=

11211 _
1=

11221 _
1=

(1,1,1,1,0,0,0)
(0,0,0,-1,1,0,0)

(0,0,0,0,0,—1,1)

(1,1,1,0,1,0,0)

(1,1,0,1,1,0,0)

(1,1,0,1,1,0,0)

(0,0,-1,0,0,1,0)

(0,-1,0,0,0,1,0)

(1,1,1,0,0,0,1)

(0,-1,0,0,0,0,1)

(1,1,0,1,0,0,1)

(1,0,1,1,0,0,1)

(1,0,1,0,1,0,1)

(1,0,1,0,0,1,1)
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12221 _

9 =

12321 _

10 To=

12321 _

11 5=
TAapaUIA 2.

100000 _
0

010000 _
0

000100 _
0

000001 _
0001 =

110000 _
0

011000 _
0

000110 _
0

111000 _
300 =

001100 _
1=

001110 _
0

111000 _
1999 =

011100 _
1

011110 _
0 =

(0,-1,1,0,0,0,0,0)
(0,0,-1,1,0,0,0,0)
(0,0,0,0,-1,1,0,0)

(0,0,0,0,0,0,-1,1)

(0,-1,0,1,0,0,0,0)
(0,0,-1,0,1,0,0,0)
(0,0,0,0,-1,0,1,0)
(0,-1,0,0,1,0,0,0)
(1,1,1,0,0,1,0,0)
(0,0,0,-1,0,0,1,0)
(1,0,1,1,1,0,0,0)
(1,1,0,1,0,1,0,0)

(0,0,-1,0,0,0,1,0)

(1,0,0,1,0,1,1)

(1,0,0,0,1,1,1)

(2,1,1,1,1,1,1)

000000 _
1

001000 _
0

000010 _
0

001000 _
1

001100 _
0

000011 _
0

011000 _
1000 =
011100 _
o=
000111 _
0

111100 _
o=

001110 _
1

001111 _
0 =

[TONOKUTEIBHBIE KOPHU E-

(1,1,1,1,0,0,0,0)
(0,0,0,—1,1,0,0,0)

(0,0,0,0,0,—1,1,0)

(1,1,1,0,1,0,0,0)
(0,0,0,—1,0,1,0,0)
(0,0,0,0,0,—1,0,1)
(1,1,0,1,1,0,0,0)
(0,0,-1,0,0,1,0,0)
(0,0,0,0,-1,0,0,1)
(0,-1,0,0,0,1,0,0)
(1,1,1,0,0,0,1,0)

(0,0,0,-1,0,0,0,1)
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10

11

12

13

14

111100 _
1 =

012100 _
7=

001111 _
1

112100 _
1 =

111111 _
0 =

011111 _
1

122100 _
1

111111 _
=
012111 _
P =
122110 _
1

112111 _
P =
122210 _
F10=
112211 _
=

123210 _
0=
112221 _
=
123210 _
2

122221 _
1 =

123211 _
2

123221 _
5 =

123321 _
5 =

(1,0,1,1,0,1,0,0)
(1,1,0,0,1,1,0,0)
(1,1,1,0,0,0,0,1)
(1,0,1,0,1,1,0,0)
(0,-1,0,0,0,0,0,1)

(1,1,0,1,0,0,0,1)

(1,0,0,1,1,1,0,0)
(1,0,1,1,0,0,0,1)
(1,1,0,0,1,0,0,1)
(1,0,0,1,1,0,1,0)
(1,0,1,0,1,0,0,1)
(1,0,0,1,0,1,1,0)
(1,0,1,0,0,1,0,1)
(1,0,0,0,1,1,1,0)
(1,0,1,0,0,0,1,1)
(2,1,1,1,1,1,1,0)
(1,0,0,1,0,0,1,1)
(2,1,1,1,1,1,0,1)
(2,1,1,1,1,0,1,1)

(2,1,1,1,0,1,1,1)

111110 _
S0 =
011110 _
o=
011111 _
0

111110 _
o=
012110 _
F10=

112110 _
1

012210 _
F10 =

112210 _
1

012211 _
1 =
122111 _
1 =
012221 _
1 =

122211 _
1 =

123211 _
1

123221 _
1

123321 _
1 =

(0,-1,0,0,0,0,1,0)
(1,1,0,1,0,0,1,0)
(0,0,-1,0,0,0,0,1)
(1,0,1,1,0,0,1,0)

