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ABSTRACT. We consider an operator /¢ on Lo(R% x T9) (d; is positive, while dy can be zero)
given by /¢ = — div A(e 'z, 22) V, where A is periodic in the first variable and smooth in a sense
in the second. We present approximations for («¢ — p)~! and V(2 — u)~! (with appropriate 1)
in the operator norm when ¢ is small. We also provide estimates for the rates of approximation
that are sharp with respect to the order.
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1. Problem setting. The present paper is concerned with the study of homogenization prob-
lems for operators whose coefficients are periodic only in some directions. Let d; > 0 be the number
of “periodic” directions and ds > 0 be the number of “nonperiodic” directions; we denote their sum
by d. We set = = R4 x Qy, where Qy = T is the flat torus (R/Z)%. Let A be a lattice in R4 with
basic cell €. We use A* and ] to denote the dual lattice and the Brillouin zone, respectively. It
is convenient for us here to view A as acting on =, so that € = 1 x Qs is a fundamental domain
for A. ‘

We set D = —iV,. We also introduce the notation &, = (_Zgzl) and Dy = (—i%wz)' Suppose

that A is a periodic (with respect to the lattice) matrix-valued function in Lip(Qs; Loo(€21))%*?. As-
sume also that the real part of A is uniformly positive definite. We consider the strictly m-sectorial
operator &/, on La(=) associated with the form

@Z[u] = (Agguﬂ 9u)Lz(E) - N(uﬂu)L2(5)7 peC, e>0, (1)
defined for all u in the Sobolev space H'(Z). Here and henceforward, if f is a function on =, then
the symbol f¢ stands for the mapping f°(x) = f(e oy, z2).

The coefficients of &/} rapidly oscillate along the periodic directions when € becomes small. Our
goal is to study the behavior of (,ij)_1 as € goes to 0. We show that (.Qfﬁ)‘l and 9 (ﬂﬁ)_l converge
in the operator norm and prove sharp-order estimates for the rates of convergence. Moreover, we
find an approximation for 9 (< Z)_l and obtain a more accurate approximation for (,ij)_1 with
error of order £2.

Such problems have already been studied, e.g., in [3] and [5]. However, the results of these papers
are related to operators subject to fairly strong restrictions (in particular, the matrix A must be
Hermitian and have block-diagonal structure), which cannot be relaxed within the framework of
approaches used there. In this paper we present a relatively simple approach that does not have
this flaw. At the same time, this approach makes it possible to not only generalize the previous
results but also obtain other, more subtle, results. Namely, our method gives, in addition to the
convergence results, a more accurate approximation for non-self-adjoint operators in the operator
norm on Le, involving a corrector. Earlier, such results were obtained only by a spectral approach
and only for purely periodic operators on the entire space (see [1], 2], and [6]).

We dwelt on a problem with periodic boundary conditions and operators not containing lower-
order terms only to simplify the statements of results. A more general case, where the operator has
lower-order terms with multiplier coefficients, is investigated in [4].
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2. Main results. For our purposes, we will need an effective operator and two different correc-
tors. Let N be the C**?-valued periodic solution of the following auxiliary problem on the basic
cell:

gikA(,xg)(@lN(,xg)—l-I):O, 0 (-,xg)dxl = 0.
1
Then the effective operator .Qfg is the strictly m-sectorial operator given by
0 _ gx* A0
d, =D AD — p, (2)

where

A0(z0) = [04] ! / Ayt 22) (D1 N (g, w2) + T) dyr.
951

Note that the function A° is Lipschitz continuous and its real part is uniformly positive definite,
so that the domain of the effective operator coincides with the Sobolev space H?(Z).

It is easy to see that the spectra of & and &/§ are contained in a sector S C {z € C: Rez > 0}.
Hence both &/, and &/ 8 have bounded inverses for any p outside the sector. Our first result concerns
the convergence of (#/5)~" and Dy(5) ™.

