3aluCKu HAYIHBIX
cemuuapos IIOMU
Tom 370, 2009 r.

®D. IleTpos

IBA DJIEMEHTAPHBIX IIOJAXOIA K
IOPEIEJBLHBIM ®OPMAM IUATPAMM IOHTA

HMoporoun Hune HukosaeBHe YpaabiieBon

B CBA3M C ee omwrieeM

3ajada O BLIMUCJAEHUN IpeneabHerx popm auarpamm HOHra m apyrux
FeOMETPUIECKAX ¥ KOMOMHATOPHBLIX KOH(PUTYpAIM ¢ TEMH WA WHBIMUA
CTATUCTUKaMU OBLIa BO BCel OOMHOCTY mocTasieHa B 70-x rr. A. M. Bep-
mukoM (cM [4] 1 ykasaunyio Tam 60mee paHHiow aureparypy ). Ocobo nog-
YEPKUBAIACH BAXKHOCTB U3Y9IE€HUA MpeaeabHbx popm auarpamm FOura B
CBS3M C Teopued pa3OUeHnN HATyPalbHbIX YUCEI, CTAT(PUIUKON, TEOPUEH
OpenCTaBICHUN U OP. ACUMITOTUKY PA3TAIHEIX UHIWBU LY ATbLHLIX (DyHK-
[IOHAJIOB OT pa3OUMeHUN PACCMATPUBAIUCH PAHEE B BEHIEPCKOU IIKOJIE
(Opgew, Typan u np.). Haxox nenue npegeabHOn pOPMBL TO3BOIAET Cy-
IUTHb 00 ACUMIITOTHYIECKOM IOBEIEHUM CPa3y BCEX HEMPEPLIBHBIX (PyHK-
nuoHaaoB. /s HamboIee eCTECTBEHHOrO CIy9as — PABHOMEDHOI'O PACIIPe-
IeJeHUs Ha Pa3OMEeHUAX HATYPAILHOrO YUCIa — OIpeaeibHas popMa ObLIa
npusegera A. M. Bepmmkom n C. B. Kepoeeim B padore [1] u HesBHO
Hangesa B [2]. B dusuueckon pabore [3] oHa Takxke ObLIa IpUBEeHA,
HO 6e3 BCakux KomMMeHTapueB. [Iupokui KIacc NpuMEpPOB TAKUX 33139
paccMorpeH B [4], TaM ke, HO-BUAMMOMY BIIEPBBIE, IIOCTABICHA 334294 O
6okce (npegenbHas GpopMa pasbUEHUN C ONPAHUYIEHHBIM TUCJAOM U Pa3Me-
POM CJIaraeMbIX) U IPUBEAEH OTBET (CM. Takke [5]).

B mamHOUM 3aMeTKe MBI, MUHYS GOJBIION KAHOHUYIECKUU AHCAMOJb, HA
KOTOPOM OCHOBaH MeTo[ [4], sIeMeHTapHBIME METOZAME HOLYYaeM MIpe-
IEIbHYI0 (POPMY IS HEOIDAHWIEHHBIX W OCPDAHUYIEHHBLIX Pa3OueHUU B
ClIydae PaBHOMEDHOU CTATUCTUKA. 1lpm 3>TOM MBI (DAKTHIECKH HMCIOIb-
3yeM (PYHKIWIO, 33Ja0ILYI0 IIPEIIbHYIO (DOPMY, ITO YIPOIIAET OUEHKH.
IlonyTHO MPUBOAUTCA €€ OAWH DIEMEHTAPHLIA BLIBOI [VIABHOT'O “LICHA,
acuMnTOTHKYA Xapau-Pavanymxana QyHKIIN JUmepa IuciIa pa3oneHnn.

Kawuesvie caoea : pas3bueHus, npeneabHble (pOpMBIL.
Pabora BeinoaseHa npu puHAHCOBOU 104 Aepx)Ke rpanTos PDDU-08-01-00379-a u
HIII-2460.2008.1 .
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3areM Obl paccmarpuBaeM 6osee OOIIYIO 3a4ady O MYyJIbTUILIMKATUB-
HBIX CTATACTUKAX, IOCTABICHHYIO K PEUIEHHYI0 BO MHOI'MX YACTHBIX CJIy-
vanx B [4]. TyT MBI IpUBO UM OOIIYIO CXEMY PACCY K AEHUN, KOTOPAs OATh
JKe MUHYEeT PacCMOTpeHue OOJbIIOr0 KAHOHUIECKOT'0 aHCAaMOJIA, U TeMOH-
cTpupyeM ee paboTy MJIsA Caydas pa30MeHud Ha PA3IUYIHbLIE CIAraeMble.

A 6aarogapen Amaronuio MouceeBruay Bepuimky 3a mocTanHoBky 3a-
AU ¥ MHOIOYUCJIEHHBIE [IOJEe3HBIEe 00CY XK [EeHNU.

Odra paboTa OCHOBAaHA HA NBYX TEKCTax, HamucaHHeix B 2004-2005
rogax. Oque u3 HUX ObLI OmyOaMKOBaH Kak mpenpuat [TOMU, sTopon
He OBl OmyOaukoBaH BOOOmE. OH COCTABUI OCHOBY MOEU JUIIOMHOU
pabOTHI, BLIMOJHEHHON Ha KadeIpe MaTeMaTUIeCKOU (PU3UKKA MATMEXa,
CII6I'Y . MaTemMaTuvdeckoe U 49eI0BEYeCKOe BIUAHUE, OKA3AHHOE HA, MEHs
ee pykoogureneMm, Hunou HukomaeBHOU YpaubueBou, TPyIHO MEPEOLE-
HUTB. S1 pa BO3MOXHOCTH OIIyOJUKOBATH DTOT TEKCT B COOPHUKE, TOCBS-
mensoM ob6mirero Huaer HukonaeBHEL.

1. ACUMITOTUKA YUCJA TUATPAMM FOHT'A B IIOJIOCAX

Ounpegeaum p(n, k) Kax KOIUIECTBO PAa3OUEHUN HATYDPAILHOIO TUCIA
1 Ha ClIaraeMble, He npeBocxondaume k (IOpsaIoK CIaraeMbIX HE YIUThIBA-
ercs). Mus k = n noaygaem p(n,n) = p(n) — KOAMIECTBO BCeX pa3bueHUn
YUCTA 1.

Pasbuennio A\Fn: n=ky+k; +ks... Ha craraemnie kg > k1 > ko >

. comocTtaBuM duaepammy FOnea: Y = UP {(z,y) i <y <i+1, 2 <
k:}. I'panuyet guarpamMbl HaM OyeT yIOOHO HA3BIBATH TOABKO 9aCTh
CPAHUIBI, HE TIPUHAIJIEKALLYI0 KOOD IUHATHBIM OCSIM.

