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Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíî äâà ñïîñîáà àïïðîêñèìà-
öèè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øð¼äèíãåðà âûñî-
êîãî ïîðÿäêà. Â ïåðâîì ñëó÷àå èñïîëüçóåòñÿ ìàòåìàòè÷åñêîå
îæèäàíèå ôóíêöèîíàëà îò íåêîòîðîãî òî÷å÷íîãî ñëó÷àéíîãî
ïîëÿ, à âî âòîðîì � ìàòåìàòè÷åñêîå îæèäàíèå ôóíêöèîíàëà
îò íîðìèðîâàííûõ ñóìì íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåí-
íûõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ êîíå÷íûé ìîìåíò ïîðÿäêà
2m+ 2.

We suggest two approaches to construct an approximation a
solution of the Cauchy problem for the higher�order Schr�odinger
equation. In the �rst approach we compute an expectation of a
certain point process functional while in the second one we compute
an expectation of a certain functional of a normed sum of i.i.d.
random variables with �nite moments of the order 2m+ 2.

1. Ââåäåíèå

Õîðîøî èçâåñòíî, ÷òî äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè (σ ∈ R)

∂u

∂t
=
σ2

2

∂2u

∂x2
, u(0, x) = ϕ(x) (1)

ñïðàâåäëèâî âåðîÿòíîñòíîå ïðåäñòàâëåíèå

u(t, x) = Eϕ
(
x+ σw(t)

)
. (2)

Çäåñü w(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. Íà÷àëüíàÿ ôóíê-
öèÿ ϕ ïðåäïîëàãàåòñÿ íåïðåðûâíîé è îãðàíè÷åííîé.
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Ìàòåìàòè÷åñêîå îæèäàíèå â ïðàâîé ÷àñòè ôîðìóëû (2) ìîæåò
áûòü çàïèñàíî â âèäå èíòåãðàëà ïî ìåðå Âèíåðà PW â ïðîñòðàí-
ñòâå C0([0,∞)) íåïðåðûâíûõ ôóíêöèé h, óäîâëåòâîðÿþùèõ óñëî-
âèþ h(0) = 0,

u(t, x) =

ˆ
C0([0,∞))

ϕ
(
x+ σw(t)

)
dPW (w(·)).

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà â óðàâíåíèè (1) ÷èñëî σ ÿâëÿ-

åòñÿ êîìïëåêñíûì, èìåííî σ = e
iπ
4 . Â ýòîì ñëó÷àå óðàâíåíèå (1)

èìååò âèä

−i ∂u
∂t

=
1

2

∂2u

∂x2
(3)

è íîñèò íàçâàíèå óðàâíåíèå Øð¼äèíãåðà (ñì. [9], ñòð. 331). Ïðåä-
ñòàâëåíèå (2) â ýòîì ñëó÷àå òåðÿåò ñìûñë, òàê êàê ìû äîëæíû ïîä-
ñòàâèòü êîìïëåêñíóþ ïåðåìåííóþ â ôóíêöèþ âåùåñòâåííîãî àðãó-
ìåíòà.
Ôîðìàëüíî ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (3) ìîæåò áûòü

çàïèñàíî ñ èñïîëüçîâàíèåì èíòåãðàëà (îáû÷íî åãî íàçûâàþò êîí-
òèíóàëüíûì èëè ôóíêöèîíàëüíûì èíòåãðàëîì) ïî òàê íàçûâàå-
ìîé ìåðå Ôåéíìàíà. Ìåðà Ôåéíìàíà ÿâëÿåòñÿ êîìïëåêñíîçíà÷íîé
êîíå÷íî-àääèòèâíîé ôóíêöèåé, çàäàííîé íà àëãåáðå öèëèíäðè÷å-
ñêèõ ìíîæåñòâ. Èìåííî, äëÿ êàæäûõ 0 < t1 < · · · < tn < T è
êàæäîãî áîðåëåâñêîãî ìíîæåñòâà A ⊂ Rn ìåðà P (Ut1,...,tn,A) öèëèí-
äðè÷åñêîãî ìíîæåñòâà Ut1,...,tn,A ⊂ Ω âèäà

Ut1,...,tn,A = {h ∈ C0[0, T ] : (h(t1), h(t2), . . . , h(tn)) ∈ A} ,
ðàâíà (çäåñü x0 = 0, t0 = 0)

e−
inπ
4

(2π)n/2
∏n

j=1(tj − tj−1)1/2

ˆ
A

e
i
2

∑n
j=1

(xj−xj−1)
2

tj−tj−1 dx1 . . . dxn. (4)

