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OIEHEN YNCJA PAIIMOHAJIBHLIX TOYEKR
HA BDLIITYRJILIX KPUBDLIX N ITIOBEPXHOCTSAX

BBEJEHUE

O6osnaunm dvepes L, MHOKECTBO Y3II0B DEIIETKA (%Z)d. ITomo-
M L, = U _, Ly,. Ilna mpoussombhoro MHOokecTBa A C RY uepes
kyn(A) 0603HAYMM KOIMYECTBO BIIEMEHTOB MHOMKecTBa AN L, , a depes
Kn(A) — rommdecTBO »ileMeHTOB MHOMKecTBa A N L.

lnsa aByx BenuuuH u, v Oyaem mucath u <q v, ecan u < Cg-v misa
HeKoTOpOU koHcTaHThl Cy > 0, 3aBUCAINEN TONTBKO OT Pa3MepHOCTH

d.

B paborax Bepmuka [2] u Bapanu [3] oBHapyskeHa cBs3b acuM-
NTOTUEY TEJOYNCIEeHHLIX MHOTOTPAHHUKOB W MOHATHAA adpuHHOMN
NITOa AW TOBEPXHOCTH (Ha MI0CKOCTH — ad(UHHON ATUHEI KPUBOIA).
PasBuBad Ty CBf3b, Mbl AaAuM (OKOHYATENbHBIA HAUMHAA C pas-
MepHOCTH H) oTBeT Ha Bompoc, 3ajaHHbli aBTopy C. B. Komarm-
HBIM, 0 ToBeneHnn kn(y) n K, (T') He mpu ckoab y2001o Goabwiur 3Ha-
JeHMAX n, a npu acer docmamouno Goavwuzr n. OKasbIBAETCA, UTO
liminfk,(y)/logn < co mpu d = 2 u liminfk,(y)/n%"? < compu d > 3.

A rny6oko npusnatesen A. M. Bepuiury 3a BBeneHue B 9TOT KPyT
BOIIPOCOB M MHOTOYMCJIEHHBIE TToJIe3Hble 0bCcykaenusa. 1 Takxke mpu-
saaternen C. B. KoHATMHY 3a OCTaHOBKY BoIpoca o MoBeaeHun ky, (T')
“B HWKHEM TIpenese’ W ApYyTHWe Tojie3Hble obcyxaennsa u 9. Jliorsa-
Ky 3a IleHHble KOHCYJbTalluu 110 adPrHHON reoMeTpumn. Kpome Toro,
s 6maromapen H. B. lluneBuy 3a TinareibHOe peAaKTUPOBAHUE PY-
KOTIMCH.

1. IIPEABAPUTEJBbHBIE CBEJEHUA:
APOUHHAS NJIOINAJL IIOBEPXHOCTHU

Ecau K C R? — BRIDYKJILIA KOMIAKT ¢ JOCTATOYHO [JIaKON Tpann-
e, To ero apduHHAA MIOMALL MoBepXHOCTH as(K) ompemensercs

174
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KakK

as(K) :/ﬁl/(d+1)dﬂ,
oK

DJe K — rayccoBa KpUBM3HA, a ft — Mepa JleBera ((d—1)-mepHas Mepa
Xaycmopda) vHa OK.

Hazpanue obycnoBiaeHo TeMm, uTo addUHHAA IJIOMAAL ITOBEPXHO-
CTU He MeHAeTCA MPH ad QUHHEIX MTpeobpasoBaHnAX TpocTpancTBa R4
¢ ompenenuTeneM 1 (a NpU TOMOTETUM ¢ KO®(PPUITMEHTOM A yMHOMKa-
ercsa ma AUI=D/(d+D))

Ham HOHaﬂO6I/ITCH cCJaeAyrniee MMpocToe HEPABEHCTBO!

d—1

s(K) <q V(K) T (1.1)

oka3zaTenbCcTBO OCHOBaHO Ha adpPUHHON MHBapHaHTHOCTH as. He
ymaiAsa obmuoct, V(K) = 1 (o6e 9acT UMeIOT 0ANHAKOBYIO CTe-
meHb ogHopoaHocTH). Kak m3BecTHo, m106oe Teso o6bemMa 1 MOMKHO
3aKIIOYUTh B CUMITIEKC oGbeMa He Goibie uem (g (korcranta Cy
3aBUCHT ToNbKO oT d). IlepeBoad 9TOT CUMIUIIEKC B NIPaBUIBHBIA ad-
GUHHBIM Tpeobpa3oBaHMeM C OlNpedesnTeseM 1, MBI MOJIYYUM KOM-
akKT ¢ MJI0INaaAblo noBepxHocTu He Gosee (g m Toit ke apdunHOMN
ILJI0Ia AbI0 MoBepXHoCcTHU. Temeph MPUMEHNM OUeBUAHOE HEPABEHCTBO
R THT < k+ 1 u monyumm, 4Tto

/ﬁﬁg/ﬁ—i—/lgdl
oK oK

oK

(mepBbIii MHTErpad He 3aBucut o7 K 1o teopeme [Naycca—Bonne, BTo-
poii eCTh MIIoMa b MOBEPXHOCTH K, KOTOPYIO MEI yike olnteHmun). He-
PaBEHCTBO AOKA3aHO.

3aMeTuM, YTO €CJIM MOBEPXHOCTH K Tiagkasd JWINh B HECKOJb-
KHUX MeCTaX, TO aHaJIOTUYHOE HEPABEHCTBO BEPHO JUIA MHTErPajia OT
£1/4+1)  pagroro “mo sTum Mectam” .

Nmeerca MHOTO (AITOCTEPUOPU COBMAIAIONNX) 060BIIEHA 5TOr0
MMOHATWA Ha TPOU3BOJBHBIE BHIMYKJble KOMIAKTHl. CM., Halpumep,
pabory Bepuep [5] u npusegennyio tam 6ubiuorpaduio.