Paccmorpum mHOXKECTBO P, ), pa3bueHnil n Ha CIaraeMble, He [IPEBOC-
xogsue k. PazobbeM ero Ha IBa HOQMHOXKECTBA: B IEPBLI OTHECEM TE,
B KOTOPBIX €CTh CJAAraeMoe, paBHOE k, BO BTOPOU — Bce ocTaibube. [lon-
CUYMTHIBAS KOIXIECTBA PA3OMEHNN B dTUX IIOAMHOXKECTBAX, [TOIYIaeM

p(n, k) = p(n — k, k) + p(n, k — 1) (1)

leomerpuueckn paszbuenusam us P, j; COOTBETCTBYIOT IUAIDAMMEL C IIN-
puHOU (rOPU3OHTAIBHBIM padMepoM) He Goubuie k. Cummerpus orHOCH-
TEJIBHO HpﬂMOﬁ Y = T TIOKA3BIBALT, 9TO KOJINICCTBO AUAr'PaAMM C BBICOTOﬁ
He Gosbine k Takxke paBHO p(n, k).

Onpegennm pyuxuun o(s), F(s) (s > 0) paBercTBaMu

o(s) = —In(1—e~*), F(s) = l/w(t)dt.
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Jlemma 1 (ouenxa cepxy). /s Bcex s > 0 u HATYPaAJbHBIX T, Kk BBIIOJ-
HACTCA HEPABEHCTBO

p(n, k) < HOTES, (2)

HokazareancrBo. Unaykuua mo n u k. (2) oueBugso nasa n = 1 win
k = 1. Illyctb n, k > 1 u (2) gokasamo mas map (n,k — 1) u (n — k, k).
Torzaa us (1) umeem

p(n, k) < ekF(sl)Jr%sl +€(k—1)F(32)+ﬁsz

IJIST IPOU3BOJBHBIX IMOJMOXKUTEIBHBIX S1, S2.

Bribepem s1 = s, s9 = ’“—kls

[Tomyanmm HEpaBEeHCTBO
p(n,k) < A= ekF(s)+%s—s + e(k—l)F(%s)-t—%s‘
Toxazxen, aro A < eFF )+ JIneem

—& | oar

Ae—kF(s)—%s — e " +e(k—1)F(%s)—kF(s) —e S +e “s/k

—e 5 +eln(1—efs ) =1_ e—s’ +e <1

CB s’ e [s — k/s,s] — aucio, ynoBIeTBOpAIOLIEE TEOPEME O CPEIHEM

(3m
%fw (s))-

s—k/s
TeMm caMBIM MHIYKIMOHHBIU MEPEXO 3aBEPIIEH, U JeMMa 1 ToKasaHa.

CuegcrBue. Jua k =n us:=+/((2) -n noxysaem
n [ n [
1np(n):1np(n,n)<s—|——/ (t) dt<s+—/cp
S ) S ) (3)

:s+%((2) =2/((2) - n.

3aece mbr nonnmaen ((2) kak ((2) =3 45 = [ —In(1 — e™") dt; 10, 9TO
0

2
Ha camom geqe ((2) = %, He HCHOMB3YETCA.

Cuenyromas jeMma HaM HOHa,IZ[O6I/ITCH JUIIb I BBIBOJA M3BECTHOI'O

coornowenus Inp(n) = 24/¢(2) -n+ O(lnn)
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Jlemma 2 (ouenka cuusy). /s gocrarouno 6oasmoro M > 0 caeayro-
1ee HepaBeHCTBO CIIPABEIIUBO A BCeX HATYPAIbHBEIX N 1 k

Inp(n,k) > A(n, k) == m>161 kEF(s) + %s —M(nn+lnk+1) (4

Joka3zaTeabcTBO. BecbMa PyTUHHO. MHOTHE neTaniu OmyCcKaloTCs.

[Ipexpge Bcero samerum, 4To 3a cuer Bbibopa M ouenky (4) MOXKHO
CIMTATh BHIIOAHEHHOU misa k = 1 wm n = 1. [leicTBuTEaBHO, BHIpA-
KeHme mingso kF(s) + s me 6ompme kF (k) +1 < ((2) +1 qan =1
u e 6ompme F(1/n) 4+ 1 = O(lnn) mua k = 1. Takxke MOXKHO CIMTATH
OLEHKY JOKA3aHHOU [JIA JHOOr0 HAlEpe 3aIaHHOO KOHETHOrO MHOMXKE-
crBa map (n, k).

Iycry n, k > 1 u napa (n, k) ygosrersopsier ycaosuto max(n, k) >
¢, Mae KOHCTaHTa ¢ Oyjer BelOpaHa B pnaabHenumeMm. Bygem cuaurars (4)
IOKasaHHLIM M map (n,k — 1) u, ecmu n > k, qua mapet (n — k, k).

Nneem

p(n, k)e—A(nJG) =p(n, k — 1)€—A(n,k) + p(n — k, k)e—A(nJc)
> eAlnk—1)—A(n.k) | A(n—k.k)—=A(n,k)

(ecau n < k, BTOpOE ciiaraeMoe OILyCKaeTcs).
3aMeTuM, YTO MUHUMYM mi(r)l kF(s) + s mocTuraeTcs B TOUKE Sy k,
§>

onpegensemon ypasaenueM —F’ (s, ) = n/k*. Onpegemm dyrkumo s(t)
pasencTBom —F’(s(t)) = t. Beegem Takxke dyuxmmo E(t) = e 5 1o-
onpeneneHuyo HyaeMm miad t < 0.

Hecaoxuo Bugers, ato Gynxmusa E(t) ABIACTCS IWIOCKOU B HyJE U Be-
ger cebs xkak 1 — 1/t na 6eckoneuHocTu.

Ham monano6urcsa caenyronee TEXHUYECKOe YTBEPKICHUE: IJIA HEKO-
Topou koucTtauTel C' > 0

0< E(ﬁ) - E("k—;k) < C'min(1/k, k/n) (5)

[IpU BCEX HATYPAJIbHEIX 1, k > 1.
[ercTBATENBHO, IO TEOPEME O CPEIHEM

E(ﬁ) _E(nk;k> = ((k 111)2 - nk_zk>E’(t),

n . n—k
(k—1)2> > 5
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Uneem 7tz — nk = O(1/k +n/k®), u us pasencrs 1/k + n/k* =
+(1+n/k*) = E(n/k? + (n/k*)?) nony4aem, aro

B(gtye) — B(%5Y)

min(1/k kmz) L - 00+t

Mocrenuee BhIpaxkeHwe pasHOMEpHO orpammieno: E'(t) = —E(t)s'(t)
yOBIBAET Kak t~2 mpu GOMBIMX t.

O6osunauum s; = s(n,k — 1) u s2 = s(n — k, k) (gna n < k moaoxum
S = +OO).

ITo onpeneneHNIo MUHIMYMA AMEEM

ksy n

n
i —s <
mipkF(s) + 3o SKE(E—7) + ;3% (©)
umn >k
. n n
r§1>1(r)1kF(s) + 7 < kF(s2) + 752 (7

N3 (6) noxygaem

Ak —1) — A, k) = (k — D) F(s1) — kF(kkfll) + M (%)

ksy
k-1

= —ﬁ ¢(t)dt + M1n (%)

51

> p(s1)+Mln (%) > p(s1)+In(1 + M/K).