Èçâåñòíî (ñì., íàïðèìåð, [1]), ÷òî êîìïëåêñíîçíà÷íàÿ ìåðà P , çà-
äàííàÿ ôîðìóëîé (4) íà àëãåáðå öèëèíäðè÷åñêèõ ìíîæåñòâ, íå ìî-
æåò áûòü ïðîäîëæåíà äî ñ÷åòíî-àääèòèâíîé ôóíêöèè íà σ�àëãåáðå,
ïîðîæäåííîé öèëèíäðè÷åñêèìè ìíîæåñòâàìè. Ýòî îçíà÷àåò, ÷òî â
äàííîì ñëó÷àå ôóíêöèîíàëüíûé èíòåãðàë íå ÿâëÿåòñÿ èíòåãðàëîì
ïî σ�êîíå÷íîé ìåðå â ïðîñòðàíñòâå òðàåêòîðèé. Òåì íå ìåíåå, èí-
òåãðàë ïî ìåðå Ôåéíìàíà ìîæåò áûòü êîððåêòíî îïðåäåëåí äëÿ
äîñòàòî÷íî øèðîêîãî êëàññà ôóíêöèé (íå òîëüêî äëÿ öèëèíäðè÷å-
ñêèõ). Ïîäðîáíîå èçëîæåíèå òåîðèè èíòåãðèðîâàíèÿ ïî ìåðå Ôåé-
íìàíà ìîæíî íàéòè â êíèãå [10], â íåé æå ñîäåðæèòñÿ îáøèðíûé
îáçîð ëèòåðàòóðû ïî òåîðèè èíòåãðàëà Ôåéíìàíà. Îòìåòèì åù¼,
÷òî ýòîò ïîäõîä íå ÿâëÿåòñÿ âåðîÿòíîñòíûì.
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Äàëåå, â ðàáîòàõ [3], [4], [5] áûë ïðåäëîæåí óæå ÷èñòî âåðîÿòíîñò-
íûé ìåòîä ïîñòðîåíèÿ àïïðîêñèìàöèè ðåøåíèÿ çàäà÷è Êîøè äëÿ
óðàâíåíèÿ Øð¼äèíãåðà (3) ñðåäíèìè çíà÷åíèÿìè ôóíêöèîíàëîâ îò
ñòîõàñòè÷åñêèõ ïðîöåññîâ. Áûëè ïîñòðîåíû äâà òèïà àïïðîêñèìà-
öèè ðåøåíèÿ çàäà÷è Êîøè. Â ïåðâîì ñëó÷àå ðåøåíèå àïïðîêñèìè-
ðóåòñÿ ñðåäíèìè çíà÷åíèÿìè ôóíêöèîíàëîâ îò ïóàññîíîâñêîãî òî-
÷å÷íîãî ïîëÿ, à âî âòîðîì ñëó÷àå � ñðåäíèìè çíà÷åíèÿìè ôóíêöè-
îíàëîâ îò íîðìèðîâàííûõ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ
îáùèì ñèììåòðè÷íûì ðàñïðåäåëåíèåì è êîíå÷íûì ÷åòâåðòûì ìî-
ìåíòîì.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå âåðîÿòíîñòíîé àï-

ïðîêñèìàöèè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øð¼äèíãåðà
âûñîêîãî ïîðÿäêà

i
∂u

∂t
=

(−1)m

(2m)!

∂2mu

∂x2m
,

ãäå m � íàòóðàëüíîå ÷èñëî. Ðåøåíèÿ òàêèõ óðàâíåíèé èññëåäîâà-
ëèñü â ðàáîòàõ [12], [13]. Â íàñòîÿùåé ðàáîòå ìû èñïîëüçóåì ìå-
òîäû, ïðåäëîæåííûå â [4]. Ìû ïîñòðîèì äâà òèïà àïïðîêñèìàöèè
ðåøåíèÿ çàäà÷è Êîøè ñðåäíèìè çíà÷åíèÿìè ôóíêöèîíàëîâ îò ñòî-
õàñòè÷åñêèõ ïðîöåññîâ. Ïåðâûé èç íèõ â êà÷åñòâå ñòîõàñòè÷åñêî-
ãî ïðîöåññà èñïîëüçóåò èíòåãðàë ïî ïóàññîíîâñêîìó òî÷å÷íîìó ïî-
ëþ, à âòîðîé � íîðìèðîâàííûå ñóììû íåçàâèñèìûõ îäèíàêîâî ðàñ-
ïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí ñ êîíå÷íûì ìîìåíòîì ïîðÿäêà
2m+ 2.
Îòìåòèì åùå, ÷òî â ðàáîòå àâòîðîâ [8] áûëà ïîñòðîåíà àïïðîê-

ñèìàöèÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ òèïà Øð¼äèíãå-
ðà, ñîäåðæàùåãî â ïðàâîé ÷àñòè äðîáíóþ ïðîèçâîäíóþ ïîðÿäêà
α ∈ (1, 2).
Àâòîðû âûðàæàþò áëàãîäàðíîñòü Í. Â. Ñìîðîäèíîé çà âíèìàíèå

ê ðàáîòå è ïîëåçíûå çàìå÷àíèÿ.

2. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå â íàñòîÿùåé ðàáîòå îïðåäåëÿåòñÿ
êàê

ϕ̂(p) =

∞̂

−∞

ϕ(x) eipx dx,

à, ñîîòâåòñòâåííî, îáðàòíîå ïðåîáðàçîâàíèå êàê

ϕ(x) =
1

2π

∞̂

−∞

ϕ̂(p) e−ipx dp.
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×åðåç W k
2 (R) îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà ôóíêöèé, îïðå-

äåëåííûõ íà R è èìåþùèõ êâàäðàòè÷íî ñóììèðóåìûå îáîáùåííûå
ïðîèçâîäíûå äî ïîðÿäêà k âêëþ÷èòåëüíî (ñì. [11], ñòð. 146). Ñòàí-
äàðòíàÿ íîðìà â ïðîñòðàíñòâå W k

2 (R) îïðåäåëÿåòñÿ ôîðìóëîé∥∥ψ∥∥2
k

=
k∑
l=0

ˆ

R

|ψ(l)(x)|2 dx.

Íàì óäîáíî èñïîëüçîâàòü â ïðîñòðàíñòâå W k
2 (R) äðóãóþ íîðìó,

ýêâèâàëåíòíóþ ñòàíäàðòíîé (ñì. [11], ñòð. 190),∥∥ψ∥∥2
Wk

2 (R)
=

ˆ

R

(1 + |p|2k) |ψ̂(p)|2 dp.

Îïåðàòîð A, äåéñòâóþùèé ïî ïðàâèëó

(Aϕ)(x) =
1

2π

ˆ
R

e−ipxA(p) ϕ̂(p) dp,

íàçûâàåòñÿ ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì ñ ñèìâîëîìA(p).
Äëÿ îãðàíè÷åííîãî îïåðàòîðà A : W k

2 (R)→ W l
2(R) ÷åðåç

‖A‖Wk
2→W l

2

îáîçíà÷àåòñÿ ñîîòâåòñòâóþùàÿ îïåðàòîðíàÿ íîðìà.
×åðåç C îáîçíà÷èì êîìïëåêñíóþ ïëîñêîñòü, à ÷åðåç C+ è C− �

âåðõíþþ è íèæíþþ ïîëóïëîñêîñòè, ñîîòâåòñòâåííî.

3. Àïïðîêñèìàöèÿ ðåøåíèÿ çàäà÷è Êîøè ñðåäíèìè

çíà÷åíèÿìè ôóíêöèîíàëîâ îò ïóàññîíîâñêîãî

òî÷å÷íîãî ïîëÿ

Ïóñòü m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Ðàññìîòðèì çàäà÷ó
Êîøè

i
∂u

∂t
=

(−1)m

(2m)!

∂2mu

∂x2m
, u(0, x) = ϕ(x). (5)

Ïóñòü ν � ïóàññîíîâñêàÿ ñëó÷àéíàÿ ìåðà íà [0,∞)× [0,∞) ñ èí-
òåíñèâíîñòüþ

E ν(dt, dx) = dt µ(dx),

ãäå ìåðà µ èìååò âèä

dµ(x) =
dx

x1+2m
.

Äëÿ ε > 0 îïðåäåëèì ñëîæíûé ïóàññîíîâñêèé ïðîöåññ ξε(t), ïî-
ëàãàÿ

ξε(t) =

¨

[0,t]×[ε,eε]

xν(ds, dx),
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ãäå e � îñíîâàíèå íàòóðàëüíîãî ëîãàðèôìà.
Ïðåäñòàâèì íà÷àëüíóþ ôóíêöèþ ϕ â âèäå

ϕ(x) = P+ϕ(x) + P−ϕ(x) = ϕ+(x) + ϕ−(x),

ãäå P+, P− � ïðîåêòîðû Ðèññà, îïðåäåëÿåìûå íà L2(R)∩L1(R) êàê

P+ϕ(x) =
1

2π

0ˆ

−∞

e−ipx ϕ̂(p) dp, P−ϕ(x) =
1

2π

∞̂

0

e−ipx ϕ̂(p) dp. (6)

Îòìåòèì, ÷òî ôóíêöèÿ ϕ+ àíàëèòè÷åñêè ïðîäîëæàåòñÿ â âåðõ-
íþþ ïîëóïëîñêîñòü, à ôóíêöèÿ ϕ− àíàëèòè÷åñêè ïðîäîëæàåòñÿ â
íèæíþþ ïîëóïëîñêîñòü.
Ïîëîæèì

σ = e
πi
2

(
1− 1

2m

)
.