BBeeM HeCKOIBKO moHATHA. Eciu K — BBIIYKIbIA KoMIakT B RY,
OyleM HaselBaTh K -IMankoil mepecedvene K u HekoToporo (addun-
HOT'0) MOJYTPOCTPAHCTBA B R4 Nrom bottom(H ) manku I Gynem Ha-
3LIBATH Mepecedenre K ¢ paHUllell onmpenensAmoneid H rumepiocko-
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ctu. Eciu aBa moaympocTpaHCTBA OTIWYAIOTCA TapalellbHBIM ITe-
PEHOCOM, COOTBETCTBYIOIIME MIANKN Oy AeM Ha3bIBATH mMoxoskumu. O -
Ha U3 IBYX MOXOMKUX IATIOK CONEPRUTCA B APYTO#M, COOTBETCTBEHHO
6y/leM Ha3BIBATH UX MEHBINER U GONBITEN MOX0KUMHA MTATKAMUA.
Ham moHamobutcsa cilenyioliee onpeleieHrue adpPpUHHON OaoImanu
[OBEPXHOCTHU IIPOMU3BOIBLHOIO BBINYKJIOTO Teda [5].
Hnat >0 onpenenum nmapaloiiee Teigo K; Kak MHOKECTBO TOUEK
z € K, He mpuUHAIIEXKAIMUX HU ONHOW IMANOYKe 00heMa MEHBIITEro
geM t. DTO €CTh BBIMYKIBIA KOMITAKT, HEMTYCTOW IMTPU AOCTATOYHO Ma-
awix t. [Ipenen
. V(K)—-V(Ky)
lm ————~
t—0 {31
OyleM HasblBaTh adQUHHON MiIomanbio mopepxHocTn as(K) BEIIY-
ritoro tega K. OrasblBaeTcs, YTO 9TOT Mpee CYIECTBYET IJIA BCEX
BBIMYKJIBIX Ten. JIiaA THajenX Tedl OH COBIAAAET (C TOYHOCTHIO 0
MHOMMTENA, 3aBUCAIIETO TOIBKO OT PasMepHOCTH) ¢ ad PUHHOHN 1110~
maabio nmosepxHocTn (cM. [5]).
Hawm moramobuTca Takke ClIeqyroliad JeMMa O TOKPBITAN IIamoy-
ramu ([7, memma 4]).

Jlemma 1.1. Jag docmamouno manozo noaoxcumensmozo € < eg(d) cy-
wecmeyem maxkoe noxpurmue zpanuyst OK aswnyraozo xomnaxma K C
R?® wanowkamu Hi, Ho, ..., Hy, wmo

(i) obsem V(H;) xaxcdol wanowku ne Gonvuse €;

(il) wadidymes maxue NONAPHO HENEPECERANUUECT NOOMHONCECTME
C; C H;, wmo V(CZ) 24 €.

Mycteb cravana as(K) > 0. Bebepem ¢ < gg(d) Takum, uro V(K )—

2
V(K:) < 2as(K)e#1 . 3areMm BbIGepeM MOKPHITHE, YIOBIETBOPAIOIIEE
ycaoBuaM seMMmbl. Torma ms ycaosus (ii) nmeem

2

ne <q V(K) — V(Ky) <q as(K)e&T,

3HaUnT,
d— d—
STV(H) T g ne T < as(K).

Anasornuno, ecau as(K) = 0, 10 MokHO HaiiTh mamnoukn H;, mo-
KpbIBalolre rpanuily K, Takue, 4To

S V(H) T = o(1).

Meur AOKa3aJin cjeyrniee rnmpeajioKeHne.
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Ilpengmoskenue 1.2. [logeprnocms evinykaozo meaa K moxwcno no-
KPBLMD KOHEUHBIM YUcAoM wanovwek H; max, wmo

S V(H) T <4 as'(K),

2de as’'(K) = as(K), ecau as(K) > 0, u as’(K) - awboe noaoxwcumeny-
noe wucao, ecan as(K) = 0.

3ameuanme. Kak ykaszan aBTopy 9. JlioTBak, MHOKECTBO CTpPOTO
BBIIYKJIBIX TeJl C MOJ0KATENbHON adGUHHONM HIT0IMa b0 MOBEPXHOCTH
MMeeT MepBylo Kateropuio Bepa (B cMmbicie Merpukn Xaycmopda)

[6].

2. OLIEHKA OB'BEMA BBIIIYKJIOMA OBOJOYKU
“CUJIBbHO HENEPECEKAIOIINXCSA  MHOMKECTB

CuibHO HemepeCceKaIONUMIUCH Ha30BEM HECKOIBKO BBITYKIBIX MHO-
sectB B RY HM 0/IHO M3 KOTOPBIX He IepeceKaeTCsA ¢ BHILYKIOH 060-
JIOYKOI OCTAJBHBIX. 3/1€CH MBI TOKAMKEM KIIOUEBOE JIIA MOCITE NYIOTTEe-
T0 HeEPaBEHCTBO, CBA3LIBalOIee 00 beMBI CUIBLHO HeTlepeCeKaIOMMX CA
BBITYKJIBIX MHOKECTB M 00 beM WX BBITYKIOU 00607T0UKN

HaMm moTpebyercsa ciiemyiolliee TeXHUUECKOe yTBepKIeHNE.

Jlemma 2.1. Fcau H — wexomopas wanka, mo wafidemcs Menburasd
noromcas wanxa Hi u ewnyxaas noseprnocmsy I' C Hy, mawas, uwmo
T U bottom(H1) ecms samxnymad swnykaas noseprrocms u as(l') >4

d—1 <
V(H) ™. 30ecy nod as nowumaemes unmezpaa om &0 esgmud
no KaxoMy-mo 2aa0koMy Kycky noseprrnocmu I'. B deficmeumeavrocmu
as(T') 6ydem pasee wmo Goavwe.

JoxkazatesabcrBo. [lycth ano mranku H JeXUT B CHNEPIIOCKOCTH
Ri=L = Jz = (21, 29,...,24) : 24 = 0}, H C }Rfll_ = {a =
(x1, ®2, ..., 2q) 1 g 2 0}. Mlycts h — BBICOTA manku H (Hanbombiiasn
Z4-KOODAMHATA TOYeK Ak H ), MycTh OHa AOCTUTAETCA B TOYKE
A, mnycte S — Hanbonpimmii (d — 1)-MepHBIA 06heM MO PU3OHTAIBHBIX
(mapasmenbHerx aHy ) cedenmii H. Torma V(H) < S-h. Bamerum, uro
Halinercs cevenue [ manku H o6bemMoMm >4 S Ha BeicoTe He GoJbITE
h/2. D10 cnenyeT W3 BHINYKIOCTH BBePX KOopHA (d — 1)-0ii cremenn
13 obbeMa cedeHUA Kak (YHKIMU BBICOTHI (MOCTeHEE DABHOCHIb-
HO HepaBeHCTBY BpyHHa-MUHKOBCKOTO). 3aMeHnM H Ha TOXOMKYIO
manky, AHo KoTopoi ecth 1. O6beM »To#l HOBO# IMAIKM, 0OYEBUIHO,
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He MenbIne yeM Oy - V(H). O6osHaunM 3a H »Ty HOBYIO IMAalKy U
6y/ieM OKa3bIBATh JIEMMY JMJA HEE.