Us (7): A(n—k, k) — A(n, k) > —so+ M In 5 > —so +1In(1+ Mk/n).
Orcroga, ucnoussys (5), norydaem

L+ M/k)(1—e™*) + (1 + Mk/n)e™*
1+ M min(1/k,k/n))(1 — e + e *2)
1+ M min(1/k, k/n))(1 — C min(1/k, k/n)) > 1

I TOCTATOYHO OOJBLION KOHCTAHTHI M u Bcex n, k, I KOTOPBIX
max(n,k) > 1+ C~2. Maa Tex nap (n,k), aaa xoropbix max(n,k) >
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1+ C~2, HePABEHCTBO MOXKHO CIMTATH YK€ IPOBEPEHHLIM 1 BKIIOYATE B
6a3y meaykmuu. JleMMa mokasaHa.

W3 nemmsr 2 pu k = n > 1 monydaem ouerky lnp(n) > 24/¢(2) -n —
C lnn pus noaxomamen koucranTe C' > 0. B camom nene, ecmn s < 1/n/5,
TO

vn/5
nF(s)+s>nF(y/n/5) =5yn / (t)dt > 5v/n

0

s JOCTATOYIHO Goabuinx n. Eciu ke s > \/n/5, To

s 00
n

nF(s) =% [0t > @) nfs—n [ plo)ds = ((2) nfs+o(0),
0 Vn/5

TaK ITo
msin(nF()+s) mm(() n/s+s)+o(l) = 24/((2)n + o(1

Bumecre co caegcrBueM u3 jgeMMer 1 mosydaeM, ITo

Inp(n) =2/¢(2) -n+ O(lnn).

2. IIPEIEIBHAA ®OPMA ITUATPAMM
IOHrA TAHHOW BOJIBIION IJIOIIA /N

Cirenyoliiee yTBepK AeHNE OTUYACTH IPOSACHAET M€OMETPUIECKYIO MIPHU-
poay koHueHTpamuu guarpamm FOHra BOIM3U NpeneJbHON KPUBOU.

Jlemma 3. Ilycrp sy, sy — momoxurenbaeie duciaa. O6o3nadum depes d
paccrogHue oT TOIKH (S1, S2) 40 kpuson e~ % + e~ ¥ = 1. Torga

S1 82 -
wd?

/‘P(t)dt + /go(t)dt — 5182 < ((2) — o

0 0

Moka3zaTeabCcTBO. JTO YTBEpH/CHHE B AYXe HEPABCHCTEA IOura. Bur-
paxenue ( (2 ( [ e(t)dt + f @(t)dt — sy | ecTb mIomA L KPUBOIUHEH-

HOI'O TPEyrOIbHUKA Ha pncyHKe 1, KOTOpas OYEBUIHO HE MEHBIIE, €M
wd? /4.
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Puc. 1.

Bepuemcsa x paszbuenmam. Kak yxe O6bLIO CKa3aHO, KaxKIOMy pasOue-
HUIO 4uciaa n coorBercTByeT auarpamma FOura mmomanu n.

Pacemorpum guarpammer FOHra ¢ GuKCHpOBAHHON IDAHUYHOU TOYKOU
(a,b).

[Iycts miomagb ouarpaMMbl BBINE mpsaMou y = b paBHa A, mpasee
mpsavon & = a — A. KoaudecTBo guarpamm ¢ gaaabivu A u B 04eBUIHO
pasuo p(4,a) - p(B,b). Ormerum Takxke, aro A + B + ab = n. Umeem

P4, a)p(B,b) < (320 2ot tH o0 o

IS IPOU3BOJIBHLIX So, Sp > 0. Beibupas s, = Aa, sy = A\b, momy4aem, 94To

Aa b
Inp(A,a) +Ilnp(B,b) < %(/np(t)dt + /go(t)dt - /\2ab) + An.
0

Beibupas A = /((2)/n u noas3ysacs 1eMMOR 3, 3aKII09IaEM, 9TO

Inp(4,0) + Inp(B.8) < 2/C@n - L Vi

rae d — paccrosnue ot Touku (ay/((2)/n,b\/((2)/n) no xpusoi e~ +
e V=1
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Paccmorpum romorernanse konun guarpamm FOHra mwiomamu n ¢ Ko-
adpunuentom /((2)/n (u uenrpom B Hauagse koopauuar). Ilomyunrces
p(n) nopmuposanuviz duaepamm wiomwaiu ¢(2). OHu KOHUEHTPUPYIOTCS B
OKPEeCTHOCTU KpuBOu e~ ¥ + e~ ¥:

Teopema 1. KoumdecrBo HOpMupoBaHHBIX guarpamy FOHra, rpanuna
KOTODPBIX HE JIeXKUT B E-OKPECTHOCTH KPHUBOH 7y : e % + e ¥ = 1, ecrh

52 o
p(n)O(nCe= T V™) gua mexoropon xorcranrsr C > 0. B wacrHOCTH, K151
C1VInn

nogxoaAmen KoHcTanTel Cp yxKe npu € = i, KOIMIeCTBO AHATDAMM,

I'PAHULA KOTOPBIX HE JIeXKHUT B E-OKPECTHOCTH KpUBOH Y ecThb o(p(n)).

JokasaTeabcTBo. fICHO, YTO ecm BCE BEPIIMHBEI HOPMUPOBAHHOU IUA-
rpammel FOHra comepxarcs B HEKOTOPOU OKPECTHOCTH KPUBOU 7y, TO U
BCA MPAHMIA MATPAMMEL CONEPKUTCA B DTOR OKpecTHOCTH. Bepmuna xe,
He [IPUHAIEKAILAA OKPECTHOCTH, uMeeT KoopauHarsl v/ ((2)/n(a,b) nus
HEKOTOPBIX HATYPAIBHBIX G, b, L1 KOTOPBIX ab < n. /11 kax qou runo-
TeTudeckou BepmuHH (a,b) mmarpammer FOura cymecrsyer He Gomee n
€roco60B 3adUKCAPOBATD ILIOMIAIL YACTU AUATPAMMBI, JEXKAIIEN BHIIIE
upsamon y = b. Takum o6pasom, 001Iee KOIMIECTBO HOPMUPOBAHHBIX 1A~
rpaMM, COIepKAMMMUX XOTA ObI OMHY I'PAHUIHYIO TOUKY HA PACCTOAHUM HE
MEHee £ OT KPUBOU 7y, HEe OOMbIIE, IeM

nPe2VE@n= 5V _ ) Ollnn) =5 Vi

)

4TO 1 TPeOOBAJIOChH.