Òàê âûáðàííîå êîìïëåêñíîå ÷èñëî σ ïðèíàäëåæèò âåðõíåé ïîëó-
ïëîñêîñòè C+ è Reσ > 0.
Ïðè ôèêñèðîâàííîì ε > 0 îïðåäåëèì ïîëóãðóïïó îïåðàòîðîâ P t

ε ,
êîòîðàÿ äåéñòâóåò íà ϕ ∈ L2(R) êàê

P t
εϕ(x) = E

[
(ϕ− ∗ hε)

(
x− σξε(t)

)
+ (ϕ+ ∗ hε)

(
x+ σξε(t)

)]
, (7)

ãäå ôóíêöèÿ hε(x) îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

ĥε(p)

= exp
(
−t

eεˆ

ε

(
i|p|σx+

(i|p|σx)2

2
+ . . .+

(i|p|σx)2m−1

(2m− 1)!

)
dµ(x)

)

· exp
(
−t

eεˆ

ε

(i|p|σx)2m+1

(2m+ 1)!
dµ(x)

)
.

Îòìåòèì, ÷òî ôóíêöèÿ ĥε(p) ∈ Lq(R) ïðè âñåõ 1 6 q 6 ∞, òàê
êàê Re (iσ)2m+1 > 0.

Òåîðåìà 1. 1. Îïåðàòîð P t
ε ÿâëÿåòñÿ ïñåâäîäèôôåðåíöèàëüíûì

îïåðàòîðîì ñ ñèìâîëîì

rε,t(p) = exp
(
− itp

2m

(2m)!

)
H(t, ε, p),
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ãäå

H(t, ε, p) =

exp
(
t

eεˆ

ε

(
ei|p|σx − 1− i|p|σx− (i|p|σx)2

2
− . . .− (i|p|σx)2m

(2m)!

− (i|p|σx)2m+1

(2m+ 1)!

)
dµ(x)

)
. (8)

2. Äëÿ ëþáûõ t, ε, p ñïðàâåäëèâî íåðàâåíñòâî∣∣H(t, ε, p)
∣∣ 6 1.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç aj(t), j = 1, . . . , 2m+ 1 ñåìèèí-
âàðèàíòû ñëó÷àéíîé âåëè÷èíû ξε(t)

a1(t) = t

eεˆ

ε

x
dx

x1+2m
=
tε−2m+1(e2m−1 − 1)

(2m− 1)e2m−1
,

. . .

a2m+1(t) = t

eεˆ

ε

x2m+1 dx

x1+2m
= tε(e− 1).

Ïðè ôèêñèðîâàííûõ ε, t â îáëàñòè {z ∈ C : Im z > 0} ñïðàâåä-
ëèâî íåðàâåíñòâî

∣∣∣ +∞ˆ

−∞

dp ei|p|zĥε(p)ϕ̂(p)
∣∣∣

6

+∞ˆ

−∞

dp
∣∣∣e−i|p|σa1(t)− (i|p|σ)2a2(t)

2!
−...− (i|p|σ)2m−1a2m−1(t)

(2m−1)!
− (i|p|σ)2m+1a2m+1(t)

(2m+1)! ϕ̂(p)
∣∣∣

6 C(ε, t)‖ϕ‖L2(R). (9)

Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî â ïîêàçàòåëå ýêñïîíåíòû âå-
ùåñòâåííàÿ ÷àñòü êîýôôèöèåíòà ïðè |p|2m+1 îòðèöàòåëüíàÿ, òàê
êàê Re (iσ)2m+1 > 0 è a2m+1(t) > 0.
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Èç (9) ñëåäóåò, ÷òî ïðè êàæäîì ôèêñèðîâàííîì ε âåëè÷èíà, ñòî-
ÿùàÿ ïîä çíàêîì ìàòåìàòè÷åñêîãî îæèäàíèÿ â (7), îãðàíè÷åíà. Èñ-
ïîëüçóÿ òåîðåìó Ôóáèíè, ïîëó÷àåì

P t
εϕ(x) =

1

2π

0ˆ

−∞

dp e−ipxϕ̂+(p)ĥε(p)E e
−ipσξε(t)

+
1

2π

+∞ˆ

0

dp e−ipxϕ̂−(p)ĥε(p)E e
ipσξε(t)

=
1

2π

ˆ +∞

−∞
dp e−ipxϕ̂(p)ĥε(p)E e

i|p|σξε(t).

Ïîñëåäíåå ðàâåíñòâî îçíà÷àåò, ÷òî îïåðàòîð P t
ε ÿâëÿåòñÿ ïñåâäî-

äèôôåðåíöèàëüíûì îïåðàòîðîì ñ ñèìâîëîì

rε,t(p) = E ei|p|σξε(t) · ĥε(p)

= exp
(
t

eεˆ

ε

(
ei|p|σx−1−i|p|σx− (i|p|σx)2

2
− . . .− (i|p|σx)2m−1

(2m− 1)!

)
dµ(x)

)

· exp
(
−t

eεˆ

ε

(i|p|σx)2m+1

(2m+ 1)!
dµ(x)

)
= exp

(
− itp

2m

(2m)!