Theorem 1. Let ¢ S. Then, for all € € (0,1],

()™ = () i@y < Crs, (3)
-1 0y—1
192() ™" = Do) IB(L2(z))0 < Cot (4)
The estimates are sharp with respect to the order, and the constants Cy and Cy depend only on A,
o M Al L s 12241, and |[(Re A) 7| -

We now turn to the definition of the correctors. The first one, 7, plays the role of the classical
corrector in homogenization theory and differs from the latter in that it involves a smoothing
operator 9P°:

K =N°D(A)) " F*. (5)
As 9¢ we take the pseudodifferential operator with symbol X101 ( Xe-1q; being the characteristic
function of the set e 1Q%):
g)e = g*xs—lgﬂ{g,
where & is the partial Fourier transform in the variable xz1. In certain cases, % ;. can be replaced
by the classical corrector (see [4]).

Theorem 2. Let ¢ S. Then, for any ¢ € (0,1],

121 ()™~ Dr(A) ™" — D1 o < Cse (6)
The estimate is sharp with respect to the order, and the constant Cs depends only on A, u, |AllL.. ,
1224]|1.., and ||(Re A)~1| L. -

Notice that, because of the rapidly oscillating function N¢, the norm of the corrector in

B(Ly(Z), H'(Z)) is of order e~1. It follows that we cannot generally eliminate %, ;. from (6).
The second corrector, ‘gﬁ, appeared for the first time in [1] and has a rather complicated

structure. Let £ € R%, and let £ = (lg) be the corresponding element of R?. We introduce two
families of operators:

a)(k) = (% + Do) A%# + Da) — 1,
Hy(ks 1) = N(z, ) (% + Do) (oA, (K) .
Let us denote the adjoint of o/, by (of ﬁ)*’ We construct the effective operator, the corrector, and

the families for (/)" just as we did for &, (they will be marked with “+” as well). Let £, be
the pseudodifferential operator (in the variable x;) with symbol

ki Zu(k) = 1™ / (Hpu (ks 1)) (£ + Do)  Alyn, ) (£ + Do) () (k)™ + Dy, Hu (ks 1)) dy.
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Then the corrector €, is defined by
€, = (K~ L)P + P (F)T = (L))" (7)
We may as well express the operator £, in a different form, namely,
Zy=(D((A)) )l (D (1)),

where / is the pseudodifferential operator (in the variable x1) with symbol

k= M (k) = \91\_1/9 (N(y1, )" (£ +D2)"Alyr, -) (I + (Z1N) (w1, +)) dyr.

(It is easy to see that . is in fact a differential operator.) A similar definition was given in [1].
Theorem 3. Let p ¢ S. Then, for any € € (0, 1],

()™ = () — BB (Ly(z)) < Cac” (8)

The estimate is sharp with respect to the order, and the constant Cy depends only on A, u, | AL,
122A] Lo and [|(Re A)~ 1|1 -

We remark that the smoothing 9¢ can always be dropped from (7); Theorem 3 will remain
true (see [4]).

3. The method. First, we note that it suffices to prove the theorems for only one u ¢ S;
the result for the remaining values of p will then follow by using an appropriate identity for the
resolvents. It is convenient to choose p with Re pu < 0, since, in this case, the operators are coercive.

As is customary in problems of this kind, we use a scaling transformation and the Gelfand
transform with respect to the first variable and reduce the problem to one on the fundamental
domain € of A.