3. IIPEAENBHBIE ®OPMBI JUATPAMM
B IPAMOYI'OJIbHUKE 1 B IIOJIOCE

OKa3bIBAETCA, ITO 3HAHUE TPEAETLHON (DOPMBI TUMMYHON JAATPAMMEL
FOura mo3BossgeT mouTH aBTOMATUIECKHU Oy YUTh AHAJIOTUIHEIE PE3YTb-
TATHL A TUACPAMM, JEKAIMX B IIOJOCE WM IPAMOYTOJIbHUKE.

O6osuauM uepes p(n, a,b) KoardecTBO pa3bueHUN N HA He Gosee 9eM
@ CJIaraeMbIX, KaXK[Io€ U3 KOTOPBLIX HE IPEBOCXONUT b — Wi, 9TO TO XKe
caMoe, KOMmIecTBO auarpamm HOHra mwiomanm n B IpaMoyTroJbHIKe a X b.

Ham monazobuTcs ciaeayromas

Jlemma 4. /lina Bcex HATYPAJIBHBIX IHCET N, M, G, b mMmeeMm

|1np(n,a,b) - lnp(manb)| < C\/ |n - m|
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Hdoka3zareabcTBo. IIpexnonoxum, aro n =m + k, k > 0. Paccmorpum
pasbmeHue A YuCIa N HA CIaraeMble a; = Gz > ...aGN. BeIOepeM mHIEKC
J Tak, 9to ay +any—1 + - +an—j+1 < k <any+anv—1 + - +an—;.
Conocrasum paszbuermio A F n pazbuerne N - m ducra m Ha claraeMble
!/ !/ —
ar = az =2 -+ Z AN-j-1 Z Qy_j, TAe ay_; = (an +an—1 + -+ +
an—j;)—k. OTo6paxenue A — A BoOOI1IE FOBOPS HE ABIAETCA MHBEKIIEH.
OgHako xaxnoe pazbuenue ducia m uMmeer He Oouabie, deM (k + 1)p(k)
npoo6pa3os. B camom gene, BeInduHy an—_j — aQV_j MOXKHO BEIOPATH HE
6oaee aeM k+ 1 cmocobamu, & CIaTaeMble AN —j4+1 = AN—j+2 = ... QN — HE
p(n,a,b)
6oaee gem p(k) conocobamu. Orcooga noryvaem, 4ro p(m,a,b) > T Dk
cTayo OBITH
lnp(m,a,b) > Inp(n,a,b) — Clnp(k)

(MBI HEABHO BOCIOIB30BAINCH TEM, UTO HpU OTOOpaxeHuum A — N He
YBEINIUBACTCA HA KOAXIECTBO CIarae€MbIX, HI MAKCIMAJIBLHOE CJAAraeMOe
p(m,a,b)
pazbuenus). Ouenka p(n,a,b) > Srpth -~ CPasy CICIyeT u3 JOKa3aHHOTO
u Toxaecrsa p(m,a,b) = p(ab — m,a,b) (koropoe ycranaBiuBaeTcs 3a-

MmeHou guarpaMmmbl FOHra Ha ee fOHOMHEHUEe 40 IPAMOYIOJIbHUKA @ X b).

Buibupas ogve wiu o6a mapameTrpa «, b paBHbIME max(rm,n), mO-
JaydaeM aHajgormusee oumeHku |lnp(n,a) — lnp(m,a)| < Cy/In —m| n
|[lnp(n) — Inp(m)| < C+/In — m|, kKoTOpBIE MOT'YT OBITH BLIBEIEHBI Ha-
npsAMyIo u3 oueHok (2), (4).

Paccmorpum nonoxurenpHble dncia s; < Sz. Pazobbem monrpadpux
byaxuuu y = () Ha TPU IPAMOYroibHUKA U obuacTu 1,2,3, Kak noka-
3aHO Ha PUCYHKE 2.

oix)
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PaccmoTpum HOpMEUPOBaHHYIO mumarpaMmy HOHIra, COOTBETCTBYOIILYIO
pasbuenuto Goabmoro uuciaa n. Ob6ozumauamm vepes Sy, Sz, Se mwiomanu,
3aHMMaEeMBIe DTOU AuarpamMmon B motocax {x < si1, y = p(s1)}, {z >
s2, ¥y < p(s2)} u npamoyromsauke {s1 < ¢ < s2, p(s2) <y < @(s1)}-

Moneaysace npuanunom Jupuxie, HALAEM TaKue GUCIA €1, C2, €3, ITO
xors 661 gis p(n)/n® HOpMUPOBAHHLIX AEarpamMm S; = ¢, So = ¢z, S3 =
C3.

U3 reopemsr 1 BEITEKAET, ITO

S1

c1 = /go(t)dt — s10(s1) + o(1)
0

o = / (B)dE — (52— 51)(52) + 0(1)

S1
[e'e)

c3 = /(p(t)dt +o(1).

s2
Kpowme Toro, o6ozuagas /n/((2) aepes N, noaydaem, 4T0

In(p(ciN?,51N) - p(caN?, (s2 — s1) N, (p(s1) — (52)) N
p(esN?, p(s2)N)) = Inp(n) + o(v/n).

BriGepem HATYDAIbHBIE TUCIA N1, Ny, N3 TAK, 9TO
2 2 2
n1 = N-ci +o(n), nas=coaN°+o(n), nz=cgN-+o(n).

Pacemorpum Tpu guarpammer FOura:

Y] — momaan ny mupuHELL He 601ee s1N

Y> — mnomwanu ne mupunst He 6osee (so— s1)N u BeICOTEL He Hoaee
(p(s2) — p(s1))N

Y3 — mnomwanu ng u BeicOTHL He Goaee p(sa)N.

Comocrasum nm guarpammy FOura Y mwiommagu

ny+nz +n3 + [s1N] - [p(s1)N] + [(s2 — s1)N] - [p(s2) N] = n + o(n)
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@ spN

Ye

@3N

KaK TOKa3aHO Ha puc. 3.
KonndecTBo amarpaMm, moJay<IaeMbIX TAKUM 00pPa3oM, eCTh

p(n1,s1N) - p(nz, (s2 — s1)N, (p(s2) — ¢(51))N) - p(nz, p(s2)N)
= exp(lnp(n) + o(v/n)).

O6ozuaaum gepes p'(n1, s1N) KoandecTBo Tex Y], AIa KOTOPLIX AUa-
rpaMma Y He gexuT (HOCIE HOPMUPOBKH) B £-OKPECTHOCTH HPEAEIbHON
kpusou 7.

ITo Teopeme 1 umeem

Inp'(n1,51N) + Inp(ny, (s2 — 51)N, (p(s1) — ¢(s2))N)
+Inp(ns, p(s2)N) < Inp(n) — cle)vn

U1 HEKOTOPOU KOHCTAHTH ¢(¢) > 0. Orcrona
Inp'(ni,s1N) —Inp(ni,s1N) < —c(e)v/n.