(1,1,0,0,1,0,1,0)

(1,0,1,0,1,0,1,0)

(1,1,0,0,0,1,1,0)

(1,0,1,0,0,1,1,0)

(1,1,0,0,0,1,0,1)

(1,0,0,1,1,0,0,1)

(1,1,0,0,0,0,1,1)

(1,0,0,1,0,1,0,1)

(1,0,0,0,1,1,0,1)

(1,0,0,0,1,0,1,1)

(1,0,0,0,0,1,1,1)
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15 123321 =(2,1,1,0,1,1,1,1)
16 133321 =(2,1,0,1,1,1,1,1)

17 233321 =(2,0,1,1,1,1,1,1)

Tapnuna 3. BECA V(wm)

10000
- - (1,-Li,22222

0

11000
0

01100
0

00010

_ 00011

)
)
)
)= e
)
)
)

112312y _ 00111
3 0 T
1 12311) _ 00001
3\ 3 1
1 12012) — 01101
3 0 0
1 12311) _ 00101
3 0 T
llﬂna _ 11001
N0 0
1 12011) — 01111
3\ 0 0
1 _T012> _ 1ooo1
N o 0

|
—

o
—

co|m | o= o
— — — —

o
—
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11011
0

)
)
)

11017
0

(
5
d

=l

01010
0

12021
0

il
2_Mo
e
e
e

e

10011 _
0

21011
0

—_ —_
—lo —lo
| |
—lo —lo
| |
e e
—lo —lo
| |
e —lo
—lo _7
| ale
S S
= =
Il Il

o o)
I= I—=
— O — O
1= o
— 1=
Il Il
~~ ~~
= =
N N
[ ) o O
I= _1
i Al
N—r ~—
—lo —lo
3]

10100
1

)
21)

11321
0
11321
3

(
(

—lo

—lo

—lo
e

—lo

213

—lo

11100
1

=l

=l
=l

e

01000
1

)

(

24321
0

00011
0

)

24651
3

(
5

—lo

_ 00001
0

)

24654
3
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10

11

12

13

14

15

16

17

Tapauiia 4. BECA V(w;) KAK KOPHU E;

008001 =(0,0,0,0,0,0,—1,1)

000011
0

000111
0

001111
0

001111
1

11(1)111 =(0,-1,0,0,0,0,0,1)

111111
1

112111
1

122111
1

012221
1

(0,0,0,0,0,-1,0,1)

(0,0,0,0,-1,0,0,1)

(0,0,0,—-1,0,0,0,1)

(1,1,1,0,0,0,0,1)

(1,0,1,1,0,0,0,1)

(1,0,1,0,1,0,0,1)

(1,0,0,1,1,0,0,1)

(1,1,0,0,0,0,1,1)

123211 =(1,0,0,1,0,1,0,1)

123211
1

123211
2

123221
2

123321
2

124321
2

134321
2

234321
2

(1,0,0,0,1,1,0,1)

(2,1,1,1,1,1,0,1)

(2,1,1,1,1,0,1,1)

(2,1,1,1,0,1,1,1)

(2,1,1,0,1,1,1,1)

(2,1,0,1,1,1,1,1)

(2,0,1,1,1,1,1,1)

011111 _
0

011111 _
1

012111 _
1

012211 _
1 =

112211 _
1 =

112221 _
1

122221 _
1

123221 _
1 =

123321 _
1 =

(0,0,-1,0,0,0,0,1)

(1,1,0,1,0,0,0,1)

(1,1,0,0,1,0,0,1)

(1,1,0,0,0,1,0,1)

(1,0,1,0,0,1,0,1)

(1,0,1,0,0,0,1,1)

(1,0,0,1,0,0,1,1)

(1,0,0,0,1,0,1,1)

(1,0,0,0,0,1,1,1)
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Tapauna 5. CTPYKTYPHBIE KOHCTAHTHI G(Eg, R)
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Tapanuna 6. CTPYKTYPHBIE KOHCTAHTBI V(w1)
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TapaunA 7. MATPUIIA 3HAKOB V(w)
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Tapiauna 8. HYMEPAIIMM BECOB: ECTECTBEHHASA, As U Dsy
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TaBauUIA 9. MATPUIIA 3HAKOB: ECTECTBEHHASA HYMEPAIIMA BECOB
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Tapanuiia 10. KOPHEBBIE DJIEMEHTBI: ECTECTBEHHAA HYMEPAIIMA BECOB