)
H(t, ε, p),

ãäå ôóíêöèÿ H(t, ε, p) îïðåäåëåíà ôîðìóëîé (8).
Äëÿ äîêàçàòåëüñòâà ï. 2 òåîðåìû íàì ïîòðåáóåòñÿ âñïîìîãàòåëü-

íîå óòâåðæäåíèå.

Ëåììà 1. Äëÿ ëþáîãî x > 0 ñïðàâåäëèâî íåðàâåíñòâî

Re
(
eiσx − 1− iσx− . . .− (iσx)2m

(2m)!
− (iσx)2m+1

(2m+ 1)!

)
6 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

d−1 = cos(
π

2
(1− 1

2m
)) > 0.

Ìàñøòàáíûì ïðåîáðàçîâàíèåì ïåðåìåííîé x óòâåðæäåíèå ëåì-
ìû ìîæíî ñâåñòè ê ñëåäóþùåìó íåðàâåíñòâó: ïðè x > 0

Re
(
eiσxd − 1− iσxd− . . .− (iσxd)2m

(2m)!
− (iσxd)2m+1

(2m+ 1)!

)
6 0.
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Ðàññìîòðèì ôóíêöèþ

f(x) = Re
(

exp(ixσd)−
2m+1∑
j=0

(ixσd)j

j!

)
.

Ëåãêî ïîêàçàòü, ÷òî f(0) = 0, f ′(0) = 0, . . . , f (2m+1)(0) = 0.
Âû÷èñëèì ïðîèçâîäíóþ ïîðÿäêà 2m+ 2 ôóíêöèè f(x)

f (2m+2)(x) = Re
(

(iσd)2m+2 exp(ixσd)
)

= d2m+2e−x tan(
π
2
(1− 1

2m
)) cos

(
x+

3π

2
− π

2m

)
.

Ïðîèçâîäíàÿ 2m+2�ãî ïîðÿäêà íåîòðèöàòåëüíà íà ïðîìåæóòêàõ

x ∈
[ π

2m
+ 2πk, π +

π

2m
+ 2πk

]
, k ∈ N ∪ {0}

è íåïîëîæèòåëüíà íà ïðîìåæóòêàõ

x ∈
[
− π +

π

2m
+ 2πk,

π

2m
+ 2πk

]
, k ∈ N ∪ {0}.

Òàêèì îáðàçîì, ïðîèçâîäíàÿ 2m+1�ãî ïîðÿäêà f (2m+1)(x) íå óáû-
âàåò íà ïðîìåæóòêàõ

x ∈
[ π

2m
+ 2πk, π +

π

2m
+ 2πk

]
, k ∈ N ∪ {0}

è íå âîçðàñòàåò íà ïðîìåæóòêàõ

x ∈
[
− π +

π

2m
+ 2πk,

π

2m
+ 2πk

]
, k ∈ N ∪ {0}.

Âû÷èñëèì ïðîèçâîäíóþ ïîðÿäêà 2m+ 1 ôóíêöèè f(x)

f (2m+1)(x) = Re
(

(iσd)2m+1 exp(ixσ)− (iσd)2m+1
)

= d2m+1e−x tan(
π
2
(1− 1

2m
)) cos

(
x+

π

2
− π

2m

)
− cos

(π
2
− π

2m

)
d2m+1.

Ëåãêî âèäåòü, ÷òî ïðîèçâîäíàÿ f (2m+1)(x) ìîæåò îáëàäàòü ëèøü
êîíå÷íûì ÷èñëîì íóëåé íà ïðîìåæóòêàõ

x ∈
[
− π +

π

2m
+ 2πk, 2πk

]
, k = 1, 2, . . . .

Âû÷èñëèì ïðîèçâîäíóþ ïîðÿäêà 2m ôóíêöèè f(x)

f (2m)(x) = Re
(

(iσd)2m exp(ixσ)− (iσd)2m − (iσd)2m+1x
)

= d2me−x tan(
π
2
(1− 1

2m
)) sinx− xd2m+1 cos

(π
2
− π

2m

)
.
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Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ îñòàëîñü çàìåòèòü, ÷òî f (2m)(x) <
0 (ïðè x > 0) íà ïðîìåæóòêàõ

x ∈
[
− π +

π

2m
+ 2πk, 2πk

]
, k = 1, 2, . . . ,

à çíà÷èò è f(x) 6 0 ïðè x > 0. �

Äîêàçàòåëüñòâî âòîðîãî óòâåðæäåíèÿ òåîðåìû íåìåäëåííî ñëå-
äóåò èç ëåììû 1.

�

Èç òåîðåìû 1 ñëåäóåò, ÷òî ãåíåðàòîð Gε ïîëóãðóïïû P t
ε åñòü òîæå

ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì

ĝε(p) = − i p2m

(2m)!