Brumrem B T' cumniteke X Hanbombinero o6bema. He ymamnsaa o6i-
HOCTH, MOMKHO CUUTATH, YTO IEHTPOUI HTOTO CUMIIIEKCA €CTH HAYAIIO
KoopAMHAT, U TorAa T comepsnrca B cuMminekce X' = —(d — 1) X:

XCcTcX =—(d-1X.

Paccmorpum d-MepHbIi cumiteke Y = conv (X, A) u Goapimmii cnm-
meke Y = conv(X’, A). TTockoIBKY yCIIOBUE JIEMMBI MHBAaPUAHTHO
OTHOCUTEbHO AeficTBUA adPUHHBIX Mpeobpa3zoBaHMil, MOMKHO CUM-
TaTh CUMILIEKC Y/ TpaBUIBHEIM C PaCCTOSHMEM MEFKILY BEpIIMHAMUN
1 (mmm apyrum ¢purcupoBaHHBIM cuMITekcoM). O6bem manku H 6y-
HeT TOopAAKAa KOHCTAHTHI. PaccMOTPWM BBIIYKIYIO MOBepXHOCTH [
BHyTpu Y’, obpasylomyio BmecTe ¢ X' 3aMKHYTYIO BBIIYKJIYIO TIO-
BepxHOoCThb. Buibepem [y Tak, 4Tobbl rayccoBa KpUBU3HA B TeX ee
TOYKaX, KOTOPHIE J&KAT BHYTPHU Y | CYIECTBOBAJA U ObIJA MOJIOKU-
TenbHOU. PaccMoTpyM BBITYKIBIA KOMOIAKT K1, ABIAIONIUACA BHITY-
kioii obonouroii Iy NY u T. B kauectse T' Bosbmem 0Ky \ T. Tlo
MMOCTPOEHUIO MOBEPXHOCTh [ COMEPKUT HEKOTOPBHIA IIaIKUil KYyCOK
[y ¢ monokuTENBHONW MayCcCcOBO KPUBU3HOM, MODTOMY OHA YIOBJeE-
TBopseT Tpebyemoil olleHKe Ha adpPUHHYIO IIIOMAIb.

Ilycty H;, ¢+ = 1,...,n, — Henepecerawimuecsa K-manku, V; =
V(H;).
HokaxeM citemyioliee HePaBEHCTBO:

d—1 a—1

S VT g v (2.1)

JlokazaTesbcTBo. Brmiiem B kamkayio manky H; moBepxHocTb [
TaK, UTOOBI BHIIOJTHANNCE yCJIOBUA JeMMBI. Torma seBas yacTb Oy-
meT He Goublne ad@@UHHON ITomany MOBepXHOCTW BBITYKIONH 060-

d—1
aouku conv U;I';, KoTopas B cBolo odepeab He Goabmie wem (g - V aFt
corsacHo HepaBeHcTBy (1.1).

OcHOBHBIM YTIBeEDPHKIACHUEM DTOTO Haparpa(ba ABJAAETCA CIHEAYIO-
masd JIeMMa.

Jlemma 2.2. Hyems K C RY — gnnyrand xomnaxm, ennyrasie KoM-
naxkmur F; C K, ¢ = 1,... n, maxoer, wmo nu odun xomnaxm I}
He nepecexaemces ¢ ennykaol o6oaoukol ocmasvnniz. Qbosnavum V; =
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V(F;), V=V(K). Toeda

JlokazaresbcTBo. He ymands obIiHOCTH, MOMKHO CUMTATDH, 4yTo K =
conv UF;. Jlnsa kaxmoro MHOM¥KecCTBA F; pacCMOTPUM THUIEPIIIOCKOCTD,
OTHENAIONYIO €r0 OT BCEX OCTAJNBHBIX MHOMKECTB. DTa TMIEPIIIOC-
KOCTb OTJelisgseT HekoTopylo K-manky H;, comepskamyio F;. Ilyctb
A; — camas BbICOKas (B CMBICJIE€ PACCTOAHUA 0 TNIOCKOCTH JHA) TOY-
ka mankn H;. fcuo, uro A; € F;. O6osHauuM depes H! MOXOKYIO
Ha H; MeHBIIYIO IMAIKy, IHO KOTOPOW BTpoe Gimwke K Touke A;, deM
auo manku H;. Mockonbky H) comep:UT rOMOTETUYUHEIR ¢ K03 du-
mrenToM 1/3 obpas mHOoxecTBa Fj, mMmeeMm onenry V(H!) >4 V(F;).
Horaskem, uro mamnku H] He mepecekaroTca. IIpeamonoRnM mpoTuB-
HOe — HEKOTOpas TOYKa & cMoria monacTh B manku Hi u Hi. Mpo-
BeleM B Touke A; TMIEPIIIOCKOCTh, MapajliielbHYIO AHY IMmanku Hi,
n o6o3HauMM 3a f(-) QYHKIIMIO PACCTOAHWIA [0 ®TOW THIEPIIIOCKO-
ctu. Mycrs f(x) = 1; Torga BHe mamku [ nveem f > 3. Toura x
JIEKUT B BBITYKIOW 060I0YKe MHOMKECTB Fj. 3HAYUT, HAWIYTCA HEO-
TpUIlATeNbHBIE YKMCIa A; ¢ CyMMol | u Touku x; € F;, Takue, UTO
z =5 Awx;. IlpuMenas K 9ToMy paBeHCTBY QYHKIMIO f, monydaem

L= fe) =M f(e) + > fle) 230+ As+...),

i22

oTkyZa A1 = 2/3. Amasoruuno, As > 2/3, U MBI MoJy4aeM MPOTUBO-
peune. Ocranoch MIPpUMeHNTh HepabeHcTBo (2.1) k mankam H).

3. OIIEHKA KOJIMYECTBA PAIIMOHAJBHBIX TOYEK HA ITOBEPXHOCTHU

Teopema 3.1. Ilyems K — gwinykavtli muozoepannux ¢ N gepuuramu
e RY. Tozda .
V(K) 2q N1 -minV;,

20e V; — 065eMbl 8CEBOBMONCHBE CUMNAECKCOB € BEPWUHAMU 8 8EPUUN AL
Muozoepannuxa K.