€10000 = €12 + €11,13 + €14, 16 + €17,18 + €19,20 + €21,22
0

€00000 = €45 + €67 + €310 + €19,21 + €20,22 + €23 24
1

€01000 = €23+ €9,11 + €12,14 + €15 17 + €20,23 + €22 24

0

€00100 = €34+ €79+ €1012 + €17,19 + €18,20 + €24,25
0

€00010 = €46 + €57 + €1215 + €14,17 + €16,18 + €25 26
0

€00001 = €68+ €710 + €912 + €11,14 + €13,16 + €26 27
0

€11000 = €13 — €9,13 — €12,16 — €15,18 + €19, 23 + €21 24
0

€00100 = —€35 + €0 + €812 — €17,21 — €18,22 + €23 25

1
€01100 = €24 — €711 — €10,14 + €15,19 — €18,23 + €22 25

0

€00110 = €36 — €50 1+ €10,15 — €14,10 — €16,20 + €24 26
0

€00011 = €48+ €510 — €9,15 — €11,17 — €13,18 + €25 27
0

€11100 = €14 + €713 + €10,16 — €15,20 — €17,23 + €21 25
0

€01100 = —€25 — €611 — €814 — €15,21 + €18,24 + €20 25
1

€00110 = —€37 — €49 + €315 + €14, 21 + €16,22 + €23 26

1
€01110 = €26 + €511 — €10,17 — €12,19 + €16,23 + €22 26

0
€00111 = €38 — €5,12 — €7,15 + €11,19 + €13,20 + €24 27
0
€11100 = —€15 + €613 + €516 + €15,22 + €17,24 + €19 25

1
€11110 = €16 — €5,13 + €10,18 + €12,20 + €14,23 + €21,26

0

€o1110 = —€27 + €411 — €517 + €12,21 — €16,24 + €20,26
1

€00111 = —€310 — €4,12 — €6,15 — €11,21 — €13,22 + €23 27

1

eo1111 = €28+ €514 + €717 + €9,19 — €1323 + €22 27
0
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€11110 = —€1,7 — €413 + €58,18 — €12,22 — €14,24 + €19 26
1

€11111 = €18 — €5,16 — €7,18 — €9,20 — €11,23 + €21 27
0

€01210 = €29 + €311 + €519 + €10,21 + €16,25 + €18,26
1

€o1111 = —e€210 + €414 + €617 — €921 + €13,24 + €20,27
1

€11210 = €19 — €313 — €820 — €10,22 1+ €14,25 + €17 26
1

€11111 = —€1,10 — €4,16 — €6,18 + €9,22 + €11 24 + €19 27
1

€01211 = €212 + €314 — €619 — €7,21 — €13,25 + €18 27
1

€12210 = —€1,11 — €213 + €823 + €10,24 + €12,25 + €15 26
1

€11211 = €112 — €3,16 + €620 + €722 — €11,25 + €17 27
1

€01221 = —€32,15 — €317 — €4,19 — €521 + €13 26 + €16,27
1

€12211 = —€1 14 — €216 — €6,23 — €7,24 — €9 25 + €15 27
1

€11221 = —e€1 15 + €318 + €420 + €522 + €11 26 + €14 27
1

€12221 = €117 + €2,18 — €423 — €524 1+ €9 26 + €12 27
1

€12321 = —€]1 19 — €220 — €3,23 + €525 + €726 + €10 27
1

€12321 = €121 + €222 + €3 24 + €425 + €6 26 + €3 27
2

Tapanuna 11. KYBUYECKAA #0OPMA: ECTECTBEHHAA HYMEPAIIMA BECOB

Q(z) = miz13w27 — T1T16T26 + T1T18T25 — T1T20T24 + T1T22T23
— T2x11%27 + T2014T26 — T2L17T25 + T2T19T24 — T2T21T23
+ z3wowar — T3W12W26 + T3T15T25 — T3T19T22 + T3T20221
— T4T7T27 + TaT10T26 — TaT15T24 + LaT17T22 — T4T18T21
+ T5Tewa7 — TpwaT26 + TsL15T23 — TL17T20 + T5L18L19
— TeT10%25 + TeL12T24 — T6L14T22 + T6L16T21 + TTLT25
— T7T12%23 + TTL14T20 — TTL16T19 — T8L9T24 + TyT11T22
— X&13%21 + T9L10T23 — T9L14T18 + T9T16L17 — T10L11%20