+

eεˆ

ε

(
ei|p|σx − 1− i|p|σx− (i|p|σx)2

2
− . . .− (i|p|σx)2m+1

(2m+ 1)!

)
dµ(x).

×åðåç P t îáîçíà÷èì ïîëóãðóïïó

P t = exp
(it(−1)m+1

(2m)!

d2m

dx2m

)
.

Ïî îïðåäåëåíèþ ïîëóãðóïïà P t ïåðåâîäèò íà÷àëüíóþ ôóíêöèþ
ϕ â ðåøåíèå çàäà÷è Êîøè (5) (ñì., íàïðèìåð, [9], ñòð. 331 è [14]).
Ïîêàæåì, ÷òî ïðè ε→ 0 ôóíêöèÿ uε(t, x) = P t

εϕ(x) àïïðîêñèìè-
ðóåò â L2(R) ðåøåíèå çàäà÷è Êîøè (5).

Òåîðåìà 2. Ñóùåñòâóåò ÷èñëî C > 0 òàêîå, ÷òî äëÿ ëþáîé ôóíê-

öèè ϕ ∈ W 2m+2
2 (R) è âñåõ t > 0 ñïðàâåäëèâî íåðàâåíñòâî

||P tϕ− P t
εϕ||L2(R) 6 Ctε2||ϕ||W 2m+2

2 (R).

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ èçâåñòíîé ôîðìóëîé òåîðèè âîç-
ìóùåíèé. Èìåííî, ïóñòü A � îïåðàòîð â íåêîòîðîì ãèëüáåðòîâîì
ïðîñòðàíñòâå, òàêîé ÷òî ñóùåñòâóåò îãðàíè÷åííàÿ (t > 0) îïåðà-
òîðíàÿ ïîëóãðóïïà

UA(t) = etA.

Ïóñòü B � íåêîòîðîå âîçìóùåíèå îïåðàòîðà A, òàêîå ÷òî ïîëó-
ãðóïïà

UA+B(t) = et(A+B)
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òàêæå îãðàíè÷åíà. Òîãäà ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî (ñì.
[7], ãë. IX, §2, ï.1, ñòð. 614)

UA+B(t)− UA(t) =

tˆ

0

UA+B(t− τ)BUA(τ) dτ. (10)

Ïðèìåíèì ýòó ôîðìóëó äëÿ ñëó÷àÿ, êîãäà A = i(−1)m+1

(2m)!
d2m

dx2m
, A+

B = Gε. Ñîîòâåòñòâåííî

UA(t) = P t, UA+B(t) = P t
ε .

Çàìåòèì, ÷òî èç ëåììû 1 ñëåäóåò, ÷òî

‖UA+B(t− τ)‖L2→L2 6 1.

Äàëåå îöåíèì íîðìó ‖UA(τ)‖W 2m+2
2 →W 2m+2

2
. Èìååì

‖UA(τ)ϕ‖2
W 2m+2

2 (R)
=

ˆ

R

(1 + |p|2(m+2))|e−
iτp2m

(2m)! ϕ̂(p)|2dp = ‖ϕ‖2
W 2m+2

2 (R)
.

Òåïåðü äëÿ äîêàçàòåëüñòâà íàøåãî óòâåðæäåíèÿ äîñòàòî÷íî îöå-
íèòü îïåðàòîðíóþ íîðìó ‖B‖W 2m+2

2 →L2
. Îïåðàòîð B � ýòî ïñåâäî-

äèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì

b̂ε(p) = ĝε(p) +
i p2m

(2m)!

=

eεˆ

ε

(
ei|p|σx − 1− i|p|σx− (i|p|σx)2

2
− . . .− (i|p|σx)2m+1

(2m+ 1)!

)
dµ(x).

Çàìåòèì, ÷òî ïðè |p|ε 6 1 ñïðàâåäëèâî íåðàâåíñòâî

|̂bε(p)| 6 Cp2m+2ε2,

à ïðè |p|ε > 1 ñïðàâåäëèâî íåðàâåíñòâî

|̂bε(p)| 6 C|p|2m+1ε.

Òàêèì îáðàçîì

‖Bϕ‖2L2(R) 6 Cε4‖ϕ‖2
W 2m+2

2 (R)
.