JokazarenbcrBo. [lna kaxkmoil BepmmHbl A; paccMoTpUM MHOTO-
rpaHHUK K, ABIAIONIMACA BHITYKIOW 060I0YKON OCTAIBHBIX BEPIIUH.
IIycte X; — rpanp MHOTOrpaHHMKa K;, Takasd, uro A; u K; nexarT 1o
pasubie ctoponbl oT X;. O6o3HaunM depes Y; BHIMYKIYIO 06O0IOUKY
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conv(A;, K;). PaceMoTpuM iiA Kak0To ¢ MHODOTDAHHWK Y, TOMO-
TeTWUHbIA Y; ¢ meHTpoM A; m kosddurmentom 1/3. 3amerum, uTo
KayK/asd TOYKa MHOIOTDAaHHWKA Y; MpejacTaBrMa Kak JUHERHAA KOM-
GuHaImA Touek A;, mpudeM KosQhuimeHT npr A; He MeHbIIe yeM 2/3.
HokaskeM, urto Y; He mepeceKaeTcs ¢ BBHIIYKIONH 060I0UKOi 0CTalh-
HBIX Yj’. IIycts ¢ = 1. B BeIIyEKJ0# 06070UKe MHOKECTB Ys, Y3, ...
Kayk/asd TOYKa & IpPeCTaBUMa Kak BBITYKIad KOMOWHAIMA BepIuH A;
MHororpaHnuuka K, npudem kosduimenT npu Bepimte A; He 6oib-
e yeM 1/3 (970 BepHO A KaKI0T0 U3 MHOKECTB X3, X3, ... 110 OT-
JAENBHOCTH, & CTailo OBITh, W JJA WX BBILYKIOA 060I0YKN.) 3HAUNT,
paccTodgHWE OT & JO TUIOCKOCTH X1 He GoJbllle TPeTU pPACCTOAHUA
JI0 TOM TIIOCKOCTH OT ToUKU Aj (paccTodHME CUMTAEM CO 3HAKOM
Tak, 4TOOBI B TOUke A OHO OBIIO MOJOKUTENBHBIM, & B OCTAJbHBIX
BePIMHAX HETONOKNTENBHEIM). A B MHOTOTDAHHWUKE Y] PacCTOAHME
0 ®TOW MIOCKOCTHA HE MEHBINE ABYX TPETEW PACCTOAHUA 0 HEE OT
Touku A;. Ocrajgock MpUMeEHNUTDL JemMMy 2.2.

Caencreme 1 (Duapioc [4]). Hyems K - sunyrabtti MHo202pannux ¢
N yeavimu sepwunamy ¢ R Tozda

V(K) 24 N,

oka3aTenbCcTBO cpa3y cleayeT W3 TeoPeMBI WM Toro QakTa, UTo
obbeM d-mepHOro cumiiekca kpared 1/d!.

CaencrBue 2. [Tyems K — ewnykand muozozpannuk 6 RY ¢ N gep-
WUHAMU, KOOPOUHAMBL KOMOPHLL PAUUOHAABHEL U HE NPELOCTOOTM M.
Tozda

V(K) 24 No o= (41,

JokazarensctBo. [lia HekoTOpOTO d-MepHOTO cuMIIekca X pac-
cmorpum d + 1 BekropoB Buaa (&1, Za,...,%q,1), COMOCTABIEHHBIX
BepimHaM (&1, &2, ...,%q4) cuMmiuiekca. Onpeaennrenb, cocTaBieH-
HBIA 13 9TUX BekTOPOB, paBeH +V (X)/d!. Eciu Bce BepImHBI paliio-
HAJBHEBI, TO 9TOT OMPENEIUTENh €CTh E0€ YUCIIO0, NeJIeHHOE Ha TIPO-
U3BeJleHNEe 3HaMeHaTeleli. Kcim Bce 3HaMeHATe N He (OIBINE M, TO
oTpeleanTeb He Menbire deM m~ (1) Ocramoch Bocmonb30BaThCA
Teopemoit 3.1.

Sameuanwue. [lo cymecrBy, Teopema 3.1 Bblia mokasana B [4], xoTs
TaM oHa He ObLia ABHO CHOPMYJIUPOBAHA U MCIIOJIH30BAIACH JIUIIEL B
ciaydae ciaeacTBUsA 1.
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Teopema 3.2. Iycms V ecmv obsem suinykaofi 060404KU NOLEPTHO-
emu . ITpu d = 2 das docmamouno Goavwur n > N(T') evnoangemes

oYenKa
d—

Ko(T) g n=t - Vi (3.1)

=

npu d = 3 nafidemes cxoav y200mo boavwoe n, maxoe, Mo

d—1

kn(T) <gn=2.Viar, (3.2)

IIpu d = 2 0ag oepanunennoti cmpozo ewinyxaoll kpueot v, naou,ads avi-
nykaoll oboaouku xomopodl pasna S, nafidymes ckoav y2o0no 6oavuine
n, 04F KOMOPHLY

kn(v) <2 logn - S5, (3.3)

JlokazaTesbcTBo. llepBoe yTBepikjeHMe cpa3y cleayeT U3 Clel-
cTtBUA 2 Teopembl 3.1 (ech COOTBETCTBYIOIIME PAMOHAJIBHBIE TOY-
KM He 06pa3yroT MHOIOTPAHHUKA, TO JAeMCTBYyeM MHAYKIIMENR 1Mo pas-
MepHOCTM). Bropoe yTBep:EaeHUe cieqyeT W3 MepBOro U (OPMYJIIHI
BRJIIOYEHUIN U UCKIIOYUYEHUINA:

i i (D) = Ko (D) o+ K[ 5](0) + K (D) o+ Ky (1) <a Ua(n) - Vi
" (3.4)

rae Us(n) = nlogn, Ug(n) = n?~! mpu d > 3.

HeiicTBuTenpHo, obosHauasa depes k' ([') KoaudecTBO TOUYEK MHO-
wectBa (I'NLy) \ L,-1, HECHOKHO BUIAETh, uTo obe (mepBasd u
BTOpas) dacT Gopmyisl (3.4) paBHBI CIEAYIONEMY BBHIDasKEHUIO:

n
3 k() [2]
s=
Ocranoch 3aMeTuTh, uTo Tipu d > 3 pAn Zk_(d_l) CXOIUTCA, a

npu d = 2 ero YacTUYHLIE CYMMBI PACTYT JIOTapUPMUUIECKN.
W3 nepasenctsa (3.4) nmeem

n
q i km < ’
5 anin (7) <a Ua(n)

OTRyZa cienyioT oieHrn (3.2), (3.3).