+ 10213219 + T11T12018 — T11T15T16 — T12813%17 + T13T14T15
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= X13T27 — T16T26 T L18T25 — L20T24 + T22%23
= —Z11%27 + T14%T26 — T17%25 + T10T24 — T21223
= XoXa7 — T12%26 + T15Ta5 — T19T22 + T20%21

= —X7®7 + T10T26 — Ti5T24 + L17T22 — L18T21
= XeTa7 — TsTas + T15L23 — T17T20 + 18T 19

= X5%27 — T10%a25 + T12%T24 — T14%22 + T16T21

= —X4%27 + TsTas — T12%23 + T14T20 — T16T19
= —T5®26 + T7Tas — T9T24 + T11822 — T13821

= X3%a7 — T8T24 + T10823 — T14T18 + T162L17

= T4l — Lexas + ToLa3z — L11T20 + 13219

—Z2Xa7 + TgToz — T10L20 + T12T18 — T15%16

—&3%26 + Teloa — T7T23 + L1118 — £13%17

= X1To7 — 3T21 + T10%19 — T12%17 + £14%15

Tokoe — LeXaz + T7Lo0 — LoZ1s + L13%15

T3Los — LaZo4 + T5L23 — £11T16 + T132L14

—Z1%26 + TeL2l — T7T19 + ToZ17 — 11215
= —X2%25 + T4&22 — T5T20 + Tol1s — £12%13

T1To5 — LaZ21 + T5L19 — LoZ14 + T11212

Tokoa — £3T22 + TL18 — £7%16 + L10%13

—Z1%24 + T3T21 — 5217 + T7T14 — T10211

= —X2%23 + T3%20 — TaZ18 + Tel16 — T3T13

T1T93 — £3%19 + Tak17 — Tex14 + TsT11

T1To — TaX21 + TsL1s — T7T12 + ToZ1o

—Z1%20 + TaZ19 — T4T15 + TeT12 — Ty

= X1218 — Tal17 + T3X15 — TeL1o + T7xs

—Z1%16 + TaZ14 — 3212 + TaZ10 — T5L3

= X1&13 — LoX11] + T3L9 — X4X7 + T5xs
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Tapianna 12. MATPUIA 3HAKOB IJsA As-HYMEPAIIMU BECOB
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Tapiuna 13. KOPHEBBIE 9JEMEHTHI A0S As-HYMEPAIIUU BECOB

€10000 = €12 + €11,13 + €14,16 + €17,18 + €19,20 + €22 23
0

€00000 = €47 + €58 + €610 + €19,22 + €20,23 + €21 24
1

€01000 = €23+ €9,11 + €12,14 + €15 17 + €20,21 + €23,24

0

€00100 = €34+ €39 + €10,12 + €17,19 + €18,20 + €24,25
0

€00010 = €45 + €78 + €1215 + €14,17 + €16,18 + €25 26
0

€00001 = €56 + €310 + €912 + €11,14 + €13,16 + €26 27
0

€11000 = €13 — €9,13 — €12,16 — €15,18 T €19, 21 + €22 24
0

€00100 = —€3,7 + €59 + €6,12 — €17,22 — €18,23 + €21,25

1
€01100 = €24 — €38,11 — €10,14 + €15,19 — €18,21 + €23,25

0

€00110 = €35 — €70 1+ €10,15 — €14,19 — €16,20 + €24 26
0

€00011 = €46 + €710 — €9,15 — €11,17 — €13,18 + €25 27
0

€11100 = €14 + €313 + €10,16 — €15,20 — €17,21 + €22,25
0

€01100 = —€2,7 — €511 — €6,14 — €15,22 + €18,24 + €20 25
1

€00110 = —€33 — €49 1+ €6,15 + €14, 22 + €16,23 + €21,26

1
€01110 = €25 + €711 — €10,17 — €12,19 + €16,21 + €23,26

0
€00111 = €36 — €7,12 — €315 + €11,19 + €13,20 + €24 27
0
€11100 = —€1,7 + €513 + €6,16 + €15,23 + €17,24 + €19 25