ODTO 03HAYAET, 9TO 4YaCThb HPEIEJIbHOU KpuBou 7, jexamas B obmacTu
1, sBaseTcsa npeneapbHon masa amarpamm FOHra miomanu n, MUPUHBL HE
6oaee s1 N (Ipu cOOTBETCTBYIOIEM HOPMUPOBAHUK). AHAIOIUYIHO, YaCTh
kpuBou 7, jJexkaasa B NPAMOYTOJbHUKE 2, ABIACTCA MPEIEJbHON KPUBOU
Ui JUarpaMM IUIOIIALN Ty IIMPUHBEL He Gosee (s2 — $1)IN 1 BBICOTHL HE
6oaee (p(s1) — p(s2))N.
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[lj1s1 10600 IPAMOYTOIBHUKA G X b M MOJOXKUTEILHOrO ducia S < ab
MO2KHO TIOCTABATE BOIPOC O IPeIeabHOR ¢hopMe auarpaMMer ¢ SN? kirer-
KaMM, PACHOMOKEeHHOU B mpaMoyroabuuke (Na) X (Nb). 3amenon nua-
rpaMMel Y Ha gumarpammy, Y/ cummerpuunyio gonoasenuioo ((Na) X
(ND)) \ Y oTHOCHTEIBHO LEHTPaA MPAMOYIOJIBHAKA, AEI0 CBOLUTCA K CJLy-
qaio S < ab/2.

Eciu S < ab/2, To manayrcs Takue HONOKUTEIbHBIE 9UCIa §1 < Sz,
st KOTOpeIX (2 — s1) @ (@(s1) — ¢(s2)) = a : b, a miomane noOx-
rpaduka KpuBou 7, 3aKIIOYEHHOU B MPAMOYLOJbHEUKE $; < & < o,
p(s2) <y < ¢(s1), poBHO B S pa3 GOJBIIE ILIOMALA BCETO MPAMOYTOMb-
HUKa. JTO HECJIOXKHO MMOJYIUTh U3 COOOPAKEHUN HEIPEPLIBHOCTH.

Eciu S = ab/2, To upegeabHOn KPUBOU SABJSETCS JUAIOHAID LIPAMO-
yroabHUKa, a ecau S > ab/2, To npeseabHas GpoOpMa €CTh IaCThb HAAIDA-
duka xkpusou 7, TeXKAIIAA B COOTBETCTBYIOIIEM IPAMOYOJTLHUKE.

Ananoruvno, kyckom kpusou 7 ABIAETCA U TpenenbHas Gopma s
pasbuennit wucaa N Ha ay/N CIaraeMmbix.

4. MYJbTUINIUKATABHLIE CTATUCTHKH.
ONPEJEJEHUE U MIOCTAHOBKA BOIIPOCA

OmnmineM BaxKHBIN KJIACC Mep HA pa3OMeHNsIX, BBEJEHHLIN B [4].

[e.e]

Oycrs fi(z) =1+ > ajx* — DoCIen0BATEIEHOCTE (POPMATBHEIX CTe-
i=1

nenHbx pagos (K = 1,2,...) ¢ HeOTpUUATEILHBIME KOD(DOUIUEHTAME

a; = 0.
PaccmoTpum npousBenenue

Fo) = Iﬁfk<xk> =3 (Taw)e"

n AFn

a(\) — eec pasbuenus A\ F n — paper a(\) = ap (\)1 - Gry(n)2 -+ -, DA€
7;(A) 0603HAIALT KOIMIECTBO CIAlA€MBIX, DABHBIX {, B pa3buenuu A. [To-
nomM P (X) = a()\)( > a()\))
Fn
BEPOATHOCTH, 334AI0T MEPY HA MHOXKECTBE Da30UeHuN Iucia, .

ABanormaso MoXxHO 3aaBaThb CTATUCTUKN Ha BEKTOPHBIX pa361/1eH1/1;~1x
d—MeprIX BEKTOPOB C OEJIbIMA HEOTPUIIATEJIbHBIMIA KOMIIOHEHTAMU (Ha,ﬂ;O

JUIIb CIUTATH, YT0 T = (Z1, Ta,...,T4) — BEKTOP, & MyJbTUCTENEHb T,
d
— 2
rge n = (ni, ...,nq) DIOHUMATh CTAHAAPTHBIM 00pa3oM Kak || z}%).
i=1

1
. Yucna P (), paccMaTpuBaeMble Kak
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3aMeTuM, YTO 3Ta Mepa MOLYyYaeTCs CYKEHUEeM Ha Pa3OUueHUus TUCIa

Az .
N MepHI ”;ﬂ();) , 3aJaHHON Ha BCEX Pa3OMeHMAX BCEX HATYPAJbHBLIX THCE

U XapaKTePU3YIOUIENCs CIeAyOMMUM CBOUCTBOM: BEPOATHOCTD TOI'O, ITO
qucao k BCTpedaeTca B pa3bueHun ry pas, paBHA G (2" [ fir(x). Dra
Mepa ABJAETCA BHINYKJION KOMOWHAIMEN Mep, BO3HUKAIOWIMX IpU (DuK-
CUDOBaHHBIX 7. B cTaTucTUIeCKOU (PU3MKE TOBOPAT COOTBETCTBEHHO O
6oabwom u masom ancambasx. Mer GygeM pabGoOTaTh TOIBKO C MAJIbIM
aHcaMOJjieM; aHAJOTUYHBIE PE3yJbTATHL M OOJbIIOro ancambus OyayT
BBEITEKATb U3 HANIErO0 3aMEYaH’sA O BHILYKION xomOuHanum. O6paTHBE
UMILVIMKAINY, KAK IPABUIO, HETPUBUAIBHBL U IOy Ial0TCA C UCIIOAB30Ba-
ureM TeopeM TaybepoBa Tuma. TOT MOAXO U3IOKEH B [4].

Takue mepel BBexeHol B [4] u HAa3BaHBI MyJIbTUIIMKATUBHBIMU CTa-
TUCTUKAMM Ha Pa3OUEHUAX; TAM K€ MCCAENOBAH BOIPOC O HPeneJbHON
dopme mopoxKTAEMON CTATUCTUKMA Ha pa3OMEHUAX Opu OOJLIINX 3Ha-
wenmax n g ciydaes fy(z) = (1 — ) F® ) fu(z) = (1 + z)F®),
fe(x) = exp(xP(k)) (r.m. craructuku FBoze-Ilinwmeiina, Depmu—
Aupaxa u Boavymana), rae P(k) — nomunom (rax, mus P(k) = 1 B cuy-
ganx Boze-Duumrenna u Pepmu—/Iupaka moaydum cCOOTBETCTBEHHO PAB-
HOMEDPHYI0 CTATUCTUKY HA Pa30MEHUAX M PABHOMEDHYIO CTATUCTHUKY HA
Pa3OMEHUAX C PABIMIHBIMU CIACAEMBIMIY).