C nmomompio gemMMbl 1.1 MoxkHO ycuauth Teopemy 3.2.
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Teopema 3.3. [lycms as ecmb afdunnas naowads NOGEPTHOCTNY BBINY-
ka0l 06oaouKky o2panuvennotl cmpozo awnykaol noseprwocmu I' C RY.
B cayuwae d = 2 obosnanum 3a al afdunnyo dauny dannod oepanuren-
noll cmpozo evnykaotl kpueotl v. lpu d > 2 daxg docmamouno 6oavwux
n > N(T') evnoangemes oyenxa

K, (T) <qgn?t-as';
dax d = 3 npu docmamouno 6oAbWUT N BUNOAHIEMCT OUEHKA
kn(T) <4 n®=? . as’.

IIpu d = 2 npu docmamouno 6oavwur n Qaf 02paruveHHOd cMpozo 8bi-
nykaol xpusod v, naou,ads sunykaoll 06oaouky xomopod paena S, ume-
eM

kn(v) <2 logn - al’.

3decy as’ obosnanaem as, ecaw as > 0, u A060€ NOAOACUMEADHOE UUCAO,
ecau as =0, 4 anarozuynoe cozaauwenue umeem mecmo dag al.

JokaszarenbcTBo. BriGepeM MOKpPBITHE MOBEPXHOCTHU BHIMTYKJIIOTO Te-
na conv(I') mamoukaMu, ymaoBIEeTBOPAIONIEE YCIOBUAM TP €1T0OMKEHIA
1.2, u TpuMeHUM K KasKZI0U IMarmoyke Teopemy 3.2.

Anajoruuno JAOKAa3bIBAE€TCs, UTO IIPU A1060M JO0CTaTOYHO 6 OJIBIITOM
SHaQUYEHMM 7 BBLIIIOJIHAETC OILl€HEKaA

d(d—1

kn(T) g as’ -n-aF

rje as’ uMeeT TOT 3Ke CMBICI, 4To U B Teopeme 3.3. B [9] mokasano,
aTo Ha miockocTy k() = o(n?/3).

4. O TOYHOCTHU OLEHOK TEOPEMBI 3.2

IMpenbraymue naparpadbl OTHOCUIUCH CKOpee K TeOMETPUM. 31eCh
MBI 06paTUMCA K apuMeTHEe.

Omnenrn (3.1) n (3.2) Tounsl Haumbas ¢ d = 2 u d = 5 cooTBeT-
cTBeHHOo. IlprMepoM mMoBepXHOCTH, Ha KOTOPO MaKCUMAaJIbHO MHOTO
pallMOHAJBHBIX TOYEK, ABIACTCA € AMHUYHAA chepa.

Teopema 4.1. Jas edunuunoll cepn I' = S ¢ wewmpom e wnyae
UMEIM MECMO CAECOYIOULUE OUCHKU CHUSY:

Kn(S*1) >4 0t (4.1)
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dag d>2 u

kn(ST1) >4 02 (4.2)
dag d > 5.

JokazareancrBo. PaccMorpum cHavada caydait d = 2. Kakmoi He-
cokpaTumoli mpaBuabHON Apobu t = a/b, b < \/n/2, cooTBeTcTBYET
rouka (2t/(1+t%),(1—1?)/(14+t?)) na eqHUUHON OKPYKHOCTU CO 3HA-
MeHaTesieM He 6oubiiie n. [Ipy »ToM pasHBIM APoGAM COOTBETCTBYIOT
pasHble ToOYKHU. [1oCKOMBKY HECOKPATUMBIX Apobell co 3HAMeHaTeTeM
< n He MeHbIe ueM cn?, nojydaem otleHky K,(S1) > c¢-n.
Mepeiiaem & ciyuato d > 3. Ilycts A(n) oGo3HadaeT KOIUYECTBO
pellleHUid ypaBHEHUA x% + x% + -+ xfl = y2 B IeJIBIX 4Yuciiax, He
MpeBocxXoAAmuX 1o Moaymo n, u B(n) = K,(S971). Toraa

A(n) = B(n)+ B(n/2)+ B(n/3)+ ...

(9TO paBEHCTBO JOKa3BIBaeTCA aHamormduo popmyie (3.4)). Kpome
toro, B(n) < Cqn?~! nna meroropoit kKonctantel Cy — »To caemyert
n3 HepaBerctBa (3.1) maa T = S9=1. Orciona moiydaem, 4To eciu
A(n) > €% -n?"! ama HekoTopoit kKouctanthr C), To B(n) >4 n?"!. B

camoMm mere, Bei6epem Takoe N > 0, urto Cy 5. k=4 < C%/2. Torna
k>N

NB(n) > B(n)+B(n/2)+ -+ B(n/N) = A(n)— > _ B(n/k) >an’™".

Takum 06paszoM, AOCTATOUHO MOKa3aTh, uto A(n) >4 né~!. Ilaa
n > 4 3aMeTuM, 4YTO ypaBHeHUE x% + x% + ...+ xfl = y2 npu Ka-
FIOM HeUeTHOM Yy MMeeT XOTA Obl cg - |y|*~! pemenwit B meanix um-
cmax xi, Ts,...,xq. JelicTtBurensHo, mpu d = 4 KoJW4YecTBO pere-
Huii o TeopeMe fIko6m paBHO ydeTBEpEHHOW cyMmMe mesuTesneid n.
FEcau d > 4, 1o, BRIGUpasA MPOU3BOJIbHbIE YETHBIE T5, Lg, ...,Tq B
npomeskytke [0, |y|/d], Mbl cMoskeM 3aTeM MOAOGDPATHL I10AXO0IAIIME
T, To, T3, £4 X0TA Ol |y| ciocobamu. CyMMUDY s 110 BCEM HEUETHBIM
Y, TIoJIy4daeM TpebyeMyIo OIleHKY.

Tak:ke 3ametuM, 4to npu d > b ypasHenue z7 + ...+ x2 = n? npn
mo6om n uMmeer xora 661 Oy - n?~? pemenmii. JlocraTouno BhIGpaTh
NIPOM3BONbHBIE 5, Tg, ..., T TMOAXOAAMENA YeTHOCTU B IIPOMEKYTKE
[0, |yl/d], a 3aTem nmomo6paTh MoAXOAAINME X1, T2, X3, L4 — XOTA ObI
ly| ciocoBamu. Dro moraseiBaeT oleHRY (4.2).