1
e11110 = €15 — €713 + €10,18 + €12,20 + €14,21 + €22 26

0

€01110 = —€2.8 + €411 — €6,17 + €12,22 — €16,24 + €20 26
1

€00111 = —€310 — €4,12 — €515 — €11 22 — €13 23 + €21 27

1

eo1111 = €26 + €714 + €817 + €9,19 — €13 21 + €23 27
0
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€11110 = —€1,8 — €413 + €6,18 — €12,23 — €14,24 + €19 26
1

€11111 = €16 — €7,16 — €8,18 — €9,20 — €11,21 + €22 27
0

€o1210 = €29+ €311 + €619 + €10,22 + €16,25 + €18 26
1

€01111 = —€2,10 + €4,14 + €517 — €922 + €13 24 + €20,27
1

€11210 = €19 — €3,13 — €6,20 — €10,23 + €14,25 + €17 26
1

€11111 = —€1,10 — €4,16 — €518 + €923 + €11 24 + €19 27
1

€01211 = €2,12 + €3,14 — €5,19 — €38,22 — €13,25 1+ €18,27
1

€12210 = —€1,11 — €213 + €621 + €10,24 + €12,25 + €15,26
1

€11211 = €1,12 — €3,16 + €5,20 + €38,23 — €11,25 + €17,27
1

€01221 = —€2,15 — €3,17 — €4,19 — €7,22 + €13,26 + €16,27
1

€12211 = —€1,14 — €2,16 — €5,21 — €8,24 — €9,25 1 €15,27
1

e11221 = —e€1,15 + €3,18 + €4,20 + €7,23 + €11,26 + €14,27
1

€12221 = €1,17 + €218 — €4,21 — €7,24 1+ €926 + €12,27
1

€12321 = —€1,19 — €2,20 — €3,21 + €725 + €8,26 T €10,27
1

€12321 = €1 22 + €2 23 + €3 24 + €4 25 + €5 26 + €6 27
2

Tapiauna 14. KYBUUECKAS #OPMA OIS As-HYMEPAIIMU BECOB

Q(r) = 1213027 — T1016%26 + T1218T25 — L1T20T24 + T1T21 823
— T2x11%27 + T2014T26 — T2T17T25 + T2T19T24 — T2T21T22
+ z3wowar — T3W12W26 + T3T15T25 — T3T19T23 + T3T20T22
— T4TyT27 + TaT10T26 — TaT15T24 + LaT17T23 — L4T18T22
+ wsx7wer — TsT10T2s + TpT12024 — TpT14T23 T TpT16T22
— TeLTT26 + TeTgT2s — TeT9T24 + TeL11T23 — T6L13T22
+ wrx15021 — TrT17T20 + TTT18T19 — TT12¥21 + TL14T20
— T3T16%19 + T9L10T21 — T9L14T18 + T9T16L17 — T10L11%20