IlocraBum B oTOM 6OJEe 0OImIEM KOHTEKCTE BOIPOC O IPEIeNbHOU
dopme. 3aMeTuM, 9TO BEPOATHOCTHAA MEPA Ha PA3OUEHUAX TUC/IA 1 €CTe-
CTBEHHBIM 00pa3OoM COOTBETCTBYET Mepe Ha guarpammax FOura mro-
mwanu n. pu abdunaom npeobpasosaunu (z,y) — (¢/X(n),y/Y(n)),
X (n)Y (n) = n, noay4aercsa Mepa Ha HODMEDPOBAHHBIX AUArDAMMAaX ILIO-
magu 1. O6o3naduM 4depe3 L MHOXKECTBO HEBO3PACTAIMUX (DYHKIUN
[0,00) — [0, 00) ¢ exuarIHBIM HHTErpaIoM. Kax qas HOpMUpOBaHHAS AUa-
rpaMma ecTb noArpadguk GyHKIMA 3 L, TaK 9TO MOKHO FOBOPUTE O MEPE
tn Ha L (C KOHEUHBIM HOCHTEJIEM).

Byaem roeopurb, uro Qpyukumus fo € L 3amaer npemeabHyo Gopmy
CTATUCTHUKYU HA PA3OUEHUAX, eCIn 4JId JH000ro € > () mpu BCex NOCTATOYHO
GOMBIIMX 7 UMEET MECTO KOHIIEHTPALUA MEPHI [, B OKPECTHOCTH fo:

,Un(Bfovf) >1-—e¢,

rge B(f,r) —wap c genrpoMm f paguyca r B Mmerpuxe L.

EcTe m mpyrme momxombl K ONpEIETCHWIO MPEIENTbHON (POPMBLI IUa-
rpamm FOrra. B 0CHOBHOM OHF OTIMYAIOTCA BEIOOPOM TOTIOJIOTUY Ha, MHO-
xecTBe QyHKIuA. Tak, 9acTO TOBOPAT O PABHOMEPHON CXOJAUMOCTH Ha,
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KoMIakTax, Jexamux B (0,00). OfHAKO B HEKOTOPBIX CIydasX (KOrza,
CKaxKeM, IpeaerbHas QYHKIUI OKA3BIBACTCS PA3PLIBHON), HALLE OLPEeie-
JIeHue OKa3bIBaeTcCa rudde.

Ormerum Takxke, 9TO ecau pagmyc cxogumoctu F(x) pasern 1 u
F(1) = oo, To mpegenbHas GopMa B CMBICJAE HALIErO ONPEIEIEHUA OKa-
3BIBAETCS TAKKE U IPENENbHON (POPMOU B CMBICIE GOJBIIOrO aHCAMOIL
mpu £ — 1 — 0. DTO BBITEKAET U3 TOrO, YTO MEPA [i;, 3agaBaeMas Ha L
OoubmM aHCAMOJIEM, IPEICTABUMA B BAJIE [l = ZZOZO %un, IpuyieM

cyMMa KO3 PUIIEHTOB % npu Mepax i ¢ k < N crpemMurcs K HyJIO
pu &, CTPEMAIMMCS K 1.

B [4] mpexmaraercs Takas cxema: CHadaJa HAXONUTCA MpeNeIbHAsL
dopma gy 6OMBIIOr0 aHCAMOJA, & 3aTEM C IOMOIIBIO II0IXOIAMIEN Ta-
yOEepOBOU TEOPEMBI YCTAHABIMBACTCS, ITO OHA K€ OyoeT M OpefeIbHON
dopmon a1 MaIoro ancamOJIs.

Mer npegmaraeM 00Tee TPAMOU W DJIEMEHTAPHBIM TIOIXO0I, HE UCIONb-
3yrommu 6OJbIIOro ancaMmomsa. Pazymeercs, 0T TaybepOBBIX YCIOBUM BCE
PABHO He y6exaTh, OHU IO CYyLIECTBY: TAK, 15 Pa3OUEHNs HEYeTHBIX Y-
Cell Ha YeTHBIE CJIAraeMble UHTEPECHBIX PE3YJbTATOB HET.

5. IIPEAEJILHBIE ®OPMBI MYJIbTUILINKATABHBIX
CTATUCTUK. TEXHOJOTUA

Teopema 0 mpegeabHOU (popMe 3aLaHHOU CTATUCTUKHA 9acTO MOXKET
OBITH [TOJIY 9€HA U3JI0KEHHBIM HIKE CIIOCOOO0M, COCTOSIIUM U3 HECKOIBKUX
IaroB.

IITar nepsopin. OneHka cTaTcyMMEI CBEPXY.
IIycrs A(n) = ( > a()\)), rorga F(x) = 3 A(n)z™. OgeBuaHo, 94TO
AFn
A(n) < 27" F(z) mas mo6oro x > 0, npu kotopoMm F(z) < co. dTa Tpu-
BUAJIBHAs OLEHKA OKa3BIBAETCS BeCbMa >(MQ)EKTUBHOW, eCIu H0I00paTh
HYy:KHOE 3Ha4eHue apryMmenTa z. rak,

A(n) <infz "F(z) := B(n). (8)

T

IIlar Bropon. OmeHKa cTaTCyMMEI CHU3Y.

[IpeamnonoxuM, 9TO HaM AIIPUOPU U3BECTHA MOHOTOHHOCTD IOC/IEI0BA-
rensHOCTH A(n): 1 = A(0) < A(1) < A(2) < .... Hanpumep, oHa nmeer
MECTO, eCld BO3PACTaloT KoddpduuumenThl X0Ta Obl paga fi(x). UTobsr
oneruts A(n) crmsy, onennm ynxumo F(z), pasayio cymme > A(k)zk,
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cBepxy caemyionmmM obpasom: ciaraemsie A(k)z® ¢ k > n omenmm xax
B(k)z*, a craraemsre ¢ k < n — kak min(B(k), A(n))z*. Murumym ome-
suM kak B(k) npu k < | u xax A(n) npu k > [, rge | — HaTypaabHOE
qucao oT 1 10 1, BEIGOP KOTOPOI'O B HAIE! BIACTU. B uTOre mosy<mm

F(z) <Am)(@' +2™ + - +a")+ > B(k)a*,
k<l k>n

TO eCTb i
F(z) - Zk<l,k>n B(k)z

WV

A(n) > sup = C(n). (9)
l,x
Kak npasuno, gsycroponusas ouenka C(n) < A(n) < B(n) moxer
ObITH yaydiieHa (IPUMEPHO B TOM XK€ CTHUJIE), HO ABAAETCA TOCTATOIHON
st panbHenmux uened. Tak, B caydae Xapau-Pamanymxkana (fi(z) =

(1 - )%, o ectb A(n) = p(n)) Takum 06PA3OM JETKO TOJYTAETCA Pa-

BEHCTBO B Jorapudmuieckon mkaiue: p(n) = ez\/@\/ﬁﬂ)(\/ﬁ), OJIY I€H-
HOE PAHEee BJIEMEHTAPHBIM CIIOCOOOM.

OTMeTuM Takxke, 9TO0 MOHOTOHHOCTBH CTATCYMM 9aCTO MOXKHO 3aMe-
HUTBb Ha noaxogdAmiee 6ojee craboe yCIOBHE.