184 ¢. B. IIETPOB

Temneps paccmorpum moapobuee cayuait d = 3. ObozHauum 3a
C(z) ROMMYECTBO YHOPALOUYEHHBIX TIAp {71, 22 } B3AMMHO MPOCTHIX Ile-
JIBIX TayCCOBBIX UMcell, Takux, 4ro max(|z1|, |z2]) < z. Tak, C(x) =0
npu ¢ < 1. 3amernm, yto obuiee KonuydecTBO D(#) ymopAmoUeHHBIX
map rayCcoBBLIX YMCEJ, He MPEBOCXOAANIMX M0 MOAYIIO T, paBHO

/
D(z)= Y C(z/|2]),
2€L[4]
rje CyMMWUPOBaHWUE TPOU3BOAUTCA IO BCEM HEHYJEBBIM T'ayCCOBLIM
LEeJIBIM, IPUYEM U3 YKuced {a, —a,i-a, —i-a} BIGUpaeTcsa POBHO OIHO
(To ecTh QaAKTUYECKNW CYMMWUPOBaHWE MPOM3BOANTCA IO HEHYJEBHIM
naeanaM B Z[i]). DTo cpasy BUAHO, €CIIU 3aMETHUTDH, UTO KOJIUUYECTBO
nap ¢ HOJI, pasuem a, pasrao C'(z/]al).

Hockoanbky D(z) pacrer kak m2z*) a psn ZzEZ[i] |2|=* cxommres,

aHasoruuHo paccyxaeruio ¢ A(n) u B(n) momygaem, uto C(z) > cz?
mpu z > 1.

Paccmorpum napy 6 = {21, 22} B3aMMHO IPOCTHIX T'ayCCOBBIX Y-
cem z1 = a+bi u 29 = ¢ — di, ana korophix A 1= a? + 0% < n/2, B =
¢+ d* < n/2. O6oznauum u = (a + bi)(c — di) = (ac+ bd) + (be — ad)i.
MMape ¢ mocraBuM B cooTBeTcTBHe peliienne #, = 2(ac + bd) = 2Ru,
oy = 2(be —ad) = 2Su, v3 = > +b* - —d* = A- B, y =
a?+ b2 +c?+d? = A+ B ypasHenusa x5 + z2 + 23 = y? B neaBIx un-
cirax, Mo MOJYJIO MEHBIUX N. 3aMEeTUM, YTO OJHO U TO sKe pelleHre
CTABUIIOCH B COOTBETCTBUE He (ojiee UeM MECTHAANATH Pa3TudHbBIM
mapam 6. [leficTBuTenbHO, 3Had &1, &2, X3, Y, MOKHO BOCCTAHOBUTH
sHaueHua uucena A, B, u. VI3 B3auMHOW TPOCTOTHI 21 W Zzy CIHEIyeT,
uro HOJI(A,u) = a + bi, HOI(B,u) = ¢ — di. To ecth uncaa zy, zs
Olpe/lesieHbl ¢ TOYHOCTBIO 0 YMHOMEHUA Ha eJUHUIBI KoJbla Z[i].

o moka3aHHOMY KOJMYECTBO TAKUX Hap f He MeHBIIe ueM ¢ - n?,

UTOo "N Tpe6OBaHOCb.

5. [IPYTUE TOCIEAOBATEJIBHOCTU MEJKUX CETOK

Orpanuuumca paccMOTPEHUEM IIIOCKOTO CIydad.

Paccmorpum careaylomuit Bompoc. IlycTh 3amana mociie1oBaTelb-
HOCTH HATYpPaJbHBIX MHAEKCOB §1 < s2 < .... Hackombko GBICTDO
MOKET PACcTH MOCIeA0BATENbHOCTE k(sy,;7) ¢ pocToM n (3/€Ch MBI TIe-
peobosHauun ky,(y) — k(m,y) Bo m3beskanne NBOWHBIX WHIAEKCOB)?
OkasblBaeTCs, 4YTO OTBET 3AaBUCUT HE TOJBKO OT CKOPOCTU POCTA 110~
CIEIOBATENLHOCTH {5, }, HO U 0T ee apuUpMETUUECKAX CBOUCTB.
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[MpenbsaBuM aBe KBaApATUYHO pAaCTYIIMWE IOCIEI0BATEIBHOCTH,
[ KOTOPBIX OTBET Ha BOMPOC O MaKCHMAaJbHO BO3MOMKHOM POCTE
BeJMYMHBL k(S,;7) CYIIECTBEHHO PAa3IUIaAETCA.

CHauajla paccMOTDPUM IIOCIefOBaTedLHOCTL S, = n’. Kpusas
v = {(t,1?),—1 < t < 1} nokaswBaer, uro k(s,,7y) MOkKeT pacTu Kak
MUHUMYM JTUHEWHO TI0 7.

Temepb paccMOTpPUM MHOMeCTBO urced uma 25 -m, rae m < 2% (1o
€CTh YMCedl, JUIA KOTOPBIX HaubOoIbINMNI HEUETHBINA 1eIUTeNh MEHBIITE,
JeM MaKcUMalbHasd JAeNAMNAd YMCIo cTelleHb aBoiikm). HazoBem mx
MuatbIMU. [IpoHyMepyeMm ux: 2 = 51 < §9 < ....

3aMeTyM, UTo KOJMYeCTBO MUJILIX YMCell, He IpeBocxoaammx 27V
e Menpire 2V (MUTBIMI  ABJIAIOTCA BCEe YKCa BUIA 2N 1, 2N
2, .. .,2N~2N) u e Gomapire yem 27V 11 (ansa raskmoro k=1,2,...,N—1
Haiizercs He Gosee uem 2F MuibIx unced, KpaTHeX 2% HO He KpaTHBIX
2k+1. eme e Gomee wem 2V Munbix umces kpartHnl 2V UTOTO MMeeT-

ca He Gosee uem 2+ 22 4 - 4 2N « ONHL gy qlxlcen). Orcrona
CAEeNyeT, 9TO S, €CTDh YMCJIO IMOPSIKa n°.