+ 10213219 + T11T12018 — T11T15T16 — T12813%17 + T13T14T15
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J1(x) = x13%97 — T16T26 + T18Ta5 — T20T24 + 21723
fz(l‘) = —Z11%27 + T14%26 — T17%25 + T19%24 — T21822
fa(x) = momar — 212826 + T15T25 — T1oTaz + Ta0La2
fa(z) = —2sxa7 + T10%26 — T15To4 + T17T23 — T1sT22
f5(2) = mrwor — 210825 + T12824 — T14%23 + L1682
f6(l‘) = —X7¥26 + TsTas — T9T24 + T11823 — T13T22
Fr(#) = m52o7 — eag + 15821 — T17%20 + L18%19
fs(@) = =427 + Tewas — T12¥21 + T1aT20 — T16T19
fo(x) = mazor — eoa + T10T21 — T1aL1s + L1617
flo(l‘) = X4%26 — TsTas + Tox2a1 — T11820 + T13T19
fll(l‘) = —XaZa7 + TeTaz — T10T20 + T12%18 — T15%16
flz(l‘) = —X3%T26 + T5Ta4 — TL21 + T11818 — T13L17
fls(l‘) = X1%27 — TeTLaz + T10T19 — L1217 + L14%15
f14(l’) = X2%26 — TsTaz + TsTao — ToL1s + T13T15
fls(l‘) = 23%25 — TaZa4 + T7T21 — T11%16 + T13T14
f16(l‘) = —X1%26 + T5T22 — TsT19 + Tox17 — T11%15
f17(l‘) = —Ta%as + T4Ta3 — T7T20 + Tox1e — T12%13
Jis(®) = #1205 — 2420 + 27210 — ToX1a + L1212
Jro(®) = 2owaq — 23223 + X728 — Ts¥16 + T10%13
fzo(l‘) = —X1%24 + 3T22 — T7T17 + T8T14 — T10%11
for(2) = mi®og — oo + E7215 — TsT12 + ToT1o
fzz(l‘) = —%a2%21 + 3%T20 — TaT1s + T5T16 — TeL13
fas(@) = miwo1 — 23819 + Ta17 — T5T1a + TeT11
faa(®) = —21220 + w219 — TaZ15 + ¥5212 — Tl
fas(@) = miz1s — a7 + 23215 — T5T10 + Tels
fas(®) = —x1216 + ®2w14 — T3T12 + Ta®10 — Ty
for(@) = w1z — 2211 + 2320 — Taxs + 2527
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TABIMIIA 15. MATPUIIA 3HAKOB IJA Ds-HYMEPAIIMM BECOB
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Tapanuia 16. KOPHEBBIE ®JIEMEHTHI A4 Ds-HYMEPAIIMU BECOB

€10000 = €12 + €11,18 + €13,19 + €15,20 + €16,21 + €17,22
0

€00000 = €45 + €67 + €310 + €16,17 + €21,22 + €23 24
1

€01000 = €23+ €9,11 + €12,13 + €1415 + €21,23 + €22 24

0

€00100 = €34+ €79+ €1012 + €15,16 + €20,21 + €24,25
0

€00010 = €46 + €57 + €1214 + €13,15 + €19,20 + €25 26
0

€00001 = €68+ €710 + €912 + €11,13 + €18,19 + €26 27
0

€11000 = €13 — €918 — €1219 — €14,20 + €16,23 + €17,24
0

€00100 = —€35 + €690 + €812 — €15,17 — €20,22 + €23,25

1
€01100 = €24 — €7,11 — €10,13 + €14,16 — €20,23 + €22,25

0

€00110 = €36 — €50 1+ €10,14 — €13,16 — €19,21 + €24 26
0

€00011 = €48 + €510 — €9,14 — €11,15 — €18,20 + €25 27
0

€11100 = €14 + €718 + €10,19 — €14,21 — €15,23 + €17,25
0

€01100 = —€25 — €611 — €813 — €14,17 + €20,24 + €21 25
1

€00110 = —€37 — €49 + €314 + €1317 + €19 22 + €23 26

1
€01110 = €26 + €511 — €10,15 — €12,16 + €19 23 + €22 26

0
€00111 = €38 — €5,12 — €7,14 + €11,16 + €18,21 + €24 27
0
€11100 = —€15 + €618 + €58,19 + €14,22 + €15 24 + €16 25

1
€11110 = €16 — €5,18 + €10,20 + €12,21 + €13,23 + €17,26

0

€o1110 = —€27+ €411 — €515 + €12,17 — €19,24 + €21 26
1

€00111 = —€310 — €4,12 — €6,14 — €11,17 — €18,22 + €23 27

1

eo1111 = €28+ €513 + €715 + €9,16 — €18,23 + €22 27
0
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€11110
1

€11111
0

€01210
1

€o1111
1

€11210
1

€11111
1

€01211 =

1

€12210
1

€11211
1

€01221
1

€12211
1

€11221
1

€12221
1

€12321
1

€12321
2

—e17 — €418 + €320 — €12,22 — €13 24 1+ €16,26
€18 — €519 — €720 — €921 — €11,23 + €17,27
€29+ €311+ €316 + €10,17 + €19,25 + €20,26
—e210+ €413+ €6,15 — €9,17 + €15,24 + €21 27
€19 — €318 — €821 — €10,22 + €13,25 + €15 26
—€1,10 — €4,19 — €6,20 + €9,22 + €11 24 + €16,27
€212 + €313 — €6,16 — €7,17 — €18,25 + €20,27
—e1,11 — €218 + €823 + €10,24 + €12 25 + €14,26
€112 — €319 + €6,21 + €722 — €11 25 + €15 27
—€214 — €315 — €416 — €517+ €18 26 + €19,27
—€1,13 — €219 — €6,23 — €7,24 — €925 + €14 27
—e1,14+ €320+ €421 + €522 + €11 26 + €1327
€115 1+ €220 — €423 — €524 + €9 26 + €12 27
—€1,16 — €221 — €323 + €525 + €726 + €10,27