�

Ñëåäñòâèå 1. Äëÿ ëþáîé ôóíêöèè ϕ ∈ L2(R) ñïðàâåäëèâî

‖P t
εϕ− P tϕ‖L2(R) →

ε→0
0.
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Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîðíûå íîðìû ‖P t‖L2→L2 è ‖P t
ε‖L2→L2

íå áîëüøå åäèíèöû, à êëàññ Ñîáîëåâà W 2m+2
2 (R) ïëîòåí â ïðî-

ñòðàíñòâå L2(R), òî óòâåðæäåíèå ñëåäñòâèÿ íåìåäëåííî âûòåêàåò
èç óòâåðæäåíèÿ òåîðåìû 2 è òåîðåìû Áàíàõà�Øòåéíãàóçà (ñì. [2],
II.1.18). �

4. Àïïðîêñèìàöèÿ ðåøåíèÿ çàäà÷è Êîøè ñðåäíèìè

çíà÷åíèÿìè ôóíêöèîíàëîâ îò ñóìì íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí

Ïóñòü {ξj}∞j=1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-
ïðåäåëåííûõ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí. Îáîçíà÷èì ÷å-
ðåç P ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû ξ1. Ïðåäïîëîæèì, ÷òî
ñëó÷àéíàÿ âåëè÷èíà ξ1 èìååò êîíå÷íûé ìîìåíò ïîðÿäêà 2m+ 2 è

E ξ2m1 = 1.

Ïóñòü η(t), t ∈ [0,∞) íåçàâèñèìûé îò ïîñëåäîâàòåëüíîñòè {ξj}
ïóàññîíîâñêèé ïðîöåññ ñ èíòåíñèâíîñòüþ åäèíèöà. Îáîçíà÷èì

κ1 = E ξ11 , κ2 = E ξ21 , . . . , κ2m+2 = E ξ2m+2
1 .

Äëÿ êàæäîãî íàòóðàëüíîãî n îïðåäåëèì ñëó÷àéíûé ïðîöåññ ζn(t),
t ∈ [0, T ], ãäå

ζn(t) =
1

n1/2m

η(nt)∑
j=1

ξj.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ fζn(t)(p) ñëó÷àéíîé âåëè÷èíû ζn(t)
èìååò âèä

fζn(t)(p) = E ei p ζn(t) = exp
(
nt

ˆ ∞
0

(
exp

( ipy
n1/2m

)
− 1
)
dP(y)

)
.

Äëÿ êàæäîãî íàòóðàëüíîãî n îïðåäåëèì ïîëóãðóïïó îïåðàòîðîâ
P t
n, ïîëàãàÿ äëÿ ϕ ∈ L2(R)

P t
nϕ(x) = E

[
(ϕ− ∗Rt

n)
(
x− σζn(t)

)
+ (ϕ+ ∗Rt

n)
(
x+ σζn(t)

)]
, (11)
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ãäå, êàê è âûøå, ôóíêöèè ϕ± îïðåäåëåíû ôîðìóëîé (6), a σ =

e
πi
2

(
1− 1

2m

)
. ÔóíêöèÿRt

n(x) îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôó-
ðüå

R̂t
n(p)

= exp
(
−ti|p|σn1− 1

2mκ1−
t(i|p|σ)2n1− 2

2mκ2

2!
−. . .−t(i|p|σ)2m−1n1− 2m−1

2m κ2m−1

(2m− 1)!

)
· exp

(
−t(i|p|σ)2m+1n1− 2m+1

2m κ2m+1

(2m+ 1)!

)
.

Òåîðåìà 3. 1. Îïåðàòîð P t
n ÿâëÿåòñÿ ïñåâäîäèôôåðåíöèàëüíûì

îïåðàòîðîì ñ ñèìâîëîì

rn,t(p) = exp
(
− itp2m

(2m)!

)
Hn(t, p),

ãäå

Hn(t, p)

= exp
(
nt

ˆ ∞
0

(
e
i|p|σy
n
1/2m−1−i|p|σy

n1/2m
−. . .−(i|p|σy)2m

(2m)!n
− (i|p|σy)2m+1

(2m+ 1)!n(2m+1)/2m

)
dP(y)

)
.

(12)

2. Äëÿ ëþáûõ n, t, p ñïðàâåäëèâî íåðàâåíñòâî

|Hn(t, p)| 6 1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïðè ôèêñèðîâàííûõ n, t â îáëàñòè
{z ∈ C : Im z > 0} ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣ +∞ˆ

−∞

dp ei|p|zR̂t
n(p)ϕ̂(p)

∣∣∣
6

+∞ˆ

−∞

dp
∣∣∣e−ti|p|σn1− 1

2m κ1− t(i|p|σ)
2n

1− 2
2m κ2

2!
−...− t(i|p|σ)

2m−1n
1− 2m−1

2m κ2m−1
(2m−1)!

· e−
t(i|p|σ)2m+1n

1− 2m+1
2m κ2m+1

(2m+1)! ϕ̂(p)
∣∣∣ 6 C(n, t)‖ϕ‖L2(R).