O1ieHuM cBepxy MHOUMYM

inf k(m,7)

22N—1<m<22N

A7 HEKOTOpPOW (UKCUpPOBAHHON OTpaHWMYeHHOW CTPOro BBINYKIOH
KPUBOM 7, B3ATHIA MO BCEM MUJBIM YUCJaM 1M W3 YKa3aHHOTO IIPO-
MexyTKa. ByzeM paccMaTpuBaTh TOJBKO MUible uncia Buzaa 27 p,
rae p — mpoctoe umcao u3 mpomexyTra (2871 2V Takux wmumabx
unces xora 661 ¢2V /N, rme ¢ — HekoTopas aBcoIOTHAA KOHCTaH-
ta. HazoBeMm »Tu Muible yucia 3aMevaTe IbHBIMU. HekoTophie TOUKMN
ceTok Lp ¢ 3aMmevaTedbHBIMUA k MOTYT JjexaTb Ha ceTke Lov. Ho
ux He Gosee C(y) - 22N/3 (cmenctue 1 Teopempr 3.2). Mckmounm
WX W3 paccMOTpeHusA. Temeph AJA BCEX PA3IUYHBIX 3aMedaTelbHBIX
k Toukm ceTok L, JAekammme Ha 7, PA3JUYHBI. 3aMETUM, UTO JIO-
6ble TpU TaKWe TOYKM 00pPaszyloT TPEYTOJbHUK IIIOMAAA HE MeHee
gem 1/(2 - 2%V pipaps) > 273V ~! (norasarenncTBO amasmorwuHO AOKa-
3aTesbCTBY cieacTua 2 Teopembl 3.1). O1crona cieayer, 410 obiee
KOJIMYECTBO TOUEK C 3aMevaTelbHBIMU 3HAMEHATENAMN HE MPEBOCXO-
AT 0(7)25N/3. 3HauYUT, UIA OJHOTO W3 3aMedaTelbHBIX 3HaMeHaTe-
seit Touek He Gogee wem C(y) - N - 22N/3,

Wrak, misa mocienoBaTelbHOCTH MUJIBIX 3HaAMeHATeNeld OKa3bIBa-

ercd, uro liminfk(s,,y) - W < 0.
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YD ToT MpUMeEp MOKA3LIBAET, UTO OTBET Ha BOMPOC O BO3MOKHOM
KOJIMYECTBE TOYEK MEJKUX CEeTOK Ha KPUBOW 3aBUCHUT HE TOJBKO OT
pPa3MepPOB CETOK, HO M OT MX B3aumMopaciojoxkenusd. [losTomy ecre-
CTBEHHO PACCMATPUBATh HE TOJBKO CETKU L, = %Zz, HO ¥ CABUHYTHIE
cetkn L) = x, + %ZZ, DJe X, — HEKOTODEIA BeKTOp caBura (BrIGUpa-
eMBIil, BOOBIIE TOBOPSA, MPOMU3BOJBHO).

3mech yHAJ0oCh M0Ka3aThb CIEAYIONYIO OIeHKY, HaAMHOTO Gojee
cnabyio, yeM oreHka (3.3) (KoTopad COOTBETCTBYET CIYUal0 HECABH-
HYTHIX CETOK).

Iycth L] — MHOMKECTBO y3JI0B HEKOTOPO# ceTkM ¢ marom 1/n (Bo-
o6me ropops, 0 ¢ L), ay — orpaHudeHHaA CTPOTO BHIMYKIAA KPUBAA
Ha mnockoctu. O6osnaunm kl,(y) = #(L, N7).

Teopema 5.1. B smuzr 0603naenusr

k7 (7)

lim inf
log/Sn - \/n

< 00.

HaMm moTpebyetrcsa citemyiomas JeMMa.

Jlemma 5.2. [lyems R, S > 1. Tozda woaunecmeo (ne paswnwiz dpye
Ipyey) MmpeyzoabHUKOS ¢ YEABMYU BEPUWUHAMU, JAUNBL CTROPON KOMOPYT
ne Goavwe R, a naowads ne boavwe S, ne npegoczodum C - RS,

JoxkazarensctBo. Ilycth Havamo koopaumHaT Touka () — oAHA U3
BePIIMH TPeyrodbHUKOB. 3adukcupyeM BekTop X = OA ommoit us
CTOPOH W TIJIOMAMb. PacCMOTPUM TpeThbU BEDPIIUHBI 5TUX TPEYTOJb-
HukoB. OHU JeKaT Ha ABYX MPAMBIX, MMapajliielbHBIX BEKTOPY X,
U PacCcTOoAHME MERAY COCETHUMM BO3MOMKHBIMU BEPITMHAMU PaBHO
|x|. OTpesku, BbicekaeMble IPAMBIMEU HA OKPYMKHOCTU paauyca R, e
6oabiie yeM 2R. IlosToMy EKoamdecTBO CIocoGOB BEIOpAThH BEKTOD
BTOpO#i ctoponsl ectb O(R/|x|). Cymmupys o mapam {(x, sHa4YeHME
MITOIMAIN) }, TONYYAEM, YTO TPEYTOJBHUKOB He GOJbIle YeM

R
C-8y —
x|
IxI<R
ITocnennsasa cymMma, Kak HETPYJIHO BUIETH, €CTh O(RZ).

,Z[OI{a3aTeJIbCTBO TEeopeMbl 5.1. I/Iﬂeﬂ AJOKa3aTeJdbCTBa COCTOUT B
CJHEAYIOIIEM. s KasKa0M CETKM, KOTOpasi COAEPHUT MHOI'O TOYEK
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KPUBOI 7y, paCCMOTPUM TPOUWKA TOCIEA0BATENBHBIX TOUEK DTOUM CeT-
Ku, Jgexarue Ha v. [loaydurca MHOTO TPeyTroJIbHUKOB C PAIMOHAIh-
HBIMU cTopoHaMu. Hukakve Tpu u3 HUX He TOMOTETUYHHI. [lpumenss
TeMMy 5.2, morydaeM TpebyeMyIo OIeHKY.

[TpuBemem camo moKa3aTe bCTBO. ByleM paccMaTpUBaTh IIPOCTHIE
quciia n B ipoMexyTke oT N no 2N. X Konu4vecTBO eCTh BelIMUMHA
nopsaara N/ log(N). peamono®nm, 4To 1A KaKI0T0 TAKOTO N XOTSA
OB C’logl/6(N)\/N TOUEK COOTBETCTBYIONIEH ceTku L/, nexar Ha Kpu-
Boii v (31eck C' — GoubINas 3aBUCANIAA OT ¥ KOHCTAHTA, KOTOPYIO MEI
BBIGepeM ToToM). JIJIA KaskI0T0 N pAacCMOTPHUM TPEYTOIbHIKN, 06pa-
30BaHHBEIE TPOMKAMM IMOCHeNOBATENBHBIX BepimH u3 L), N~y. Cymma
IIEPUMETPOB 9TUX TPEYTOJbHUKOB NPU GUKCUPOBAHHOM N OT'paHUde-
Ha, Kak 1 CyMMa KyOudecKUX KODHeil m3 ux miromaneii (qemma 2.2).
ITo HepaBeHncTBY UebbIeBa X0Ts OB MOJOBUHA U3 BTUX TPEYTOJIbHA-
KOB MMeeT TIJI0Ialb He Gojlee c/(log?’/10 N~N3/2), a CTOpPOHHI He Holee

c/(log1/6(N)\/N) (3mech ¢ — KOHCTAaHTA, KOTopad Maja, ecan C' Beiu-
ka). KamzaoMy TakoMy TpeyToJbHUKY COOTBETCTBYET TPEYTOJNBHUK C