Let 7 = (k,e) € Qf x (0,1]. We introduce the notation D1(7) = D1 + £, Da(1) = €Dy,
and D (1) = D1(7) + Do(7) and define the form «,(7) by

@u(7)[u] = (AQ(T)%@(T)U)LQ(Q) - EQM(%U)LQ(Qy

where  is any function in the Sobolev space H'(€2) of periodic functions belonging to H(€2).
This form generates an m-sectorial operator on Lo(€2). We denote it by &/, (7). The relationship
between o/ and () is rather simple: it can be proved that 52.52f5 is unitarily equivalent to a

decomposable operator on féal Lo (€2) dk, whose fibers turn out to be &, (7); that is,
5 52}
e°dl;, ~ A, (1) dk.
a7
The fibers ,5272 (1) of the decomposable operator that is unitarily equivalent to 52.52{3 are defined
likewise. Next, let
Hu(1) = ND(7) (oA (7)) P,

where & is averaging over {);. Then

&
5_1%’5 o~ K, (1) dk.

o
Finally, if
Zu(1) = (Hu(1) ") (D (1) = D1)* AUD(7) = Di)()(7)) ™" + DiHu(7)),
then B
5_1%2 o~ Gu(T) dE,
i1

where €,(7) is given by
Cu(r) = (Hu(r) = Lu(T)Pr + Pr(FHu(1)" = Lu(r))"
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Now we can rewrite Theorems 1-3 in terms of the corresponding fibers.
Theorem 1*. For any 7 € QF x (0, 1],

(et (7)) = (A (1)) HIB(ra()) < CilTI 7 (9)
1 (7) (e, (7)) ™ = Do () (3(T) " B (L) < Co (10)

Theorem 2*. For any 7 € Qf x (0, 1],
191 (7)(,u(1)) ™" = Du(r)(y(7) ™" = D1 (7) Fou(T) (L (20 < Cs- (11)

Theorem 3*. For any 7 € Qf x (0, 1],
(L (7)™ = (A (1) ™! = BB (L2(0)) < Ca- (12)

Let us briefly sketch the key ideas of the proof. The starting point is the relation
((7)) Py — (A (7) T P — Hu(7)
= —(u () PHD(T) = D) A(D(7) = D) (7)) Py + D1 (7))
+ (el (7)) T Hu (1) — (D () (1) )T AD(7) = D1)Hou(7), (13)

which is a consequence of the resolvent identity and the definitions of A’ and N. We begin with
Theorem 2*:

D1 (T) (A (7)™ = Do) ( (1) = Du(7) Hou (7)1 (00
NP (A (7) T PL = Du(r) () (7)) T Pr = Du(T) Hu(7) (1 (52

+ 121 (7)( (7)) Pi B(La))t + 121 (T (A2 (T)) P IB(La ()2

Recall that the coefficients A and A° are Lipschitz continuous in the second variable and that the
parameter y was chosen in such a way that &,(7) and ,5273 (1) are coercive; hence the estimates on
(A,(7))" " and (.972(7‘))_1, as well as on the compositions of these operators with 21 (7) and Dy(7).
This, together with the fact that N is a Sobolev multiplier, gives the necessary estimates for %, (7)
and the compositions of #,(7) with @;(7) and Da(7). Finally, all these estimates obviously carry
over to the adjoint of &,,(7) and the related operators. Using identity (13) and applying the results
mentioned above to the terms on the right-hand side, we obtain (11).

The estimates (9) and (10) of Theorem 1* are proved in the same way; we need only observe
that %, (1) and D(7)F,(7) can now be absorbed into the error terms.

As for (12), we note that, according to the definition of &,(7), the operator under the norm
sign can be written as the sum of the three terms

T = (P () = PN ) = PLH() )
Fo = (e (1) Pr = (A (1)) P1 = Hyulr),
Ty = Lu(1) P+ (ZLu(r) " P1)"
The first one is estimated by employing the Poincaré inequality and an analogue of Theorem 2*

for .Qfg (7)T. Next, we use identity (13) for 3 and then combine the terms in the sum of 75 and T3
so as to single out the operators

P, (r) ) = PN = PEHL()T
D(r)( (1)) = D) A (1)) = D(T)Hu(7) T
We apply analogues of Theorems 1* and 2* again to each term containing one of these opera-

tors. Thanks to Z,(7) and Z,(7)" in the corrector fiber %,(7), the remaining terms present no
difficulties and can be handled by the same arguments as in the proofs of Theorems 1* and 2*.
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