€117 + €222 + €324 + €4 25 + €626 + €8 27

TABiInIA 17. KYBUUECKAS ®#OPMA IJA Ds-HYMEPAIIMM BECOB

Q(r) = z1218027 — T1010%26 + T1X20T25 — L1021 T2g + T1T22823

— T2x11%27 + T2T13T26 — T2T15T25 + T2T16T24 — T2T17L23

+ z3wowar — T3W12W26 + T3T14T25 — T3T16T22 + T3T17T21

— T4T7T27 + TaT10T26 — TaT14T24 T TaT15T22 — T4T17T20

+ T5xewa7 — TpwaT26 + TsL14T23 — TL15T21 + TsL16220

— TeT10%25 + TeL12T24 — TeL13T22 + TeL17T19 + TTLRT25

— T7x12%23 + TTT13T21 — TTL16T19 — TL9T24 + LyT11T22

— T3&17T18 + T9L10T23 — T9L13T20 + ToT15T19 — T10T11%21

+ 10216218 + T11T12T20 — T11T14T19 — T12815218 + T13014 18
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= X18%T27 — T19%26 + T20&25 — T21T24 + 22223
= —%11%27 + T13%26 — £15%25 + T16%24 — £17%23
= Xgkor — T12%26 + £14%25 — T16L22 + L17T21

= —X7Zo7 + T10T26 — T14L24 + T15T22 — T17L20

(2)

(2)

(2)

(2)

(x) = xexo7 — Tsag + T14%23 — 15821 + T16T20
(x) = x5@27 — L10%25 + T12% 04 — T13822 + T17T19
(x) = —xq@a7 + Xsas — T12%23 + T13L21 — 16419
() = —5@as + X7das — Lo®ag + T11022 — L17818
(x) = x3wa7 — Ts2q + T10%23 — 13820 + T15%19
= X4%26 — TeTLas + Tokaz — 11821 + T16T18

= —XZ2%o7 + TsT22 — £10%21 + L12820 — £14%19

—Z3%26 + TeLoa — T7T23 + L11%20 — £15%13
= TaZoe — Lexaz + T7Lal — LoXao + L14%13
= XT3Lo5 — L4¥24 + T5L23 — 11219 + L1318

= —X2%25 + T4%22 — T5T21 + ToL19 — £12%13

Tokoa — £3T22 + TsLa0 — L7219 + T10%13

= —X2%23 + T3T21 — TaZ20 + TeL19 — T3T13

= —X1%26 + TeX17 — T7T16 + Tol15 — £11%14

T1Tas — L4Z17 + T5T16 — Lox13 + T11812
= —X1%24 + 3T17 — TsT15 + T7T13 — T10¥11
= X1Z23 — L3%16 + Tal15 — Te¥13 + TsT11

= X1To2 — L2X17 + TsL14 — T7T12 + ToZ1o

= —X1%21 + T2%16 — T4T14 + TeT12 — T3L9
= X1T20 — L2X15 + T3L14 — LeT10 + T7T3

= —X1%T19 + T2X13 — T3L12 + TaTio — L5283

(z)
(z)
(z)
(z)
(z)
(z)
(z)
(z)
s(l‘) = 127 — TeT17 + B10T16 — £12%15 T L13T14
(z)
(z)
(z)
(z)
(z)
(z)
(z)
(z)
(z)

= X1X18 — LoX11] + T3T9 — X4X7 + T5xs
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of

The present paper is devoted to a detailed computer study of the action
Chevalley group G(Eg, R) on the minimal module V(z;). Our main

objectives are an explicit choice and tabulation of the signs of structure
constants for this action, compatible with the choice of positive Cheval-
ley base, construction of multilinear invariants and equations on the ma-
trix entries of matrices from G(Eg, R) in this representation, and explicit
tabulation of root elements.
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