1/6 N, u nuoma-

1eJbIMU CTOPOHAMM, HEe MIPEBOCXOJANINMU cx/ﬁ/ log
JbI0, He MIPEBOCXOAAIIEH cx/ﬁ/ log?’/6 N. Bce Takue TpeyroiabHUKU 110
BCEM paccMaTpUBaeMBIM n 6yayT pasauusbl. OB6Iee KOJIUIECTBO I1e-
JIOUMCJICHHBIX TPEYTOJIbHUKOB ¢ TAKMMMU OT'PAHUUYEHUAMHU Ha CTOPOHBI

5/6

¥ TJI0IMAh 0 jieMMe 5.1 He MpeBOCXOIUT cN3/2/log N. C mpyroii

CTOPOHHI, UX XOTA OBl CN3/2/10g5/6 N — mpoTuBopeyne.

Bonpochl

1. Kak MBI BHIACHWIIM (I0KA3aTENbCTBO CIEACTBUA 2 TeopeMbl 3.1),
JM06BIe TPU TOYKM MHOMKecTBa L, Ha MIIOCKOCTU JNOO0 KOJJIUHEAPHHI,
60 06pasyioT TPeyroJdbHUK IIomaan XoTA 66 ¢/n®. PaceMoTpum
TOYKKM MHOKecTBa L, Jexkalue B eTMHUYHOM KBazaparte. Bcero 6y-
IeT mopAka n® Touek. Kak MHOTO M3 HUX MOKHO OTMETHTH, UTOOLI
HUKaKue TpU He OBIIM KOJJIWHeapHBI! Y TOUHEHHad rumoresa | eii-
J6pOHHA YTBep:KAaeT, 4To A Jjioboro € > 0 u3 K Touek BHyTpU
e IMHUYHOTO KBaAPaTa MOMKHO BEIOpaTh TpU, 06pa3yIomue Tpeyroib-
HuK matorma,m He 6ostee uem C: -k*~? (Bo3MOHO, BBIpOsk IeHHbIiA ). Ta-
KUM 00pa3oM, W3 9TOH TUIOTE3BI CJAEAYET, YTO OTMETUTH MOMKHO He
GonbIle YeM O(n?’/z"'a) rouek. C Apyroii cTOPOHBI, HpuUMep n* oTMe-
UEHHBIX TOYeK Ipu A > 3/2 Obli 6bl U KOHTPIPUMEPOM K YTOUHEHHOM
runotese ['efin6ponna.
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2. Iaa cTporo BeIIykJdoro Teia K C RY onmpememum ero momdu-
HUPOBAHHYIO apOUHHYIO TIO0IMAAb TOBEPXHOCTU KaK

d—1
liminf V™",

Ille HIWKHWEM Ipefes GepeTcda Mo BCeM MOKDPBITUAM HMoBepxHocTH K
ImrarnovYxaMu o06'beMoB V;, MaKCHMAJbHEIA M3 KOTOPBIX CTPEMHTCA K
HYJIIO.

W3 nemmbr 1.1 u HepaBenctBa (1.1) cieayer, uro Moanpumpo-
BaHHAA adPUHHAA [IIOMALb TOBEPXHOCTH asmy (K ) n addunHaA MTI0-
maib moBepxHocTh as(K) yaoBIETBOPAIOT OIEHKAM

as <4 a8, < as.

Kamerca BepoATHBIM, UTO B [NeHACTBUTEIBLHOCTH aS, = (g - as nusa
HeKOTOPOH KoHCTaHTHL (g, 3aBUCAMIEH TOJBKO OT pa3MEepHOCTH, HO
He oT K. D10 onpeneneHne appUHHON IJIOIMIAIN IIOBEPXHOCTH OBLIO
6Bl B pAfe clyvaeB yIoGHBIM. AHaJOIMYHEIA BOIPOC MOMHO 3aJaTh
Y [Ipo HIGKHUN mpefelt

a-1
lim sup Z Vo

max V;—0

B3ATHIN 110 BCEM Ha6opaM HelmepeCeKawInX s Talrovekr 06HeMoB ‘/Z

3. Bepmuk [2] mokasail, 4To BBIIYKJIbIE MHOTOYTOIBHUKA C BEPIIU-
HaMM Ha MEeJKOW CeTKe, PACIIOJOKeHHbIe BHYTPU JaHHOTO KBaApaTra
P, KoHIEHTPUPYIOTCA B OKPECTHOCTW KPUBOW, comep:kaieiicsa B F
AMEIOTIER MaKCHMaJbHYIo adPUHHYIO IIMHY (9Ta KpuBad oGpaso-
BaHa YETHIPhMA KyCKaMu mapaboJ, BIWCAHHBIX B YTIBI KBAJApaTa;
Bapanu [3] 0600mma »ToT pe3yiabTaT Ha ciydail IPOU3BOJILHOTO
BHIMYKJIOTO MHOTOyToMbHUKA [7). EcTecTBeHHO OKMIATH aHAJOTHY-
HOI'O ABJIEHWA W B cTaplieil pa3dmMepHocTu. [lepBEIid Bompoc, BO3HU-
KAIOIWi B CBA3KM C BTUM, — €IMHCTBEHHA JIM BBIMYKJIaAd MOBEPXHOCTH
BHYTPHM AaHHOT'O MHOTOTPAHHWKa (HAIpUMeD, Kyba), peailusyIomas
MaKCUMyM adpQUHHOM Tmomann (CyIiecTBOBaHe TaKOH TOBEPXHOCTH
HECJIOKHO TONYYATH M3 COOOparkeHUil KOMITAKTHOCTH U MOJYHEpe-
PBIBHOCTH CHW3Y (YHKIMOHAJNA ¢s B MeTpuKe Xayciaopda)?

4. CymecTByeT JW CTPOrO BBINYKJIad KpWUBafd, MJIA KOTOPOM
limk,(y) = +00? DMnupudeckrne coobpaskeHnA M0ACKA3BIBAIOT, YTO
Aa, CyIecTBYeT.
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