IIlar TpeTun. 3aMeHa TOMOJOTHM.

Ynobuee nOKasbIBaThH, 9TO Mepa guarpamm HOHra, OTKIOHSIOMIUAXCA
OT MPEIEIbHOU, MAJIa, HEXKEIN YeM OLEHUBATH CHU3Y MEDPy MHOXKECTBA
ouarpaMm, OJU3KUX K IPeneabHON.

Boapmoe Li-oTk10HEHUE, BUAAMO, HE AOMYCKAET yIOOHOI'O MCTOIKO-
BaHUA B TEPMUHAX NMpOU3BOAAIMX dyHKnuu. [lopTOMy cBegem ero x mo-
TOYEIHOU OIU3OCTH.

[Ipegnonoxum, 4TO HAM yIAJIOCH TOKA3aTh OLEHKY BUIA

pn(f = [f(a) = fola)| > &) < ¢(a,n,e).

Torga s mo6oro muoxectBa A C [0, 00) umeem

pin(f 2 I = folloo,a > €) <m sup c(a,n,e) (10)

(3meck ||gllco,a = supy lg]). Hero B ToM, 9T0 QyHKI®A fi MOHOTOHHO
yOBIBaET, a BCe PyHKIMHU [, JEKAIIME B HOCUTEAE MEDHI ft;, — KyCOIHO-
[IOCTOAHHBL, IPUYIEM UMEIOT He Gosee 4eM 1 TOUeK paspbisa Buga a/X (n),
a=1,2,...,n. 3HaYUT, 0O-HOPMY MOXKHO CIATATh JUIIb 110 He 6oJee IeMm
n-31eMEeHTHOMY MHOKecTBy. OTCIOa U HOoLy4aeTcs oueHka (3).
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[Mamnee B 3aBUCHMOCTH OT NPEIEIBHON (DYHKIUKU fo BHIOMPAA II0IXO -
mee A gobbemcs u Mamoro Li-orkaonenus. O6brauo, ecau GyHkuus fo
HEIpEPLIBHA, B KadecTBe A MOXKHO BRIOUpAThH oTpes3ku Buga [1/N,N], a
€C/IU Pa3pPBIBHA, — 3AMKHYTHIE TIOIMHOXECTBA OCH, OTIEJEHHBIE OT TOYEK
pa3peIBa, HYJIA 1 OECKOHETHOCTH.

Illar werBepThin. OneHKa Mepbl pa36UeHUN C OrPAHUIECHUAMME.

Yeaosue | f(a) — fo(a)| < € aerko nmepedopMyaMpoBaTh CHAYAIA B TEP-
MWHAX Pa3OMEHU, 8 MOTOM — U TPOU3BOAAIMX (DYHKIUAN.

[enCTBATENBHO, U3 Onpenenenus GyHKIUNA f TTOTydaeM, 9TO OTPaHU-
yenusa tuna f(a) < b u f(a) > b Ha A3bIke pa3OueHUN 3BY4YaT KaK KO-
AUNECTNBO Caa2aembly, He menpwul aX (n) menvwe (coomeemcmeenno
boavwe), wem bY (n).

B cBs3u ¢ oM nonpobyeM OIEHUTD BeC pa3OUeHn, B KOTOPBIX POBHO
m CIaraeMbBrx He MeHbme, ¥eMm | (31ech m u | — HATypaJbHBEIE YUCTA).
drotr Bec — 0603Hauum ero A(n, m,l) — paser kosddunuenry npu 2"z
B DA3JIOKeHWd B PAL PyHKIAN

Fy(x,2) == [ [ fi") [] filea®).
i<l il
Orcrona nomy4daem, 4T0O

A(n,m,l) < infz""x""Fi(z,z) := B(n,m,l).

Torxa cymmapubi Bec V(a,e) pa3bueHul, COOTBETCTBYIOMIMX HEPABEH-
ctBy |f(a) — fo(a)| > € ouennTes kak

Vme<n  sip B aXm)k)
k:lk—fo(a)Y (n)|>eY (n)

(MHO}KI/ITEJII: N CBA3aH C TEM, ITO y KOJINIEeCTBa Cllalra€MbIX, HE MEHBIINX
m, He 0oJee YeM 1, BO3MOXKHBIX 3HAYEHUU. JTO rpydas OlEHKa, HO ee
OOBIYHO XBAaTAET) U CTAIO OBITH
n
c(a,n,€) < 7o sup B(n, [aX(n)], k) (11)
(n) k:|k—fo(a)Y (n)|>€Y (n)

Hepasencrso (11) nossossier yragarb HODMUPOBKY ¥ BILJ [PEIEIbHOU
dopmeL. I'py60o roBops, JOMKHO BEIIOIHATHCA COOTHOIICHUE

fola) = T rgmax B, [aX (). ) + o(1) (12)
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3amedaHus.
1. Kax npasuio, skcrpemymst B (8), (9) gocruratorcs BOIM3u paguyca
cxogumoctu F(x).

2. Mast ouenku pyskuyy F' () BOau3u pagmyca CXOIUMOCTH YaCcTO MO-
MOTalT ABYCTOpDOHHME oueHku log F'(r) Kak MHTErpajbHOM CyMMBLI CO-
OTBETCTBYIOIIEN MOHOTOHHOUN (yHKIWY. UMEHHO ¢ M3y4eHUs STOU acuM-
OTOTUKY HAIMHACTCS UCCICOBAHUE KOHKPETHOU 33,1a4U.

3. Bmecro unpumymos u cynpemymos B (8), (9), (11) yzobuee ucrnous-
30BaTh 3HAMEHUA B KOHKPETHBEIX TOYKAX, KOTOPBLIEC OUCHUBAIOTCA IEPE3
COOTBETCTBYIOIIE DKCTPEMYMEI ¢ HYKHOU CTOPOHBL.

4. Muoxurenu n, Bo3aukaomue B Hepasercrsax (10) u (11), moryT my-
raTh, OJHAKO OHU, KAK MPABWIO, HE BAUAIOT HA (CBEPXCTEIEHHYIO) OLEHKY
BEPOATHOCTH.

5. UHorpa ymaerca yopoCTUTH OLUH u3 maroB. Tak, TOCTATOYHYIO
ouenky A(n) cHU3y HOPOU yIAETCA MOy YT, OLEHUBAA BEC BCEIO OLHOTO
pa3bueHus.

6. IIPUMEP. PA3BBUEHUA HA PA3JIMYHBIE CJIAAEMBIE

[lpuBegeM mpuMep UCIOIB30BAHUA >TOU TEXHOJOTWUA K CTATUCTUKE

Depuu—/lupaka mis pasbueHus Ha pasaudHble craraeMbre. [IpousBoms-
o0

mas dymkmma B >ToMm cryaae pasaa F(zr) = [ (1 + 2*). Uz (8) mory-

qaeM s koaudecTBa A(n) pasOueHUn ducia n Ha PA3JIMIHBIE CIAraeMble
OLCHKY
(ot
A(n) < e™F(e™),

t > 0 mpoussoabro. Jlorapubmupys u obosnadaa h(t) = In(1 + e ),
uMeeM

In A(t) < nt+ i h(kt) < nt+ / h(tx)dx = nt + %
k=1 0

Onrumusupys 0o t, nomydaem

In A(t) < v/2¢(2)n.