Òàêèì îáðàçîì, â ôîðìóëå (11) ñòîèò ìàòåìàòè÷åñêîå îæèäàíèå
îò îãðàíè÷åííîé ôóíêöèè. Èñïîëüçóÿ òåîðåìó Ôóáèíè, ïîëó÷àåì

P t
nϕ(x) =

1

2π

ˆ +∞

−∞
dp e−ipxϕ̂(p)R̂t

n(p)E ei|p|σζn(t).
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Èç ïîñëåäíåãî ðàâåíñòâà âûòåêàåò, ÷òî îïåðàòîð P t
n ÿâëÿåòñÿ

ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì ñ ñèìâîëîì

rn,t(p) = E ei σ |p| ζn(t) · R̂t
n(p)

= exp
(
nt

ˆ ∞
0

(
e
i|p|σy
n
1/2m −1− i|p|σy

n1/2m
− . . .− (i|p|σy)2m−1

(2m− 1)!n(2m−1)/2m

)
dP(y)

)
· exp

(
−nt
ˆ ∞
0

(i|p|σy)2m+1

(2m+ 1)!n(2m+1)/2m
dP(y)

)
= exp

(
− itp2m

(2m)!

)
Hn(t, p),

ãäå ôóíêöèÿ Hn(t, p) îïðåäåëåíà (12).
Äîêàçàòåëüñòâî âòîðîãî óòâåðæäåíèÿ òåîðåìû íåìåäëåííî ñëå-

äóåò èç ëåììû 1. �

Èç òåîðåìû 3 ñëåäóåò, ÷òî ãåíåðàòîðGn ïîëóãðóïïû P
t
n åñòü ïñåâ-

äîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì ĝn(p), ãäå

ĝn(p) = − i p2m

(2m)!

+n

ˆ ∞
0

(
e
i|p|σy
n
1/2m−1−i|p|σy

n1/2m
−. . .−(i|p|σy)2m

(2m)!n
− (i|p|σy)2m+1

(2m+ 1)!n(2m+1)/2m

)
dP(y).

Ïîêàæåì, ÷òî ïðè n → ∞ ôóíêöèÿ un(t, x) = P t
nϕ(x) àïïðîêñè-

ìèðóåò â L2(R) ðåøåíèå çàäà÷è Êîøè (5).

Òåîðåìà 4. Ñóùåñòâóåò ÷èñëî C > 0 òàêîå, ÷òî äëÿ ëþáîé ôóíê-

öèè ϕ ∈ W 2m+2
2 (R) è âñåõ t > 0 ñïðàâåäëèâî íåðàâåíñòâî

||P tϕ− P t
nϕ||L2(R) 6

Ct

n1/m
||ϕ||W 2m+2

2 (R).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ ñíîâà âîñïîëü-

çóåìñÿ ôîðìóëîé (10) äëÿ ñëó÷àÿ, êîãäà A = i(−1)m+1

(2m)!
d2m

dx2m
, A+B =

Gn. Ñîîòâåòñòâåííî

UA(t) = P t, UA+B(t) = P t
n.

Èç ëåììû 1 ñëåäóåò íåðàâåíñòâî

‖UA+B(t− τ)‖L2→L2 6 1.

Àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî ïðè äîêàçàòåëüñòâå òåî-
ðåìû 2, ìîæíî ïîêàçàòü, ÷òî

‖UA(τ)‖W 2m+2
2 →W 2m+2

2
= 1.

Òåïåðü äëÿ äîêàçàòåëüñòâà íàøåãî óòâåðæäåíèÿ äîñòàòî÷íî îöå-
íèòü îïåðàòîðíóþ íîðìó ‖B‖W 2m+2

2 →L2
.
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Îïåðàòîð B � ýòî ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâî-
ëîì

b̂n(p) = ĝn(p) +
i p2m

(2m)!

= n

ˆ ∞
0

(
e
i|p|σy
n
1/2m−1−i|p|σy

n1/2m
−. . .−(i|p|σy)2m

(2m)!n
− (i|p|σy)2m+1

(2m+ 1)!n(2m+1)/2m

)
dP(y).

Èç ïîñëåäíåãî ðàâåíñòâà âûòåêàåò îöåíêà

|̂bn(p)| 6 C
|p|2m+2

n1/m
. (13)

Èñïîëüçóÿ (13), äëÿ ϕ ∈ W 2m+2
2 (R) ïîëó÷àåì

‖Bϕ‖2L2(R) =
1

2π

ˆ
R

|ϕ̂(p)|2|̂bn(p)|2 dp 6 C

n2/m
‖ϕ‖2

W 2m+2
2 (R)

.

�

Ñëåäñòâèå 2. Äëÿ ëþáîé ôóíêöèè ϕ ∈ L2(R) ñïðàâåäëèâî

‖P t
nϕ− P tϕ‖L2(R) →

n→∞
0.

Çàìå÷àíèå 1. Îòìåòèì çäåñü, ÷òî â ðàáîòå [6] áûëî ââåäåíî

ïîíÿòèå îáîáùåííûõ ñëó÷àéíûõ ôóíêöèé, ïîçâîëÿþùåå çàïèñàòü

äåéñòâèå ïîëóãðóïï P t
ε è P

t
n íà ôóíêöèþ ϕ â áîëåå ïðîñòîì âèäå.
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