Mepengem k momyuenuto ouenku Ha A(n) cuusy. Ormerum, ato A(n)
OYEBUIHO BO3PACTAeT, TAK KaK BCAKOMY Pa3OueHWIo 4ucia n — 1 Ha pas-
JIMHBIE CIATAEMBIE MOXKHO (MHBEKTUBHO) COMOCTABUTH Pa3OUeHne Trcaa
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n, yBeIMIMB MaKCHMaJbHOe ciaaraemoe Ha 1. IIpeaBapurenbHO oneHMM
camzy F(e™?):

NS _ ¢(2)

InF(e™) =Y h(kt) > [ h(tz)dz =t h(r)dr > 222 2,

k=1 1 t

TaK KakK

Mensa o6osuadenus B (9) umeeM mpu moaxoaameM m (CKaxkeM, m =
n5/6):
™) = S pgzm VP

A(n+m) > e—(n—m)t 1 ... 4 o—(ntm)t

npu npousBoiabHOM ¢ > 0. Beibepem ¢t = %i) ¥ OLIEHUM CBEpXY CJIarae-

MbI€ CYMMBI B TAC/INTEIE:

exp (VA — | 2) = exp (/42 D1y

Ilpu k < 100n u |k — n| > m umeem

(1 — )2 — (n—k)? nt/7
Vil = VR = =B >

npu 6oabinux n. lpu k > 100n umeem

exp (\/W - \/gk)

= exp <_ 2C(2)k(\/k/4n — 1)> < exp(—Vk).

Taxmy 0Gpazom, cymma > oo eV Eh yomer Gars onenena

KaK
e™ - (100n exp —n'/7 + Z e_\/E).
k>100n
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ITpu 6osnpimx n BeIpaxKkeHue B CKOOKAX MEHbBIIEe YeTBEPTH, TAK ITO

YA 1
F(e™) — Z eV @k—tk 1 exp(nt).

k:ln—k|>m

3HameHaTenb xKe He mpesocxomut (2m + 1)e~ (Pt = e~ ntto(Vn) pak
YTO B UTOrE UMeeM

A(n +m) > exp(2nt + o(v/n)) = exp(1/2¢(2)n + o(v/n)).

IMockonbky mpu 3ToM m = 0(n), TOCJE 3aMEHBL IEPEMEHHBIX 0Ly IaeM

A(n) = exp(v/20@m + o(Vn)).

Takum 06pa3oM, MBI HOMYYIUIN aCUMOTOTUKY A(n) B morapudmMudeckon
mxajie. Konedno, 06 5TON aCUMITOTHUKE TABHO M3BECTHO I'OPa3 a0 OOJIbIIIe,
HO HaM OBbLIO BAXKHO MPOAEMOHCTPUPOBATH, KaK PAa0OTAET TEXHOIOTHS.
Acumnroruka p(n) nouaydaercs aHAJOIMYHO. MOXHO CPAaBHUTH DTOT BbI-
BOJI C IIPUBEIECHHBEIM DAHEE, HE MCIOIb3Y MMM IPOU3BOMAIIEH (PYHKINN.

[lepexoqum cOGCTBEHHO K TOMy<IeHNIO peaenabron ¢popmbl. U3 06mux
COOOPaXKEHWH ACHO, ITO NOAXONAMAS HODMADPOBKA — /Tt IO 06€MM KOOD-
nuaaTaM. [lompoGyeM OLeHUTH KOJUYIECTBO pa3OUueHuN, B KOTOPHIX MMe-
eTcs /N craraeMbrx GOIBIINX, 9eM (/7 (TO eCTh TeX, IIA KOTOPBIX IPa-
HULA HOPMUPOBAHHOU AUATrDAMMBL IPOXOAUT Yepe3 TOUKy (a, ). DTO KO-
JIYECTBO eCTh KoadpduuuenT mpu 27 V74" 1BOMHON IPOU3BO IALIEH (yHK-
uun

Foyn(e2)= [] @+ef) [ @+

k<a\/n k>avn
U IOTOMY HE IIPEBOCXOJUT
1+ tak
—Bvn—n . . BV
z o "Fy m(,t) =a " F(x) - 2 H T
k>av/n
MMomaras « = e, p = %, z = €7, no T 6ygeM ONTUMU3UPOBATH.

3ameTu™, 4TO BHIpaXeHue r "F(z) B morapudMuIecKoy LIKATE HMEET
acumnToTuky Kak A(n). llosromy ecan ygacTces nogo6paTh TAKOE T, 9TO

U(r):==pvnr+ Y (n(l+e ") —In(1+e7*)) < —cv/n
k>av/n
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I KBATA(UIUPOBAHHON KOHCTAHTEL €, TO OKAXKETCH, ITO BEPOATHOCTH
COOTBETCTBYIOIMX AMArpaMM oueHnBaeTca kak O(e V™) (¢ apyrum ¢ >
0). Umeem U(T) =0,

e‘r—kp
U'(t) = —Bvn + Z Ty oFe
k>a/n
e‘r—kp
u(r) = Z (1 + er—hr)2

k>ay/n

(PADBL MOXKHO TOWIEHHO AUMPEPEHIUPOBATE, IOCKOAbKY PALBL U3 MIPOM3-
BOJHBIX CXOATCA Kak reoMerpudeckue nporpeccun). U3 gopmyasr Ten-
JIOpa ©MeeM

|U(T) — 7U'(0)| < 7 max U"(7").

|7/ <T|

Hockomeky U” (1) = O(y/n) mpm JOCTATOYHO MAJBIX T, MOLYIAETCSA, ITO
ecm U'(0) mmeeT mopAmnok /n, TO HyKHAA OIEHKA noxydeHa. Ho

1

/ -1/2 _ —1/2

k>a/n

nocyeaHee BbIPAKEHNE €CTh MHTEr'DaJIbHasA CyMMa IJIs

2 dzx
\/ ¢(2) / 1+e’
ay/¢(2)/2

U OHA NPUOIMKAET UHTErPal ¢ TOYHOCTHIO 10 o(1) npu Goabmux n pas-
HOMepHO 10 «. Tak uro U’(0) =0 opu

B=1/2/C2)In(1+ e aV¥2)  PVER/2 Z 1 4 emaVE)/2,

OT0 u ecThb npegenbHas popma guarpamm FOHra ¢ pasiudHbBIMY -
HAMM CTPOK, a BEPOATHOCTH MOTOYEYHOI'O CYIIECTBEHHOI'O OTKJIOHEHUA
OT Hee MaJla, ITO CIefyeT U3 CKa3aHHOI'O BBIIIE.
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